QOutline for the class

Lecture 1. Lattice congruences for combinatorialists
The lattice-theoretic “facts of life,” emphasizing
ideas most relevant to the weak order on a finite
Coxeter group.

Lecture 2. Lattice congruences of the weak order
Applications of lattice-theoretic knowledge to the
weak order, motivated by examples, and the com-
binatorics of congruences/quotients, in general and
in specific.

Lecture 3. The geometry of lattice congruences
Lattice theory in the geometric setting of hyper-
plane arrangements, posets of regions, and shards.



Goal for the class

To convince you that lattice congruences “know a lot of
combinatorics” related to the weak order.

To encourage you to learn more about lattice congruences and
about this combinatorics.

To inspire you to wonder whether lattice congruences know a lot of
combinatorics related to other lattices with similar properties.



Lecture 1: Lattice congruences for

combinatorialists

Nathan Reading

NC State University

Au-dela du Permutoedre et de |'associaédre
CIRM Research School
December 1-2, 2025

Lattice congruences and quotients
Join-irreducible congruences
Forcing and polygonal lattices
Canonical join representations

Polygonal, congruence uniform lattices in nature



Section 1.a: Lattice congruences and quotients



A lattice is a set L with two A lattice is a set L with a
binary operations A (“meet") partial order “<" such that:
and V (“join") satisfying the
axioms: For all finite D # S C L,
xXVy=yVx There exists a unique min-
XAy =yAx imal upper bound for S is
XV (yVz)=(xVy)Vz L, written \/ S.
There exists a unique
ANYAz)=(XAy)A
XNy Az)=xAy)hz maximal lower bound for
xV(xAy)=x Sis L, written A\ S.
xNA(xVy)=x
(Universal) algebra Combinatorics

xVy=Vixy}

XNy =N{xy}
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Homomorphisms, congruences, quotients

(Lattice) homomorphism: a map 7 : L1 — Ly such that

n(x Ay) =n(x) An(y) and n(x Vy) =n(x) vV n(y).

Congruence: an equivalence relation = on L such that

(x1 =x and y1 = y») = (xaAy1 = x2Ay2 and x1Vy1 = x2Vy»).

Quotient: The set L/ = of congruence classes with meet and join

X VIy] =[x Vyland [x] Ay] = [x Ayl
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Homomorphisms, congruences, quotients

(Lattice) homomorphism: a map 7 : L1 — Ly such that

n(x Ay) =n(x) An(y) and n(x Vy) =n(x) vV n(y).

Congruence: an equivalence relation = on L such that

(x1 =x and y1 = y») = (xaAy1 = x2Ay2 and x1Vy1 = x2Vy»).

Quotient: The set L/ = of congruence classes with meet and join

X VIy] =[x Vyland [x] Ay] = [x Ayl

What do these mean in the order-theoretic definition of lattices?
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Order-theoretic characterization of a lattice congruence

An equivalence relation = on a finite lattice L is a lattice
congruence if and only if the following three conditions hold:

(i) Each equivalence class is an interval in L.

(i) The map 7| taking each element to the bottom element of its
equivalence class is order-preserving.

(iii) The map 7' taking each element to the top element of its
equivalence class is order-preserving.
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Order-theoretic characterization of a lattice congruence

An equivalence relation = on a finite lattice L is a lattice
congruence if and only if the following three conditions hold:

(i) Each equivalence class is an interval in L.

(i) The map 7| taking each element to the bottom element of its
equivalence class is order-preserving.

(iii) The map 7' taking each element to the top element of its
equivalence class is order-preserving.

Exercise. Prove this.
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Order-theoretic characterization of a lattice congruence

An equivalence relation = on a finite lattice L is a lattice
congruence if and only if the following three conditions hold:

(i) Each equivalence class is an interval in L.

(i) The map 7| taking each element to the bottom element of its
equivalence class is order-preserving.

(iii) The map 7' taking each element to the top element of its
equivalence class is order-preserving.

