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Overview.

Part I. Flow Polytopes ( netflow a= €,-%,)

- faces, volume, framed 'l‘\“mngu\a’(ions, dual lattice structure
- a new combinatorial model for computing :  permutation  {lows
- obfain the W-polynomial of dhe flow polytepe ¥

h.}& = HG is the G- Eulerian po\\'nomml.

Part L. Flow polytopes ( netflow @ = (4,.. .4 . -24))
permutation {low shuffles , and groves and vines efc.

- 4 New Jtriangu\ation of F @
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Flow polytopes.
Defn. & is an acyelic directed graph , V=130,...nf, m edges

= N\

A=(4,,. 0, —Z2&) €T a, =90 for v=0,.. n-t.

]

3 X 4 3

‘-)1 01' ‘\ \\

a=(1,0,0,0,0,-1) ‘5

Twe flow polytope 3 s the set of al fiows on G.



Faces.

Theorem [Hille 1.

Corollary. Vertices

Corollary. Vertices
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Faces of FH @y are of the Horm F (@)
Where R is a subgraph of G.

of H @ are F (@, Tis a subtree.

of F% are routes (directed paths from o0 to n).
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Framed Triangulations.  [Danilov, Karzanov, Koshevoy l.

Defn. A framing at v is an ordering of the incoming and
of the ou‘(goimj edges at v.

A framing F of G is the set of framings at every vertex
(we include $mmmgs al. 0 and n) .

(G, F) § g (G, F)
0/_\‘_._2 3_;\425 QC\ ——2 3__\435

The framing ot v induces dotal orderings on Prefixes (v)

ond on  Suffixes vy,
B \s or P<e@?



Framed Trmnau\a’(ions.

Defn.  Two routes P and Q@ are in conflict at v if
prefixes Pv, Qv have the opposite ordermzj Lrom  suffixes vP VA .

P and @ are coherent i they are not in conflict at any v.

Question. Are P and & coherent 7
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Framed Trmnau\a’(ions.

Defn. A clique is a set of pairwise coherent routes.
The set  Cliques (G, F) is partially ordered by containment.
Given a cliqgue &, its rank or dimension is
rank © = |¢l-1 .

let A, = convi FR)e K5, | R eT i,

Theorem [ Danilov, Karzanov, Koshevoy 1.
let (G,FY % a <Hramed gm’ph. Then

DKK(G, F) = 1 A¢ | € is a maximal cligue of (6, F) 3
is the set of op- dimensional simplices in a reqular unimodular

trianqulation of F .  Moveover , A and Ag  share a dacet

it ¢ and €  differ in exactly onme rfoute.



Framed Triomﬁu\ahons.

(G BY | A m= 4 There are two maximal cliques .

n= 2
a=2°'.€" d = 2
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Framed Triomﬂu\aﬂons.
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Framed Trianau\aﬂons.

V——D 3

Question. (G, F) £ — has

s S

@ Can you compute a maximal dique?
(6> Can you then compute another  maxima | cliclue.
so tat dhese simplices share a facet ?

nounon
S



Framed Triomﬂu\ahons.

Question. (G, F) s S SR e has

@ Can you compute a maximal dique 2
(6> Can you then compute another  maxima | cliq’ue.
so tat dhese simplices share a facet ?
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Dual %raph has a lattice structure .

The set  MaxCliques (G, F) has & poset structure .

Suppose  Ac ~ Ay in the dual graph, s T = T\NP U G.

nith P and & in confliet at some v,

Q I VP <y V&,
>_v<p et © <« ¢ in  MaxCligues (G, F)

The transitive closure of these < defines a partial order.
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Dual @raph has a lattice structure .



v-Tamari latlice, principal order ideals T in Young's latlice.

Theorem . [ Rell, Gonzalez | Mayorga , V. 2 ]

Let  v=(v,.. V) ¢ ﬂ:o, Coryd ;
L p\anar--gramed 'triawguia{'ion o}‘ Eryvmi & ™~

The dual graph is the Hasse diagram of To).
2 [ang’th-i,\mmed Jtriawgulwl'uon of  Fegrony’ &5} .

The dual graph is the Hasse diagram of Tam).

5 ol 3, = Gto) = det [Hz»k]
|é‘36a(

|+) l

4 h = y- Narm,ana po\ynomaal.

car (v)

. a=\ a

e a=| a



v- Tamari latlice, principal order ideals T in Younq's

o~

Theorem . [ Bell | Gonzalez | Mayorga N. 5]
L planac- Lramed triangulation of J,

oy e

The dual graph is dhe Hasse diagram of T

$ voules in U,((%i L $ lotice Foin‘is ohove » ¥ .

