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An arithmetic Shape Lemma (Baldi-K-Mourrain'24)

» | =(f,...,f) C Q[x] radical zero-dimensional ideal
» with fi,...,fs € Z[x] and D := deg(Vc(/))

> dJ = deg(ﬂ-) st.di=di1>do>--->ds_1

» hj:=h(f;) s.t. h:=max{hy,..., hs_1}

Then, there exists an isomorphism of algebras
p: Qxl/I = Q[t]/(wo)
Xi = wi(t)/wp(t) mod wo forl1<i<n
where wo, w1, . ..,w, € Z[t] satisfy
e wo squarefree
o deg(wp) = D,deg(w;) < D
o h(w) <d"ths+ (n—1)d"2dsh + 2nlog(n +1)d"1d,
+4Dlog ((n+1)D)



Height of the remainder (Baldi-K-Mourrain'24)

» | =(f,...,fs) C Q[x] radical zero-dimensional ideal

» with fi,...,fs € Z[x] and ¢ := deg(B), B basis of Q[x]//
» d := max;{deg(f;)} and h:= max;{h(f;)}

» p e Z[x] with d, := deg(p), hp, := h(p)

Then, there exist a € Z \ {0} and N(p) € Z[x] such that
e p=N(p)/a
e h(a) < nd®15h + 5nlog((n + 2)d)d*"s

e h(N(p)) < h, +nd"(d, +d"6)h
+ 5nlog((n+ 2)d)d"(dp + d"5)



Effective NSS (Jelonek'05)

> fi,...,fp11 € (C[X] s.t. Vc(fl, e fn+1) =10
» (unknown) gy, g s.t. 1 =gi1i+ -+ gntifat1
» Morphism of algebras
¢: R:=Clx,z1,...,2z41] — CJx,Z]
X; — X; for1<i<n
zj — z f;(x) for1<j<n+1



Effective NSS (Jelonek'05)

> fi,..., fn+1 S C[X] s.t. V(c(fl, e fn+1) =0
> (unknown) g1, g2 s.t. 1 =gifi + -+ gnt1fai1
» Morphism of algebras

¢: R:=Clx,z1,...,2z41] — CJx,Z]
X; — X; for1<i<n
zj — z f;(x) for1<j<n+1

(g1(x)z1+ - +gni1(X)znt1) = 2



Effective NSS (Jelonek'05)

> fi,..., fn+1 S C[X] s.t. V(c(fl, e fn+1) =0
> (unknown) g1, g2 s.t. 1 =gifi + -+ gnt1fai1
» Morphism of algebras

¢: R:=Clx,z1,...,2z41] — CJx,Z]
X; — X; for1<i<n
zj — z f;(x) for1<j<n+1

®(g1(x)z1+ - +8n11(X)zny1) =z = Pepi



Effective NSS (Jelonek'05)

> fi,..., fn+1 S C[X] s.t. V(c(fl, e fn+1) =0
> (unknown) g1, g2 s.t. 1 =gifi + -+ gnt1fai1
» Morphism of algebras

¢: R:=Clx,z1,...,2z41] — CJx,Z]
X; — X; for1<i<n
zj — z f;(x) for1<j<n+1

¢(g1(x)21+‘ . -+g,,+1(x)z,,+1) =z = ®epi = R/ker(®)~ Clx, 7]



An arithmetic Perron theorem
(D'Andrea-K-Sombra’13)

» fi,...,for1 € Z[x]
> d:= max;{deg(fj)} and h:=max;{h(f)}

Then, there exists a polynomial

P € Z[,Vl,--w}/n—i-l]\{o}
such that
e P(f,...,fh11)=0

o deg(P) < d"?
e h(P)<(n+1)d"h+ (n+2)log(2n+ 8)d""!
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