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Introduction

Linear code

A linear code of dimension k and length n is a vector subspace of dimension k of Fg.

Q‘]errore
c |+ e | — [Lmessage ]

%_I %—l
vector of length k vector of lengthn
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Introduction

Linear code

A linear code of dimension k and length n is a vector subspace of dimension k of Fg.

Q‘]errore
c |+ e | — [Lmessage ]

%_I %—l
vector of length k vector of lengthn

Classical metric for codes: Hamming metric.
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Support in rank metric
If v=(wvi,...,vn) € Fgm, the support of v in rank metric is the Fg-vector subspace of Fgm spanned
by its coefficients:

supp(v) =< wvi, ... ,Va >F, .

— Example: Z = {1, ,a?} a Fs-basis of Fys, w = (1 +2a, 0, 1+ 2a+ o2, 1+ 2a):
0 1

0 2 , and supp(w) =< 1 + 2o, a? >, .

0 1

O N

1
Matgg(v) =12
0
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Support in rank metric

If v=(wvi,...,vn) € Fgm, the support of v in rank metric is the Fg-vector subspace of Fgm spanned

by its coefficients:
supp(v) =< wvi, ... ,Va >F, .

— Example: Z = {1, ,a?} a Fs-basis of Fys, w = (1 +2a, 0, 1+ 2a+ o2, 1+ 2a):
0 1

0 2 , and supp(w) =< 1 + 2o, a? >, .

0 1

O N

1
Matgg(v) =12
0

Rank weight

If v € Fgm, the rank weight of v, denoted wg(v), is the dimension of its support.

— Example: wg(w) = 2.
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Support in rank metric

If v=(wvi,...,vn) € Fgm, the support of v in rank metric is the Fg-vector subspace of Fgm spanned

by its coefficients:
supp(v) =< wvi, ... ,Va >F, .

— Example: Z = {1, ,a?} a Fs-basis of Fys, w = (1 +2a, 0, 1+ 2a+ o2, 1+ 2a):
0 1

0 2 , and supp(w) =< 1 + 2o, a? >, .

0 1

O N

1
Matgg(v) =12
0

Rank weight

If v € Fgm, the rank weight of v, denoted wg(v), is the dimension of its support.

— Example: wg(w) = 2.

Rank metric code

A rank metric code of length n is an Fym linear subspace of Fgm equipped with the rank metric.
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Introduction

2 families of codes in rank metric with a decoding algorithm :
@ LRPC codes

@ Gabidulin codes.
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Introduction

2 families of codes in rank metric with a decoding algorithm :
@ LRPC codes

@ Gabidulin codes.

Chinese remainder codes: codes in Hamming metric, using the Chinese remainder theorem on
polynomials or integers to encode messages.
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o Chinese Remainder Theorem for linearised polynomials

© 9-CRT codes

e A special case and its decoding algorithm
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inese Remainder Theorem for linearised polynomials
[e]e]e]e]

o Chinese Remainder Theorem for linearised polynomials
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Chinese Remainder Theorem for linearised polynomials
(o] Jelele]

Linearised polynomials [Ore33]

Linearised polynomials

da A
The set Fgm(X9) = ¢ A(X) = Z aX?, a€ Fgm,da € N § is the set of linearised polynomials, or
=0

g-polynomials.

— Example: X7 + X € Fgm (X9).
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Chinese Remainder Theorem for linearised polynomials
(o] Jelele]

Linearised polynomials [Ore33]

Linearised polynomials

da A
The set Fgm(X9) = ¢ A(X) = Z aX?, a€ Fgm, da € N} is the set of linearised polynomials, or
=0

g-polynomials.

— Example: X7 + X € Fgm (X9).
o If P € Fem(X?), ( —> P(() is a Fy-linear map.

— Example: X9 is the Frobenius endomorphism over Fym.
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Chinese Remainder Theorem for linearised polynomials
(o] Jelele]

Linearised polynomials [Ore33]

Linearised polynomials

da A
The set Fgm(X9) = {A(X) = Z aX?, a€ Fgm, da € N} is the set of linearised polynomials, or
=0

g-polynomials.

— Example: X7 + X € Fgm (X9).
o If P € Fem(X?), ( —> P(() is a Fy-linear map.
— Example: X9 is the Frobenius endomorphism over Fym.

o Product of A, B € Fgn(X%) : (Ao B)(X) = A(B(X)) € Fgn(X).