First take-home lesson: If you find a surjective set mapn: L — S
(for some set S):

e Check if the fibers (preimages of el'ts of S) are intervals in L.
e If so, check (ii) and (iii) on the fibers.

e If these hold, then the fibers of 1 are a congruence =, and 7
induces a lattice structure on S, isomorphic to L/ =.
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

’

5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

4

3 4 6 -

2 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

42

7

> 5 8

Lecture 1: Lattice congruences for combinatorialists Lattice congruences and quotients 4



Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

427

7

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

4278

3 4 6

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

42783

3 4 6

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

427831

3 4 6

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

4278316

3 4 6

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

42783165

3 4 6

> 5 8
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Example: Permutations-to-triangulations map

Arrange the numbers from 0 to n+ 1 on a polygon such that
numbers strictly increase left to right. Begin with a path along the
bottom. Modify the path by removing/adding vertices in the order
given by m. The triangulation is the union of the paths.

Example. 7w = 42783165

42783165

3 4 6

> 5 8
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S, to triangulations

4321

N

3421 4231 4312

AN

3241 34127 2431 4213 4132

AN VAVAN

2341 3214 3142 2413 4123 1432

VAYAYS a4

2134 1324 1243

1234
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S, to triangulations
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NIVAZAN
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S, to triangulations
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S, to triangulations Fibers are a congruence.
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S, to triangulations Fibers are a congruence.

g

o/

v
©
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S, to triangulations Fibers are a congruence.

U/T
\J

SN
i

4
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54 to triangulations Fibers are a congruence. Quotient = Tamari lattice

U/T
\J

/S
i

4
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S, to triangulations (for a different polygon)

0 5 4321

PSTO aap 4231 4312

AN

3241 34127 2431 4213 4132

AN VAVAN

2341 3214 3142 2413 4123 1432

VAYAYS a4

2134 1324 1243

1234
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S, to triangulations (for a different polygon)

0 5
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S, to triangulations (for a different polygon)




S, to triangulations (for a different polygon)




S, to triangulations (Quotient is a




-theoretic characterization of congruence (concluded)

Recap of the example: There is a surjective map n from the weak
order on permutations to the set of triangulations. One can prove:

e lts fibers are intervals in the weak order.
e 7 and 7T are order-preserving.

Conclude: Fibers of ) are a congruence =, and 7 induces a lattice
structure on S, isomorphic to L/ =.

These lattices are “Cambrian lattices of type A.” Covers are
diagonal flips, and “going up” means increasing the slope of the
diagonal. A special case is the Tamari lattice.
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Order-theoretic characterization of a lattice quotient

If Lis a finite lattice and = is a congruence on L then
m L is a lattice, isomorphic to the quotient lattice L/ =.

The map 7 is a lattice homomorphism from L to 7| L.
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Order-theoretic characterization of a lattice quotient

If Lis a finite lattice and = is a congruence on L then
m L is a lattice, isomorphic to the quotient lattice L/ =.
The map 7 is a lattice homomorphism from L to 7| L.

Example.

= WY A A .

WAVA N S VR @/
N 7 AN |
@ifzj@ N2
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Order-theoretic characterization of a lattice quotient

If Lis a finite lattice and = is a congruence on L then
m L is a lattice, isomorphic to the quotient lattice L/ =.

The map 7 is a lattice homomorphism from L to 7| L.

Exercise. Prove this.

Exercise. 7L is a join-sublattice of L but can fail to be a
sublattice. (That is, if x,y € m L, then x V y € m L, but possibly

xNy &mL.)
The second exercise points out an important caveat:

“The map 7| is a lattice homomorphism from L to 7| L" means
T (xViy) = m(x) Vo o m(y) and w1 (x ALy) = 7y (X) Axr T (y)

The exercise says we can replace Vr ; with V, but usually, we
can't replace Ar 1 with Aj.
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Recap of Section 1.a: Lattice congruences and quotients

Lattice: an algebraic object that we can understand
combinatorially (order-theoretically).

Homomorphisms, congruences, and quotients are defined as for
any (universal) algebraic object. For finite lattices, we can

understand them order-theoretically.

Recognizing a lattice congruence on a finite lattice may allow us to
define a lattice structure on another set.

Questions?
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Section 1.b. Join-irreducible congruences



The lattice of congruences

Con L = {congruences of L} partially ordered by refinement order.
This is in fact a sublattice of the partition lattice.
Furthermore, it is distributive (and finite if L is).

