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e Examples:

o

o

binary trees by rOtationS [Lucas, Roelants van Baronaigien, Ruskey 93]

permutations by adjacent transpositions
(Steinhaus-Johnson-Trotter algorithm) pohnson 641, [Trotter 62]

bitstrings by bitflips (Binary reflected Gray code) (cray 53
spanning trees by edge exchanges (smith 97]
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e Lists all permutations of [n| :={1,...,n}

by adjacent transpositions n=2 n=3 n=41
. . . 12 123 1234
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1423\ ; /2431 ‘Zi 73 1324
Niag B 15 abo 3124
\4}23 /34231/ g g y 3142
ofs™ movement 3412
f 4312
. OoT N 4321
® Greedy algorlthm [Williams 13]. ggﬂ
o start with the identity permutation 3214
. - 2341
o Repeatedly apply an adjacent transposition to the %3
. . . . 4231
last permutation in the list that involves the largest 2213
2413

possible value so as to create a new permutation 2143
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pattern—aVOiC |ng perm Utat|ons [Hartung, Hoang, M., Williams 22]
pattern-avoiding rectangulations merino, m. 23]

pattern-avoiding binary trees [regor, M., Namrata 24]

lattice quotients of the weak order on permutations

— Hamiltonicity of type A quotientopes (Hoang, m. 21]
elimination trees of chordal graphs — Hamiltonicity
of chordal graph associahedra [cardinal, Merino, M. 2]

acyclic orientations of chordal (hyper)graphs; quotients
of acyclic reorientation lattices [cardinal, Hoang, Merino, Mitka, M. 23]
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Hyperplane arrangements

e This work: unify and generalize many of the aforemen-
tioned results, yet simpler proofs

Hyperplane arrangement 7: nonempty finite set of real
hyperplanes in R™ through the origin

Graph of regions G(H):

- vertices are the connected subsets in R(H) := R" \ H

- edges between regions separated by exactly one hyperplane

010 _H1:21=0 G(H)

Hy:29=0 Hy :20=0 011 Hli.i,"l:O
010
/ T
000 :
Hs - H; : 23 50 \?\100/
38 001 | 000 111
: 111 é o |
Tl
0012
101 \101/

e Goal: Find Hamiltonian path/cycle in G(H)



Examples

(1) Coordinate arrangement: fei|1<i<n}

H = {H., Hy, H3}
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Examples

(1) Coordinate arrangement: {e; |1 <i<n}

(2) Braid arrangement / type A Coxeter arrangement:

(- l1<i<j<n)
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Examples

(1) Coordinate arrangement: {e; |1 <i<n}

@ Braid arrangement / type A Coxeter arrangement:
{e; — @\1<z<j<n}
(3) Type B Coxeter arrangement: {e; te; |1 <i<j<n}
U{e; |1 <i<n}
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Examples

(1) Coordinate arrangement: {e; |

1 <i<n}

(2) Braid arrangement / type A Coxeter arrangement:
@ l1<i<j<n)

(3) Type B Coxeter arrangement: {e; -
U {ei |

(4) Graphic arrangement: F =

cej | 1<i<j<n}
1 <i<n}

(In], £)

{6_2:—62_;‘{2,]} EE}
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Basic properties of G(H)

e |R(H)| is even (consider opposition map = — —x)
o GG(H) is bipartite

o If |H| is odd, then G(H) is balanced
(opposition map switches color)

e Unbalanced — no Hamiltonian cycle
e Balanced not sufficient for
Hamiltonicity (even in R?)

e R3: G(H) is the dual graph of a great-
circle arrangement on the sphere




Poset of regions

e Choose one region Ry € R(H) as base region

G(H)

Ry



Poset of regions

e Choose one region Ry € R(H) as base region
e Orient edges of G(H) away from R G(H)