The set (Fgm (X9), 4+, 0) is a non-commutative F,m-algebra.

— Example: X9 0aX = a9X9 # aX o X9 = aX9 if a € Fgm\F,.

Philippe Gaborit, Camille Garnier, Olivier Ruatta

Linearised Chinese Remainder Codes

10th march 2025



Chinese Remainder Theorem for linearised polynomials
(o] Jelele]

Linearised polynomials [Ore33]

Linearised polynomials

da A
The set Fgm(X9) = ¢ A(X) = Z aX?, a€ Fgm, da € N} is the set of linearised polynomials, or
=0

g-polynomials.

— Example: X7 + X € Fgm (X9).
o If P € Fem(X?), ( —> P(() is a Fy-linear map.
— Example: X9 is the Frobenius endomorphism over Fym.

o Product of A, B € Fgn(X%) : (Ao B)(X) = A(B(X)) € Fgn(X).

The set (Fgm (X9), 4+, 0) is a non-commutative F,m-algebra.

— Example: X9 0aX = a9X9 # aX o X9 = aX9 if a € Fgm\F,.

Proposition

The set of linearised polynomials is a right euclidean ring.

There exists algorithm to compute (left) LCM, (right) GCD and Bézout relations.
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Chinese Remainder Theorem for linearised polynomials
[e]e] Tele]

Chinese Remainder Theorem and its lifting (with 2 polynomials)

F:=(f,f) € (Fgn(X9))?, d := deg,(fi) + deg,(f).
Suppose fi and f> are coprime (i.e. fi Ar o = X).

Denote 7;(P) the rest of P in the right division by f;. The map

 Fgm (X9) Fom(X9)  F,m(X9)
F- <qflv,f2> - q<f1> q<f2>
P ~ (7’!’1(P),7’l’2(P))

is an isomorphism.
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Chinese Remainder Theorem for linearised polynomials

[e]e] lele]

Chinese Remainder Theorem and its lifting (with 2 polynomials)

F:=(f,f) € (Fgn(X9))?, d := deg,(fi) + deg,(f).
Suppose fi and f> are coprime (i.e. fi Ar o = X).

Denote 7;(P) the rest of P in the right division by f;. The map

 Fgm (X9) Fm(X9) _ Fom(X9)
F- <qflv,f2> - q<f1> q<f2>
P ~ (7’!’1(P),7’l’2(P))

is an isomorphism.

Let S; and S, such that S10ff + 506 = X.

Proposition

Let P € Fgm(X9) <q. Denote by 73(-) the remainder by the right division by fi V f.
Then

m3(m2(P) o S10fi+m(P)oS;0h)=P.
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Chinese Remainder Theorem for linearised polynomials
[e]e]e] o]

Why we need e hypothesis for the lifting with more than two polynomials

Even if fi,, and f3 are two by two coprime, then f; V, £, is not always coprime with f3. )

— Example: ¢ and £ € Fym F, independent.

fi=XT—C7'X, h=XT—¢ X and f; = X9 — (C+£)T'X.

¢ € ker(f1), &€ € ker(f), ¢+ ¢ € ker(fi Vi £) and therefore ; = X7 — (¢ + &)1 X divides fi V, > on the
right.
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Chinese Remainder Theorem for linearised polynomials
[e]e]e] o]

Why we need more hypothesis for the lifting with more than two polynomials

Even if fi,, and f3 are two by two coprime, then f; V, £, is not always coprime with f3. )

— Example: ¢ and £ € Fym F, independent.

fi=XT—C7'X, h=XT—¢ X and f; = X9 — (C+£)T'X.

¢ € ker(f1), &€ € ker(f), ¢+ ¢ € ker(fi Vi £) and therefore ; = X7 — (¢ + &)1 X divides fi V, > on the
right.