FTFDL: A finite lattice L is distributive if and only if there exists a
poset P such that L is isomorphic to the containment order on
order ideals in P. If so, then P = Irr(L).

Irr(L): The subposet of L induced by join-irreducible elements.
Join-irreducible: x is join-irreducible (“j.i.") if and only if it covers
exactly one element. Equivalently, if x =\/ S then x € S.
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The lattice of congruences

Con L = {congruences of L} partially ordered by refinement order.
This is in fact a sublattice of the partition lattice.
Furthermore, it is distributive (and finite if L is).

FTFDL: A finite lattice L is distributive if and only if there exists a
poset P such that L is isomorphic to the containment order on
order ideals in P. If so, then P = Irr(L).

Irr(L): The subposet of L induced by join-irreducible elements.
Join-irreducible: x is join-irreducible (“j.i.") if and only if it covers
exactly one element. Equivalently, if x =\/ S then x € S.

Upshot: To understand Con L, we want to understand
join-irreducible congruences.
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Join-irreducible congruences

Write a < b for a cover relation.
A congruence © contracts the edge a < b if a= b modulo ©.

con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i)

(if)

(iii)
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Join-irreducible congruences

Write a < b for a cover relation.
A congruence © contracts the edge a < b if a= b modulo ©.

con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.

(i)

(iii)
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Join-irreducible congruences

Write a < b for a cover relation.
A congruence © contracts the edge a < b if a= b modulo ©.

con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.

(iii)
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Join-irreducible congruences

Write a < b for a cover relation.
A congruence © contracts the edge a < b if a= b modulo ©.

con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.

(iii)
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Join-irreducible congruences

Write a < b for a cover relation.

A congruence © contracts the edge a < b if a= b modulo ©.
con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.
(iii)
Nathan, we we need an example.
—Slides
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Example: Con (O) Know: Every j.i. congruence is of the form con(a < b).
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Example: Con (O) Know: Every j.i. congruence is of the form con(a < b).
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Example: Con (O) Know: Every j.i. congruence is of the form con(a < b).
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Example: Con (O) Know: Every j.i. congruence is of the form con(a < b).
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Join-irreducible congruences

Now, back to the proposition.
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Join-irreducible congruences

A congruence © contracts the edge a < b if a= b modulo ©.
con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.
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Join-irreducible congruences

A congruence © contracts the edge a < b if a= b modulo ©.
con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.

(iii) © = con(j) for some join-irreducible element j of L.

Here con(j) means con(j,. < j) for j,. the element covered by j.
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Join-irreducible congruences

A congruence © contracts the edge a < b if a= b modulo ©.
con(a <t b): the meet of all congruences contracting a < b.

Proposition. If L is a finite lattice and © € Con L, TFAE:
(i) © is join-irreducible in Con L.
(i) © = con(a < b) for some covering pair a < b.

(iii) © = con(j) for some join-irreducible element j of L.

Here con(j) means con(j,. < j) for j,. the element covered by j.

The map j — con(j) may not be one-to-one. If it is (and if the
dual condition holds), then L is called congruence uniform.
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Example: A very not-congruence-uniform lattice

The proposition said j — con(j) is a surjective map from
join-irreducible elements of L to join-irreducible congruences
(join-irreducible elements of Con(L)).

If it is one-to-one (and if the dual condition holds), then L is called
congruence uniform.
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Example: A very not-congruence-uniform lattice

The proposition said j — con(j) is a surjective map from
join-irreducible elements of L to join-irreducible congruences
(join-irreducible elements of Con(L)).

If it is one-to-one (and if the dual condition holds), then L is called
congruence uniform.

Example. Con <<{>> (@) .
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Example: A very not-congruence-uniform lattice

The proposition said j — con(j) is a surjective map from
join-irreducible elements of L to join-irreducible congruences
(join-irreducible elements of Con(L)).

If it is one-to-one (and if the dual condition holds), then L is called
congruence uniform.

Example. Con <<}>> (@) - ¢
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Example: A very not-congruence-uniform lattice

The proposition said j — con(j) is a surjective map from
join-irreducible elements of L to join-irreducible congruences
(join-irreducible elements of Con(L)).