— Poset of regions P(H, Ry) f

Ry
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e Choose one region Ry € R(H) as base region
e Orient edges of G(H) away from R G(H)
— Poset of regions P(H, Ry)

e graded poset (recall that G(H) is bipartite) W

Ry
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e Skeleton of Z(H) isomorphic to G(H)

(1) H = coordinate arrangement: — Hypercube

H = {H15H23 H3}
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Polytopes

e Zonotope Z(H) := Minkowski sum of line segments
In directions of normal vectors of ‘H

e Normal fan of Z(H) is the fan defined by H

e Skeleton of Z(H) isomorphic to

G(H)

(1) H = coordinate arrangement: — Hypercube
(2 H = Type A Coxeter arr. — Type A permutahedron
(3) H = Type B Coxeter arr. — Type B permutahedron

)

2 =10 213 - 123 1 =0
313—123-_ __
231 /321|312 132 213~ T 2123
1 = A3 3 32_1 31? IN= T3 %31 13774\ 133
— - 3211312 e AT o3{” 123._ ... 5 _ -
x3 =0/ 931 X5z 135 3\ 3‘5-{123_3_}1213 \ B
213 3322 \ \ 123 o § jsﬁ\u
' 321321 /213 123 \ 813312 3%\1 132\312:;2 _____ 312 231 \iliﬂ
T2 319 19\ 123/IN218 /837 321 i 13 %
7 § 132 31
- 1323123 | 213%03 - _ _ 4 e
123 _ 132 231 N 3?\{ 231 312— 321" 435" 331
132 312 321 231 312 231 . ’.' '-'
T2 = 3 g el o = z3 = - | 133 =)= o
132 \312| 321/ 231 w213 575,123 3971 193 555
z 312 123 531
132213~ o7
NT132 /23_{_
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Polytopes

e Zonotope Z(H) := Minkowski sum of line segments
In directions of normal vectors of ‘H

e Normal fan of Z(H) is the fan defined by H
e Skeleton of Z(H) isomorphic to G(H)

(1) H = coordinate arrangement: — Hypercube

(2 H = Type A Coxeter arr. — Type A permutahedron
(3) H = Type B Coxeter arr. — Type B permutahedron
(4) H = Graphic arrangement — graphic zonotope
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Polytopes

e A lattice congruence glues together regions in the same equiv-
alence class — quotient fan
(2) H = Type A Coxeter arr. — Type A permutahedron

— Type A quotientopes [piiaud, santos 19]
Incl. associahedra [Loday 04), permutreehedra [piaud, Pons 18],

rectangulotopes [cardinal, pilaud 251, hypercubes, etc.
(3) H = Type B Coxeter arr. — Type B permutahedron

— Type B quotientopes [padrol Pilaud, Ritter 23]
incl. B-associahedra [simion 03]

213 g 123 __
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e ‘Supersolvable’ first used in the context of group theory
® [suniey 72 gave a lattice-theoretic definition

e Use characterization of [Bjsmer, Edeiman, ziegler 90] @S definition:
e arrangement H of rank n > 1 is supersolvable if either n < 2
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Supersolvable arrangements
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e ‘Supersolvable’ first used in the context of group theory

[stanley 72] £ave a lattice-theoretic definition

Use characterization of (gjsmer, Edeiman, zZiegier 90] @S definition:

arrangement H of rank n > 1 is supersolvable if either n < 2

orn >3 and H = Hy U H; such that
o Hp is supersolvable of rank n — 1

© for any pair of hyperplanes
H,H'" € H; there is a hyper-
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HNH CH"

Examples: coordinate arrangement,
Type A+B Coxeter arrangements

‘k

X
Za%



Our results

Thm 1: Let H be a supersolvable arrangement of rank n > 2.
Then the graph of regions G(H) has a Hamiltonian cycle.




Our results

Thm 1: Let H be a supersolvable arrangement of rank n > 2.
Then the graph of regions G(H) has a Hamiltonian cycle.