(2,v,0+3,0)
2 3
y = EN EN N EN

latlice .

e a=| a



v-Tamari latlice, principal order ideals T in Young's latlice.

o~

Theorem . [ Rell | Gonzalez , Mayorga , Y. 2]
L planac- Lramed triangulation of sy, ERINDM DN,

The dual graph is dhe Hasse diagram of T

$ roules in GOOS & $ lotice ]>oin‘|s obove » ¥ .
$ mosimal e\ia\ms in carcM$ L S vy- D\'ck paths 3




v-Tamari latlice, principal order ideals T in Young's latlice.

Theorem . [ Rell | Gonzalez , Mayorga , Y. » ] .
2, LavnaJ(h--Ymmed triangulation of 3 =

carcyy o l 2 e a-l a

o

The dual graph is the Hasse diagram of Tam).
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DKK triangulations unify the study of the Tamari lattice
and the poset of order ideals of t Type A root latice.

41

2
0 0 g 0 2 0 3 00 1 3
Vm 2 4 Ry \%
Rt3 o ; ; N. 3 310
2 4 o~ OANLAND Ay (r.', RS » :
0 3
e . ‘-
0 4024 9 4 vm /f{;
TS g
R, n S0 0101 IRNG P
5 1
4/

[r.

3
0 1 2 3
]

00 10

But these are \attices !

Conjecture. Al dual graphs of DKK(G,F) have a laftice structure.



More evidence : 3- weak order.

Introduced by Ceballos and Pons, it is a lattice defined on
S-decreasm% trees .

The\‘ Consu_’rured that dhe 3- weak order can be realized as

the |- skeletem of a polyhedral subdivision of a polytope .

Theorem . [ Gonzalez , Morales, Phillipe, Tamayo, Y. 2]

N n-\ |
let S=(s,,..S.) ¢ 1, . | N\
oru(s)H ¢

F)

is e Hasse diagram of the 3I- weak order.

L The dual graph of DKK(F

oru (3 °

3, The 3I-weak order can b realized 4s e dual graph o a4 fime  mived
subdivision of a sum of hypeccubes.

5 The T-weak order can b realized as the \-skeletow of a4 polywedral

cowxph.x |
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Dual qmph has a lattice structure .

Theorem. [Bel, Ceballes], [ Berggren Serhiyenko ]

The poset on MaxCliques (G, F) is a laftice !

Other notable  examples of framing lattices include :

Boolean lattice
c- Cambrian

alt v- Tamari
cross lamart
Grassmann lamart
6?%6 Tamari

(¢, 1,3)- Cambrian

[Readm%'l

[ Ceballes , Cheneviére 1

[ Bell , Ceballos 1
[ Santos , Stump,
[ McConville 7

[ Pilaud 1

Welker 1



Overview.

Part I. Flon polytopes  ( netflow A= €,-2y)

. a4 new Combinatorial model for computing : permutation {lows

- obtain +he W-pol\,nomial of 1he £low polytope T

<

h.}& = HG is the G- Eulerian po\qnomml.



Permutatien Flows.

Cliques are difficult  to work with.

We’ Il encode its information in a wmore compact wanner
Defn.

1 t t
slack edzjes= " : Y s ) ;
X 2 -\4 33 S}
. . S
split e,dges = S L 4

It wil b helpful to add an inflow half nge X
Note 4 split edges =d.

The set of partial permutations of a set A
p - U 2

A BSA B°

iS

Gwven T: Eusxy — P, its support s

Supp (M) = fee BE| me+ g §.



Permutatioen Flows.

Deln. Given T: Eu §x3 — pio,\,... a3 >

Su]>]>(n)= 1 ee \E_\ T+ ¢ %

its Squort is

4

. _ /] ¢,

At a vertkex v with  in(vy = ¢ e.,:, . :i ‘lv e,
0ut(V\= i evo.. )i Qo ;_qo'

the v*"‘-inwmincj Summary ond v“"- ou’(ﬂoinc} Summary arte

nPerm (V) = e, - ey, OutPerm (V) = Tieyd - 11(&'5» .