If it is one-to-one (and if the dual condition holds), then L is called
congruence uniform.

Example. Con <<}>> (@) - ¢

By symmetry, con(j) is the same congruence for all join-irreducible
elements j. This is the unique join-irreducible congruence.

Thus Con <4>> is the two element lattice.
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Recap of Section 1.b: Join-irreducible congruences

Con L is a distributive lattice, sublattice of the partition lattice.
Every join-irreducible congruence is con(a <t b) for some edge a < b.

Every join-irreducible congruence is con(j) for some join-irreducible
element J.

Congruence uniform means j — con(j) is one-to-one (and the dual
condition holds).

Questions?
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Section 1.c. Forcing and polygonal lattices



Forcing among edges

Edges cannot be contracted independently.

Say a < b forces ¢ < d and write (a < b) — (c < d) if
con(c < d) < con(a < b).

That is, every congruence contracting a < b also contracts ¢ < d.

Examples:

N R R O

Q-Q-0-0
Q-Q-0-0
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Forcing among edges (continued)

Forcing (a < b) = (c < d) is not acyclic (unless L is a chain!).
It is a pre-order (reflexive and transitive)

When L is congruence uniform, the forcing preorder, restricted to
edges j. < Jj, is a partial order, not just a pre-order.

This lets us write Con(L) as containment order on order ideals in a
certain partial order on join-irreducible elements.

Example.

J3 Ja I J2
L=" _ Con(L) = I><I

J1 J2 VK] Ja
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Polygonal lattices
A polygon in a lattice: an interval like O U @ etc.

L is called polygonal if it has as Example.
many polygons as possible. That
is:

(i) If distinct elements y; and y»
both cover an element x,
then [x, y1 Vy»] is a polygon.

(ii) If an element y covers dis-
tinct elements x; and xo,
then [x1 Axz, y] is a polygon.
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Forcing in a polygon

Recall: a < b forces ¢ < d if every congruence contracting a < b
also contracts ¢ < d.

If Lis itself a polygon [x, y], forcing is entirely straightforward.
Each edge is a "bottom edge,” “top edge,” or “side edge.”

Each bottom edge forces the opposite top edge and all side edges.
Each top edge forces the opposite bottom edge and all side edges.
Side edges force nothing.

Up to symmetry, this is the only forcing:
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Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

3

A "bottom” edge forces all side edges and the opposite “top” edge.

U -

Dually, a “top” edge forces all side edges and the opposite
“bottom” edge.

Lecture 1: Lattice congruences for combinatorialists Forcing and polygonal lattices 20



Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

3

A "bottom” edge forces all side edges and the opposite “top” edge.

1 1
a a
e
X y X y
0 0

Dually, a “top” edge forces all side edges and the opposite
“bottom” edge.

Lecture 1: Lattice congruences for combinatorialists Forcing and polygonal lattices 20



Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

3

A "bottom” edge forces all side edges and the opposite “top” edge.

§ ! x=0
a a
e
X y X y
0 0

Dually, a “top” edge forces all side edges and the opposite
“bottom” edge.
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Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

3

A "bottom” edge forces all side edges and the opposite “top” edge.

! ! x=0
a a — xVy=0Vy
e
X y X y
0 0

Dually, a “top” edge forces all side edges and the opposite
“bottom” edge.
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Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

UO

A "bottom” edge forces all side edges and the opposite “top” edge.

x=0
== X\/y_O\/y
i.e.

Dually, a top edge forces all S|de edges and the opposite
“bottom” edge.
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Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

UO

A "bottom” edge forces all side edges and the opposite “top” edge.

x=0
= X\/y_O\/y
ie.
= a/\l_a/\y

Dually, a top edge forces all S|de edges and the opposite
“bottom” edge.
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Forcing in a polygon (rephrased)

A “side” edge can be contracted independently. E.g.:

3

A "bottom” edge forces all side edges and the opposite “top” edge.

! L x=0
a a — xVy=0Vy
— aAl=aAy
X y X y iie. a=0
0 0

Dually, a “top” edge forces all side edges and the opposite
“bottom” edge.
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Forcing in polygonal lattices

Proposition. The forcing relation in a polygonal lattice L is the
transitive closure of the forcing relation in each polygon of L.

