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. . .

spanning trees

• Covered in depth in Donald Knuth’s book
‘TAOCP Vol. 4A’

. . .
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• Goal: efficient listing algorithm

• consecutive objects differ by a ‘local change’ → Gray code

• ultimately: each new object in constant time

• Examples:

binary trees by rotations [Lucas, Roelants van Baronaigien, Ruskey 93]

permutations by adjacent transpositions
(Steinhaus-Johnson-Trotter algorithm) [Johnson 64], [Trotter 62]

bitstrings by bitflips (Binary reflected Gray code) [Gray 53]

spanning trees by edge exchanges [Smith 97]
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• Lists all permutations of [n] := {1, . . . , n}

by adjacent transpositions

• =Hamiltonian cycle in
the permutahedron

• Greedy algorithm [Williams 13]:

start with the identity permutation

Repeatedly apply an adjacent transposition to the
last permutation in the list that involves the largest
possible value so as to create a new permutation
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Zigzag language framework

• Far-ranging generalization of the SJT algorithm

• [Hartung, Hoang, M., Williams 2022]: zigzag language framework

• Used to generate a large varity of combinatorial objects

pattern-avoiding permutations [Hartung, Hoang, M., Williams 22]

lattice quotients of the weak order on permutations
→ Hamiltonicity of type A quotientopes [Hoang, M. 21]

pattern-avoiding rectangulations [Merino, M. 23]

elimination trees of chordal graphs → Hamiltonicity
of chordal graph associahedra [Cardinal, Merino, M. 25]

acyclic orientations of chordal (hyper)graphs; quotients
of acyclic reorientation lattices [Cardinal, Hoang, Merino, Mička, M. 23]

pattern-avoiding binary trees [Gregor, M., Namrata 24]
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Hyperplane arrangements
• This work: unify and generalize many of the aforemen-

tioned results, yet simpler proofs
• Hyperplane arrangement H: nonempty finite set of real

hyperplanes in Rn through the origin
• Graph of regions G(H):

- vertices are the connected subsets in R(H) := Rn \ H
- edges between regions separated by exactly one hyperplane

• Goal: Find Hamiltonian path/cycle in G(H)
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Examples
• Coordinate arrangement: { #„ei | 1 ≤ i ≤ n}
• Braid arrangement / type A Coxeter arrangement:

{ #„ei − #„ej | 1 ≤ i < j ≤ n}
• Type B Coxeter arrangement: { #„ei ± #„ej | 1 ≤ i < j ≤ n}

∪ { #„ei | 1 ≤ i ≤ n}

• Graphic arrangement:

{ #„ei − #„ej | {i, j} ∈ E}
F = ([n], E)

1

2

3
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Basic properties of G(H)

• G(H) is bipartite

• If |H| is odd, then G(H) is balanced
(opposition map switches color)

• |R(H)| is even (consider opposition map x 7→ −x)

• Unbalanced → no Hamiltonian cycle

• Balanced not sufficient for
Hamiltonicity (even in R3)

G(H)

• R3: G(H) is the dual graph of a great-
circle arrangement on the sphere
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Poset of regions
• Choose one region R0 ∈ R(H) as base region

• Orient edges of G(H) away from R0

→ Poset of regions P (H, R0)

R0

• graded poset (recall that G(H) is bipartite)

...
G(H)
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Polytopes
• Zonotope Z(H) := Minkowski sum of line segments

in directions of normal vectors of H

• Skeleton of Z(H) isomorphic to G(H)

• Normal fan of Z(H) is the fan defined by H

• H = coordinate arrangement: → Hypercube
• H = Type A Coxeter arr. → Type A permutahedron
• H = Type B Coxeter arr. → Type B permutahedron
• H = Graphic arrangement → graphic zonotope

1

2

3

4
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• H = Type A Coxeter arr. → Type A permutahedron

• H = Type B Coxeter arr. → Type B permutahedron

• A lattice congruence glues together regions in the same equiv-
alence class → quotient fan

→ Type A quotientopes [Pilaud, Santos 19]

→ Type B quotientopes [Padrol, Pilaud, Ritter 23]

incl. associahedra [Loday 04], permutreehedra [Pilaud, Pons 18],
rectangulotopes [Cardinal, Pilaud 25], hypercubes, etc.