Defn. A permutation flow on (G, F) is  w: E — Poay st

i§ T is nonemplty , then WO =o.
cat v owith  in(vW= e, .., %, outlv)= 3 e, .., el
OutPerm (v> is an shuffle of InPermwvd and a
(possibly emply)  subword of el
- if € e OutPerm (vy, then &} is the first letter of mie))



Permutation Flows.
Defn. A permu‘(aﬁow flow on (G, F) s T: E — ‘pfo‘d] s.t.

i§ T ois nonempty , then T =o.
cat v owith  intvW=%e,, ., %, outlvy= 3 e, .., el
OutPerm (v> is an shuffle of InPermvy and a
(possibly emply)  subword of el
« if ¢ e OutPerm (vy, then & is the first letler of miepy.

2 =)
s Y 5 Sy
S, S,
| 5\
3
0 (o} 4 3.0 T\
0 4 4305
O W34 4l1Ws 43S 3

Jow ¢



Permutatien Flows.
Defn. A permu‘(aﬁow flow on (G, F) s T: E — ‘pfo‘d] s.t.

i§ T ois nonemplty , then Ty =o.
cat v with intv=%e,,..,¢.%, outtv= Te, ., el
OutPerm (vy is an shuffle of InPermwvy and a
(Possib\\‘ QMP‘W) subword  of e_;e,'---e; )
« if ¢} e OutPerm (vy, then ¢ is the first letter of meey,
and €, is a split edqe of suppamd.

4\ \ 5\

2
4 30 0 4 302
0 304 02 a 43025



Permutation Flows.

Defn. A permutation flow on (G, FY is  w: E — B h | st
i§ T ois nonemplty , then Ty =o.

cat v owith  intvW=%e,, ., %, outlvy= 3 e, .., el

OutPerm (vy is an shuffle of InPermwvy and a

(possibly ewmply)  subword of ele--ef .

« if ¢ e OutPerm (vy, then &} is the first letler of mee))y,
and ¢ is a split edqe of suppand.

=S
o
S . °



Permutation Flow SP\i‘(S.

Define a partial order on te set PermuFlows (&, F) via
split  reductions.

Defn. An edge ecE is a split in ™ if it is the fisst
in T,

An edge teE is a direct split of ¢ at v i

¢ is \ow%est in  out (»

satis§ying this

4\

0 304
Splits (MY = &, ¥ &, #
A direct split of the lefter 0 at v=1 is: 4
The letter 3 is a direct split of 0 at v=1 .

letter



Permutation Flow  poset.

Defn. Let w, p be permuflows of (G, FD. TeE

T ois a split reduction of p i m can be obtained from ¢ via:
* keeping A letter 2 |
“ i At which is a direct split of e, then deleting all e, or

it 3t which is a direct split of e at v (with t a wmin.),
then de\e‘\'ing all e, after v, and replace all t by e.

Proposition . [Gonzalez , Hanusa, V. 5]
Split  reduction defines a partial order on PermuFlows (G, F)

We write 7 ¢ ¢ If misa Splilf feduction o? P-



Permutation Flow poset.

Defn.  is & split reduction of ¢ if 7 can be obtained from p via:
* keeping a lefter o,
i At which is a direct split of e, then deleting all e, or
i 3t which is a direct split of ¢ at v (with t a wmin.),
then deleting all e, after v, and replace all t by e.
\

0 3 5\ b
o ” 4 302 &
02 4 43025
\ 3 S\ b
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Face posel of the triangulated square.
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Maximum Permutatien Flows.

9 \ 3 5\ b
2
4 302
02 4 43025

OutPerm (n) =
K1

Maximum permuflows have Hhe following properties :

Proposition . [Gonzalez , Hanusa, V. 2]

T OutPermgind § <« MaxPermutlows (G F) .



Permutatien Flows encede DKK clsclues.
Theorem . [ Gonzalez , Hanusa, V. 251

PeomuFlows (G, F)  ——  Cliques (G, F)
T — Routes (m)

is an order - ?reservmg bi)'ech'on.

Recoverinﬁ routes from . (ST
n \ 4\
2 1 /\_—/\/\

\ 061 1
4 30 304H

> S0 LY 304 y r\_/\_/

0V\'P€fm(\3“ %t S\ob2-4-3 0 (IS
\/\
3 =

0



Permutatien Flows encede DKK cligues .
Theorem . [ Gonzalez , Hanusa, V. 2]

PeomuFlows (G, F)  ——  Cliques (G, F)
T — Routes (m)

is an order - ?reservmg bi)'ech'on.

Proof idea :  Construct inverse map .

Do this tomorrow. Need some other

objects .