As a result, we can compute examples easily by hand.

Terminology: We'll compute the congruence generated by
contracting a set of edges.
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Example of forcing in a polygonal lattice

The congruence generated by contracting the red and blue edges.
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Examples of forcing in a polygonal lattice

Find the congruence generated by the red edges. Find the quotient.
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Recap of Section 1.c: Forcing and polygonal lattices

If a congruence contracts a given edge, it may be “forced” to
contract others.

Forcing is a pre-order on edges. It restricts to a pre-order on
join-irreducible elements (or to an order if L is congruence
uniform).

Forcing in a polygon is easy.

A polygonal lattice contains as many polygons as possible. In a
polygonal lattice, all forcing can be understood locally, by forcing
in polygons.

Questions?
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Canonical join representations

The canonical join representation of x € L is the lowest way of
writing x as a join. More precisely:

A join representation for x € L: an expression x = \/ U.
It is irredundant if AU’ C U with x = \/ U’. (. U is an antichain.)

For antichains U and V of L, write U < V if the order ideal
generated by U is contained in the order ideal generated by V.
This is a partial order on antichains.

The canonical join representation (CJR) of x, if it exists, is the
unique minimal antichain U in this order, among antichains joining
to x. Elements of U are canonical joinands of x.

Exercise. Canonical joinands are join-irreducible.

Exercise. x is join-irreducible if and only if its CJR is {x}.
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Examples of canonical join representations

Find the canonical join representation of the blue element.

¢ <O

DO
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Find the canonical join representation of the blue element.

g b

DO
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Find the canonical join representation of the blue element.

G Do

DO
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Find the canonical join representation of the blue element.

G Do

DO
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Examples of canonical join representations

Find the canonical join representation of the blue element.

G Do

DY
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Examples of canonical join representations

Find the canonical join representation of the blue element.

G Do

DD
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Semi-distributive lattices

L is join-semidistributive if
xVy=xVz = xV(yAz)=xVy.

It is meet-semidistributive if the dual condition holds and
semidistributive if both conditions hold.

Well known:
Theorem. A finite lattice L is join-semidistributive if and only if

every element of L has a canonical join representation.

Example. Distributivity x V (y A z) = (x V y) A (x V z) implies
semidistributivity. FTFDL says a finite distributive lattice L is
containment on order ideals in Irr(L). CJR of an element is the set
of maximal elements of the corresponding ideal.
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Canonical join reps in congruence uniform lattices

Exercise. Suppose L is a finite lattice and a < b is a cover relation
in L. Each minimal element of {z€ L:z < b, z £ a} is a
join-irreducible element j and has con(a < b) = con(ji, < j).

Exercise. Suppose L is a finite congruence uniform lattice and

a < b is a cover relation. Write j,«p for A{z € L:z<b,z < a}.
Then j,<p is the unique join-irreducible element of L with

con(a < b) = con(j, < j). Furthermore, j,«p < b but j,<p £ a.

Exercise. Suppose L is a finite congruence uniform lattice. The
canonical join representation of an element x is \/ {ja<x : @ < x}.

These exercises (and their duals) imply the known fact that a finite
congruence uniform lattice is semidistributive.
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Examples of CJRs in congruence uniform lattices

For L a finite congruence uniform lattice, the CJR of x € L is
V {Ja<x 1@< x}, where j,op = AN{zeL:z<b, z£a}.

DD
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Examples of CJRs in congruence uniform lattices

For L a finite congruence uniform lattice, the CJR of x € L is
V {Ja<x 1@< x}, where j,op = AN{zeL:z<b, z£a}.

QDY
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Examples of CJRs in congruence uniform lattices

For L a finite congruence uniform lattice, the CJR of x € L is
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Examples of CJRs in congruence uniform lattices

For L a finite congruence uniform lattice, the CJR of x € L is
V {Ja<x 1@< x}, where j,op = AN{zeL:z<b, z£a}.

HOY
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Examples of CJRs in congruence uniform lattices

For L a finite congruence uniform lattice, the CJR of x € L is
V {Ja<x 1@< x}, where j,op = AN{zeL:z<b, z£a}.