We need to suppose that f3 is coprime with f; Vv, f5.
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Chinese Remainder Theorem for linearised polynomials
[e]efe]e] ]

Chinese Remainder Theorem and its lifting (with more than two polynomials)

Fi=(f,....f) € (Fgn(XN)*, d =37, deg, ().
Suppose that for all i € {1,--- ,s} i A, Vif; = X.
J#i

The map
i ]qu (X9y ]qu (X9 . ]qu (X9)
<\7/fi> <fi> <fs>
i=1

P — (m(P),...,ms(P))

is an isomorphism.
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Chinese Remainder Theorem for linearised polynomials
[e]efe]e] ]

Chinese Remainder Theorem and its lifting (with more than two polynomials)

F = (fi,....,f) € (Fgm(X7))*, d := 377, deg,(f).
Suppose that for all i € {1,--- ,s} i A, Vif; = X.
J#i

The map

i ]qu (X9y ]qu (X9 . ]qu (X9)
<h> <f>

. s
<V fi>
i=1

P — (7T1(P)’---a7rS(P))

is an isomorphism.

Let 517,' and 527,‘ such that 51,,' o (\// ﬂ) + 527,' ofi = X.
J#i

Proposition

Let P € Fgm(X9) <q. Denote 7(-) the rest in the remainder division by Vi f.

i=

We have P = TF(ZTI','(P) 0S50 \/lﬁ‘)-
i=1 J#i
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© 9-CRT codes
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g-CRT codes
oe

g-CRT codes

k < d, A€ TFqgn(X9) (such that deg,(A) + k < d).
@ or : P (m(P),...,ms(P))
@ Mp:P— PoA
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g-CRT codes
oe

g-CRT codes

k < d, A€ TFqgn(X9) (such that deg,(A) + k < d).
@ or : P (m(P),...,ms(P))
@ Mp:P— PoA

g-Chinese Remainder Theorem code

The g-chinese remainder theorem code associated to k, A and F = (fi,--- , fs), of dimension k and length d,
is C = (o7 © Ma) (Fam (X9) <i).
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g-CRT codes
oe

g-CRT codes

k < d, A€ TFqgn(X9) (such that deg,(A) + k < d).
@ or : P (m(P),...,ms(P))
@ Mp:P— PoA

g-Chinese Remainder Theorem code

The g-chinese remainder theorem code associated to k, A and F = (fi,--- , fs), of dimension k and length d,
is C = (o7 © Ma) (Fam (X9) <i).

message: P € Fgm < X9 > codeword

I R o s (S FTTY rn EXE0Y

length k lengthk + « length d
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A special case and its decoding algorithm
@00000

e A special case and its decoding algorithm
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A special case and its decoding algorithm
[e] lelelele)

A special case: moduli with coefficients in Fq

Suppose F = (fi,--- , ;) € Fg(X9).
V the lifting of the Chinese Remainder Theorem. o := deg,(A).
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A special case and its decoding algorithm
[e] lelelele)

A special case: moduli with coefficients in Fq

Suppose F = (fi,--- , ;) € Fg(X9).
V the lifting of the Chinese Remainder Theorem. o := deg,(A).
cecC.
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A special case and its decoding algorithm
[e] lelelele)

A special case: moduli with coefficients in Fq

Suppose F = (fi,--- , ;) € Fg(X9).
V the lifting of the Chinese Remainder Theorem. o := deg,(A).
cecC.

.L Poa -Llnl(PaA) [ - [neea]
b4

D ——

length k lengthk + a lengthd
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A special case and its decoding algorithm
[e] lelelele)

A special case: moduli with coefficients in Fq

Suppose F = (fi,--- , ;) € Fg(X9).
V the lifting of the Chinese Remainder Theorem. o := deg,(A).
cecC.
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A special case and its decoding algorithm
[e] lelelele)

A special case: moduli with coefficients in Fq

Suppose F = (fi,--- , ;) € Fg(X9).
V the lifting of the Chinese Remainder Theorem. o := deg,(A).

cecC.
M, PF
I Y v SN Y i TN
length k lengthk + a lengthd
lengthk + length
k+ o
1 v
+ Ey —_—  y=c+e
d —
ec€lgm, y=c+e.
E :=WV(e), and Y :=V(y). 0 length d
. E,
0
L )
Y
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A special case and its decoding algorithm
[e]e] lelele)

Computing the support of the error

We can use E; to deduce supp(E):

— Suppose e ~ U.
lengthk + « length
k+ « Proposition (P.G., C.G., O.R.)
v
+ || B —— y=c+te Knowing that wg(E) = r, we have
supp(E>) = supp(E) with probability
] length d
E; ra H ( —4q )
o - (q -q)
T
Y(y) = +¥(e)
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A special case and its decoding algorithm
[e]e] lelele)

Computing the support of the error

lengthk + «a

length d

length
k+ o
+ By
Ep
. J
Y(y) = +W(e)

Philippe Gaborit, Camille Garnier, Olivier Ruatta

We can use E; to deduce supp(E):
Suppose e ~ U.