incl. B-associahedra [Simion 03]
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Supersolvable arrangements
• ‘Supersolvable’ first used in the context of group theory

• [Stanley 72] gave a lattice-theoretic definition

• Use characterization of [Björner, Edelman, Ziegler 90] as definition:

• arrangement H of rank n ≥ 1 is supersolvable if either n ≤ 2
or n ≥ 3 and H = H0 ∪̇ H1 such that

H0 is supersolvable of rank n− 1

for any pair of hyperplanes
H,H ′ ∈ H1 there is a hyper-
plane H ′′ ∈ H0 such that
H ∩H ′ ⊆ H ′′

H0

H1

• Examples: coordinate arrangement,
Type A+B Coxeter arrangements
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Our results
Thm 1: Let H be a supersolvable arrangement of rank n ≥ 2.
Then the graph of regions G(H) has a Hamiltonian cycle.

Thm 2: Let H be a supersolvable arrangement and R0 ∈ R(H)
a canonical base region. Then for any lattice congruence ≡ on
L := P (H, R0), the cover graph of L/≡ has a Hamilt. path.

Lemma [Björner, Edelman, Ziegler 90] For a supersolvable arrangement H,
there is a region R0 such that P (H, R0) is a lattice.

→ every canonical region works

• proved independently by [Körber, Schnieders, Stricker, Walizadeh 25]
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Applications

• Hamiltonian cycle is the binary reflected Gray code

• H = coordinate arrangement1

• H = Type A Coxeter arrangement2

• Hamiltonian cycle is the Steinhaus-Johnson-Trotter
algorithm

• H = Type B Coxeter arrangement3

• new Gray code for
signed permutations

• time O(1) per signed
permutations (=loop-
less)
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• [Stanley 72]: H is supersolvable if and only if F is chordal

• H = graphic arrangement F = ([n], E) (type A subarr.)4

→ Gray codes for acyclic orientations of chordal graphs
[Savage, Squire, West 93], [Cardinal, Hoang, Merino, Mička, M. 23]

→ Gray codes for quotients of acyclic reorientation lattices
[Cardinal, Hoang, Merino, Mička, M. 23] answering problem of [Pilaud 24]
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Applications
• H = signed graphic arr. F = ([n], E+ ∪ E−) (type B subarr.)5

• [Zaslavsky 82]: acyclic orientations of signed graphs (every edge
carries a sign {+,−})

• regions of H in bijection with acyclic orientations of signed
graph F

• [Zaslavsky 01]: If signed graph F has signed perfect elimination
ordering, then H is supersolvable.

Corollary: If signed graph has a signed perfect elimination
ordering, then the corresponding signed graphic zonotope
has a Hamiltonian cycle.

→ Gray codes for quotients of acyclic reorientation lattices of
signed graphs



Applications
• H = Type A Coxeter arrangement / Type A quotientopes2



Applications
• H = Type A Coxeter arrangement / Type A quotientopes2

• introduced by [Pilaud, Santos 19]



Applications
• H = Type A Coxeter arrangement / Type A quotientopes2

• introduced by [Pilaud, Santos 19]

• Hamiltonian paths first proved in [Hoang, M. 21]



Applications
• H = Type A Coxeter arrangement / Type A quotientopes2

• introduced by [Pilaud, Santos 19]

→ Hamiltonian paths on associahedra / Gray code for
triangulations/binary trees [Lucas, Roelants van Baronaigin, Ruskey 93]

• Hamiltonian paths first proved in [Hoang, M. 21]



Applications
• H = Type A Coxeter arrangement / Type A quotientopes2

• introduced by [Pilaud, Santos 19]

→ Hamiltonian paths on associahedra / Gray code for
triangulations/binary trees [Lucas, Roelants van Baronaigin, Ruskey 93]

• Hamiltonian paths first proved in [Hoang, M. 21]

→ Hamiltonian paths on rectangulotopes introduced by
[Cardinal, Pilaud 25] / Gray codes for rectangulations [Merino, M. 23]
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Applications
• H = Type B Coxeter arrangement / Type B quotientopes3

• introduced by [Padrol, Pilaud, Ritter 23]

→ Hamiltonian cycles on B-associa-
hedron / Gray code for symmetric
triangulations

Corollary: The skeleton of any type B quotientope has a
Hamiltonian path.
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Thank you!