DD
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The canonical join complex

Exercise. If x € L has CJR x =\/S and S’ C S, then there exists
x" € Lwith CJRx' =V S

Suppose L is join-semidistributive (i.e. every element has a CJR).
The canonical join complex (CJC) of L is

r(L) = {5g L:3x € L with CJRx:\/s}.
Exercise. (L) is an abstract simplicial complex with vertex set

{join-irreducible elements of L}. Its faces are in bijection with the
elements of L.

Example. r(O) —
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The canonical join complex (continued)

A simplicial complex is flag if each of its minimal non-faces has
exactly two elements. Equivalently, it is the set of cliques in its
1-skeleton.

Theorem (E. Barnard, 2016). Suppose L is join-semidistributive.
Then the canonical join complex I'(L) is flag if and only if L is
semidistributive.

Upshot for us: If L is semidistributive (e.g. if it is congruence
uniform), then to understand its CJC, we only need to understand
which pairs of join-irreducible elements are “compatible” in the
sense of “can participate in a CJR together.”

Examples very soon...
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Recap of Section 1.d: Canonical join representations

The canonical join representation (CJR) of an element x € L is the
lowest way of writing x as a join.

The canonical join complex (CJR) is the collection of all canonical
join representations.

Join-semidistributive means (for us) that every element has a CJR.
In this case, the CJC is an abstact simplicial complex on the
join-irreducible elements of L.

Semidistributive means (for us) that every element has a CJR and
the CJC is flag.

In the congruence uniform case, we gave an explicit formula for the
CJR of x with one canonical joinand for each element covered by x.

Questions?
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Section 1.e. Polygonal, congruence uniform lattices
in nature



Weak order on a finite Coxeter group

Theorem. The weak order on a finite Coxeter group is a
congruence uniform (therefore semidistributive), polygonal lattice.

Semidistributivity: C. Le Conte de Poly-Barbut, 1994.

Congruence uniformity: N. Caspard, C. Le Conte de Poly-Barbut,
and M. Morvan, 2002. (Special case: Caspard, 2000.)

Polygonality (in different terminology): N. Caspard, C. Le Conte
de Poly-Barbut, and M. Morvan, 2002.

Examples soon (comprising much of Part II).
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S, to triangulations

4321

N

3421 4231 4312

AN

3241 34127 2431 4213 4132

AN VAVAN

2341 3214 3142 2413 4123 1432

VAYAYS a4

2134 1324 1243

1234
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S, to triangulations
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S, to triangulations

“/@

=
/

15—

N

q

g
\ /
=

N

74

N/

NI

Lecture 1: Lattice congruences for combinatorialists Polygonal, congruence uniform lattices in nature 34

K

4



S4 to triangulations (Quotient is the Tamari lattice)

4
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S4 to triangulations (Quotient is the Tamari lattice)

4321
3421
3241 2431
2341 3214 1432
2314 1342 2143

2134 1324 1243

1234
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The Tamari lattice

In the permutations-to-triangulations map, if the polygon has all
vertices “on the bottom,” the quotient lattice is the Tamari lattice:

Why? We can check that bottom elements of congruence classes
are exactly 312-avoiding permutations. Bjorner and Wachs (1994)
showed that the Tamari lattice is the weak order restricted to
312-avoiding permutations. (They had all the “combinatorial
lattice theory” ingredients without the lattice theory.)

Congruence uniformity and polygonality are inherited by quotients
of finite lattices. Thus:

Theorem. The Tamari lattice is a congruence uniform (therefore
semidistributive), polygonal lattice.

Congruence uniformity: W. Geyer, 1994.
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

Example. 235879641 -undo descent— 235879461
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We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

Example. 235879641 -undo descent— 235879461
235879461 —move— 235874961 —-move— 235847961 —move— 235487961
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

Example. 235879641 —undo descent— 235879461
235879461 —move— 235874961 —move— 235847961 —move— 235487961
So 235487961 < 235879641 in the Tamari lattice.
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

Example. 235879641 —undo descent— 235879461
235879461 —move— 235874961 —move— 235847961 —move— 235487961
So 235487961 < 235879641 in the Tamari lattice.

