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The Bézout inequality

(Heintz’1983)

▶ f1, . . . , fs ∈ C[x ] = C[x1, . . . , xn] with

V := VC(f1, . . . , fs) ̸= ∅ finite

▶ dj := deg(fj) s.t. d := d1 ≥ d2 ≥ · · · ≥ ds−1

Then

deg(V ) ≤ d1 · · · dn−1ds ≤ dn−1ds
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Height of a finite variety (Philippon’1995)

▶ V =
{
ζ = (ζ1, . . . , ζn) : ζ ∈ V

}
̸= ∅ finite

▶ U = (U0,U1, . . . ,Un) new variables

ChV (U) := c
∏
ζ∈V

(

U0 + ζ1U1 + · · ·+ ζnUn

)
∈ Q[U]

with c ∈ Z \ {0} s.t. ChV is a primitive polynomial in Z[U]

Then, h(V ), defined through a Mahler measure of ChV , satisfies

•
∑
ζ∈V

log(∥(1, ζ)∥2) ≤ h(V )

•
∣∣h(V )− h(ChV )

∣∣ ≤ 3 log(n + 1) deg(V )
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An arithmetic Bézout inequality (K-Pardo-Sombra’01)

▶ f1, . . . , fs ∈ Z[x ] with V ̸= ∅ finite

▶ dj := deg(fj) s.t. d := d1 ≥ d2 ≥ · · · ≥ ds−1

▶ hj := h(fj) s.t. h := max{h1, . . . , hs−1}

Then

h(V ) ≤
(hs
ds

+ (n − 1)
h

dn−1
+ 2n log(n + 1)

)
d1 · · · dn−1ds

≤ dn−1hs + (n − 1)dn−2dsh + 2n log(n + 1)dn−1ds

where ∑
ζ∈V

log(∥(1, ζ)∥2) ≤ h(V )

In particular, for any ζ = (ζ1, . . . , ζn) ∈ V ,

log(|ζi |) ≤ dn−1hs + (n − 1)dn−2dsh + 2n log(n + 1)dn−1ds
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The Nullstellensatz

▶ I ⊂ C[x ] ideal

Then

• Weak NSS:

VC(I ) = ∅ ⇐⇒ 1 ∈ I

• Strong NSS:
I
(
VC(I )

)
=

√
I

where
√
I := {f ∈ C[x ] : ∃N ∈ N s.t. f N ∈ I}

and given X ⊂ Cn, I (X ) := {f ∈ C[x ] : f (ζ) = 0, ∀ ζ ∈ X}



An arithmetic Nullstellensatz (D’Andrea-K-Sombra’13)

▶ f1, . . . , fs ∈ Z[x ] with V = ∅
▶ dj := deg(fj) s.t. d := d1 ≥ d2 ≥ · · · ≥ ds−1

▶ hj := h(fj) s.t. h := max{h1, . . . , hs−1}

Then there exist a ∈ N and g1, . . . , gs ∈ Z[x ] s.t.

a = g1f1 + · · ·+ gs fs

with

• deg(gi fi ) ≤ d1 · · · drds

• h(a), h(gi ) + h(fi ) ≤ d rhs + rd r−1dsh

+ 15 n
(
log(n + 3) + logmax{1, s − n}

)
d rds

where r = min{s − 1, n}