Proposition (P.G., C.G., O.R.)

Knowing that wr(E) = r, we have
supp(E>) = supp(E) with probability

raH(q _q)

-+ (@ —4q)

We have supp(E) C supp(e). Therefore,
WR(E) S WR(e).
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A special case and its decoding algorithm
[e]e]e] Tele)

Computing the error

lengthk + a length
k+ a
+ i 4‘#_ y=c+e
Using supp(E), we can compute E1 by
[— _— solving a linear system, if r < I (as
E engthd LRPC codes decoding®)
2
L . I
Y@y) = +W(e)

YL ow Rank Parity Check Codes: New Decoding Algorithms and Applications to Cryptography, Nicolas Aragon, Philippe
Gaborit, Adrien Hauteville, Olivier Ruatta, Gilles Zémor, In: IEEE Transactions on Information Theory, aoiit 2019.
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A special case and its decoding algorithm
[e]e]e]e] Je)

Decoding algorithm

length k + « length Algorithm Decoding algorithm
e . w Input: y = c + e, where c € C, and wg(e) < 3%
| TT—"7="*°|  Output: P € Fgn(X%) . such that c = Po A, or
L failure.
length d 1. Compute Y := W(y) € Fgm(X9).
Ez 2: From Y, deduce E, and compute supp(Ez).
. ) 3: Using supp(E:), compute E; by linear algebra.
W) = () +W(e) 4: Deduce P o A, by computing Y — E; — E>.
5. Compute the right division of P o A by A.
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A special case and its decoding algorithm
[e]e]e]e] Je)

Decoding algorithm

length k + « length |[ | Algorithm Decoding algorithm
e . w Input: y = c + e, where c € C, and wg(e) < 3%
| TT—"7="*°|  Output: P € Fgn(X%) . such that c = Po A, or
L failure.
length d 1. Compute Y := W(y) € Fgm(X9).
Ez 2: From Y, deduce E, and compute supp(Ez).
. ) 3: Using supp(E:), compute E; by linear algebra.
W) = () +W(e) 4: Deduce P o A, by computing Y — E; — E>.
5. Compute the right division of P o A by A.

@ Polynomial-time algorithm.

@ Dominant cost: linear algebra over Fj.
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A special case and its decoding algorithm
O0000e

Conclusion

o New family of rank metric codes.
@ Based on Chinese Remainder Theorem for linearised polynomials.

@ Probabilistic decoding algorithm for a special case, in polynomial time.
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A special case and its decoding algorithm
O0000e

Conclusion

o New family of rank metric codes.
@ Based on Chinese Remainder Theorem for linearised polynomials.

@ Probabilistic decoding algorithm for a special case, in polynomial time.

Open questions and further work:
@ Deterministic decoding algorithm, with key equation.

@ Decoding algorithm for the general case.
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A special case and its decoding algorithm
O0000e

Conclusion

o New family of rank metric codes.
@ Based on Chinese Remainder Theorem for linearised polynomials.

@ Probabilistic decoding algorithm for a special case, in polynomial time.

Open questions and further work:
@ Deterministic decoding algorithm, with key equation.

@ Decoding algorithm for the general case.

Thank you for your attention !
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Link with Gabidulin Codes

(g1,---,8n) € Fgm Fy-linearly independant over Fgm.
fi=X9— g7 !X € Fgm(X9) forall i € {1,...,n}.

The code Cx,r is the image of Fgm (X 7)<« by the application
FgmX9) .y Fam X9

= Fy Fn
— (P mod Fi,...,P mod F,) = (g; *P(g1)X, ..., & ‘P(gn)X).

Each word ¢ of Cx r can be written as ¢ = (g7 *P(g1), - -,8&7 - P(gn)), with P € Fgm(X7) <.

Proposition

Cx,r = Gabk(g, - - - ,g,,)Diag(gl_l, e 7g,,_l).
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