Questions before the example goes away?
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

One can show that each cover you get this way is distinct.

This is a special case of a general fact: To go down by a cover in a
quotient 7| L, go down by a cover in L, then apply 7.
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

One can show that each cover you get this way is distinct.

This is a special case of a general fact: To go down by a cover in a
quotient 7| L, go down by a cover in L, then apply 7.

Conclusion: Join-irreducible elements of the Tamari lattice are
312-avoiding permutations with exactly one descent.
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Join-irreducible elements in the Tamari lattice

We'll continue realizing the Tamari lattice as the weak order
restricted to 312-avoiding permutations.

How to go down by a cover from a 312-avoider: Undo a descent,
then do 312 — 132-moves until you hit another 312-avoider.

One can show that each cover you get this way is distinct.

This is a special case of a general fact: To go down by a cover in a
quotient 7| L, go down by a cover in L, then apply 7.

Conclusion: Join-irreducible elements of the Tamari lattice are
312-avoiding permutations with exactly one descent.

For each pair 1 < a < b < n, there is exactly one 312-avoiding
permutation whose only descent is ba. Specifically:

12 (a—1)(a+1)(a+2)---(b—1)ba(b+1)(b+2)--n
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Canonical join representations in the Tamari lattice

Since the Tamari lattice is congruence uniform, the CJR of x is
V {wex : w < x}, where jyox = A{uvel:u<x, ugw}.

We already saw that covers w < x come from descents of x.
Suppose w <€ x is coming from a descent ba in x. One can show
that j, <« is the (unique!) join-irreducible element with descent ba.

Conclusion: The canonical join representation of an element of the
Tamari lattice is essentially its set of descent-pairs.

Example. CJR(236759841) is {75, 98, 84, 41}, where, for
example, 84 represents 123567849.
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Canonical join representations in the Tamari lattice

Since the Tamari lattice is congruence uniform, the CJR of x is
V {wex : w < x}, where jyox = A{uvel:u<x, ugw}.

We already saw that covers w < x come from descents of x.
Suppose w <€ x is coming from a descent ba in x. One can show
that j, <« is the (unique!) join-irreducible element with descent ba.

Conclusion: The canonical join representation of an element of the
Tamari lattice is essentially its set of descent-pairs.

Example. CJR(236759841) is {75, 98, 84, 41}, where, for
example, 84 represents 123567849.

But we haven't yet seen the point...
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CJRs in the Tamari lattice (continued)

The CJR of an element of the Tamari lattice is its set of
descent-pairs. Since the Tamari lattice is congruence uniform (and
therefore semi-distributive), its canonical join-complex is flag.

Easy: Two descent-pairs ba and dc can participate in the same
312-avoider if and only if

(i) Nota<c<b<dandnotc<a<d<b,and

(i) a# cand b #d.

Put 1,...,n on a horizontal line and represent a pair ba by an arc
above the line connecting a to b. A CJR is a collection of such

arcs that (pairwise) don't cross, don't share left endpoints and
don't share right endpoints.
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CJRs in the Tamari lattice (continued)

The CJR of an element of the Tamari lattice is its set of
descent-pairs. Since the Tamari lattice is congruence uniform (and
therefore semi-distributive), its canonical join-complex is flag.

Easy: Two descent-pairs ba and dc can participate in the same
312-avoider if and only if

(i) Nota<c<b<dandnotc<a<d<b,and
(i) a# cand b # d.
Put 1,...,n on a horizontal line and represent a pair ba by an arc

above the line connecting a to b. A CJR is a collection of such
arcs that (pairwise) don't cross, don't share left endpoints and

don't share right endpoints. m\
Example. x = 236759841 N
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CJRs in the Tamari lattice (continued)

The CJR of an element of the Tamari lattice is its set of
descent-pairs. Since the Tamari lattice is congruence uniform (and
therefore semi-distributive), its canonical join-complex is flag.