® proved independently by [Kérber, Schnieders, Stricker, Walizadeh 25]




Our results

Thm 1: Let H be a supersolvable arrangement of rank n > 2.
Then the graph of regions G(H) has a Hamiltonian cycle.

® proved independently by [Kérber, Schnieders, Stricker, Walizadeh 25]

Lemma (gjsmer, Edeiman, ziegler 90 FOr a supersolvable arrangement H,
there is a region Ry such that P(H, Ry) is a lattice.




Our results

Thm 1: Let H be a supersolvable arrangement of rank n > 2.
Then the graph of regions G(H) has a Hamiltonian cycle.

® proved independently by [Kérber, Schnieders, Stricker, Walizadeh 25]

Lemma (gjsmer, Edeiman, ziegler 90 FOr a supersolvable arrangement H,
there is a region Ry such that P(H, Ry) is a lattice.

— every canonical region works




Our results

Thm 1: Let H be a supersolvable arrangement of rank n > 2.
Then the graph of regions G(H) has a Hamiltonian cycle.

® proved independently by [Kérber, Schnieders, Stricker, Walizadeh 25]

Lemma (gjsmer, Edeiman, ziegler 90 FOr a supersolvable arrangement H,
there is a region Ry such that P(H, Ry) is a lattice.

— every canonical region works

Thm 2: Let H be a supersolvable arrangement and Ry € R(H)

a canonical base region. Then for any lattice congruence = on
L := P(H, Ry), the cover graph of L/= has a Hamilt. path.
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e Hamiltonian cycle is the binary reflected Gray code

(2) H = Type A Coxeter arrangement

e Hamiltonian cycle is the Steinhaus-Johnson-Trotter
algorithm

(3) H = Type B Coxeter arrangement
e new Gray code for

. . n 213~ ~ 2123
signed permutations : o e
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(4) H = graphic arrangement F' = ([n], E') (type A subarr.)
® [suniey 721 H IS supersolvable if and only if F' is chordal

— Gray codes for acyclic orientations of chordal graphs

[Savage, Squire, West 93], [Cardinal, Hoang, Merino, Mitka, M. 23]

— Gray codes for quotients of acyclic reorientation lattices

[Cardinal, Hoang, Merino, Mitka, M. 23] answering problem of [Pilaud 24]
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(5) H = signed graphic arr. F' = ([n], ET U E~) (type B subarr.)

® [zasiawsky 821 ACyclic orientations of signed graphs (every edge
carries a sign {+, —})

e regions of H in bijection with acyclic orientations of signed
graph F

® [zaslavsky 015 |f Signed graph F' has signed perfect elimination
ordering, then H is supersolvable.

Corollary: If signed graph has a sighed perfect elimination
ordering, then the corresponding signed graphic zonotope
has a Hamiltonian cycle.

— Gray codes for quotients of acyclic reorientation lattices of
signed graphs
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Applications

(2) H = Type A Coxeter arrangement / Type A quotientopes

o intrOduced by [Pilaud, Santos 19]
e Hamiltonian paths first proved in [Hoang, m. 21]

— Hamiltonian paths on associahedra / Gray code for
tria ngU|ati0nS/binary trees [Lucas, Roelants van Baronaigin, Ruskey 93]

— Hamiltonian paths on rectangulotopes introduced by
[Cardinal, Pilaud 25] / Gray codes for rectangulations merino, m. 23]

NEEEEENNNNE

1234 1243 1423 4123 4132 1432 1342 1324 3124 3142 4312

=NNNNNESSREN

4321 3421 3241 3214 2314 2341 2431 4231 4213 2413 2134
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(3) H = Type B Coxeter arrangement / Type B quotientopes

e Introduced by [Padrol, Pilaud, Ritter 23]

Corollary: The skeleton of any type B quotientope has a
Hamiltonian path.

— Hamiltonian cycles on B-associa-
hedron / Gray code for symmetric
triangulations
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