Easy: Two descent-pairs ba and dc can participate in the same
312-avoider if and only if
(i) Nota<c<b<dandnotc<a<d<b,and
(i) a# cand b # d.
Put 1,...,n on a horizontal line and represent a pair ba by an arc

above the line connecting a to b. A CJR is a collection of such
arcs that (pairwise) don't cross, don't share left endpoints and

don't share right endpoints. m\
Example. x = 236759841 N
1 2 3 4 5 6 7 8 9

CJRs of elements of the Tamari lattice are noncrossing partitions!
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The canonical join complex of the Tamari lattice

Put 1,...,n on a horizontal line (again).

Faces of canonical join-complex
of the Tamari lattice are collections S
of arcs that (pairwise) don't cross, |
don't share left endpoints and don’t

share right endpoints.

Example. n=14

€O o s 0 0 o e o 0 mmm— o (o)

Theorem (E. Barnard, 2017). The CJC of the Tamari lattice is
shellable. It is contractible when n is even and homotopy
equivalent to a wedge of Catalan(r) many spheres, all of dimension
r—1, when n=2r + 1.
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Lattices of torsion classes

Context: Representation theory of finite-dimensional algebras.

| will just mention these as an indication that congruence uniform,
polygonal lattices show up in various contexts.

A: An associative, finite-dimensional algebra with identity.

modA: The category of finitely-generated left A-modules.

A torsion class of A is a full subcategory of modA that is closed
under factor modules, isomorphisms, and extensions.

Theorem. The set of all torsion classes of A, ordered by inclusion,
is a lattice. When finite, it is congruence uniform and polygonal.

Lattice: O. lyama, I. Reiten, H. Thomas, G. Todorov, 2015.
Semidistributive: A. Garver and T, McConville, 2015.
Congruence uniform and polygonal: L. Demonet, 2017
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Other examples. . .

... are getting too numerous to list.

But they include the framing lattices that Martha Yip will talk
about (von Bell-Ceballos 2024).
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Recap of Section 1.e:

Polygonal, congruence uniform lattices in nature

Weak order on a finite Coxeter group is polygonal and congruence
uniform. (More coming in Lecture 2.)

The Tamari lattice is polygonal and congruence uniform. Canonical
join representations are noncrossing partitions.

Finite lattices of torsion classes are polygonal and congruence
uniform.

Other examples including framing lattices.

Questions?
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Exercises

Basics of lattice congruences

Exercise. Prove the order-theoretic characterization of a lattice congruence on an
finite lattice.

Exercise. Prove the order-theoretic characterization of a lattice quotient of an finite
lattice.

Exercise. m L is a join-sublattice of L but can fail to be a sublattice.
(That is, if x,y € m L, then xVy € m L, but possibly x Ay & 7 L.)

Permutations to triangulations

Exercise. Put the numbers 1,...,n on the bottom of the polygon. Suppose x < y in
Sn. Show that x and y map to the same triangulation if and only if x is obtained from
y by a 312 — 132-move. Show that x is a bottom element of its fiber if and only if it
is a 312-avoider.

Exercise. For a € {1,...,n}, writing 3 means that a is on the top of the polygon, and
writing a means that a is on the bottom of the polygon. Suppose x <y in S,. Show
that x and y map to the same triangulation if and only if x is obtained from y by a
312 — 132-move or a 231 — 213-move. Characterize the bottom elements of fibers.



Exercises (continued)

Canonical join representations
Exercise. Canonical joinands are join-irreducible.
Exercise. x is join-irreducible if and only if its CJR is {x}.

Exercise. Suppose L is a finite lattice and a < b is a cover relation in L. Each minimal
element of {x € L: x < b, x £ a} is a join-irreducible element j and has
con(a < b) = con(jx <j).

Exercise. Suppose L is a finite congruence uniform lattice and a < b is a cover
relation. The unique join-irreducible element of L with con(a < b) = con(ji« < j) is
J=NAN{x€L:x<b, x«£a}. Furthermore, j < b but j £ a.

Exercise. Suppose L is a finite congruence uniform lattice. The canonical join
representation of an element x is \/ {ja<x : @ < x}.

Exercise. If x € L has CJR x =\/ S and S’ C S, then there exists x’ € L with CJR
x'=VS.

Exercise. (L) is an abstract simplicial complex with vertex set
{join-irreducible elements of L}. Its faces are in bijection with the elements of L.
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