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Part 1: The basic summation tools



A warm-up example: simplify
ii( (25 + k+ n+ 2)JK (5 + k+ n)!
— N (j+E+ 1) +n+ )G+ E+ DG+ n+ DIE+n+1)!
k=03=0

+ﬂk!(j+ k+m)! (=50) +50+k+ 50 +n) - S0+ Ek+n)

G+ k+ DG+ n+ Di(k+n+1)! )
f0)
where
"1
Si(n) = Z F (= H,)
=1

Arose in the context of

|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006



Part 1: A warm-up example 4

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
;0;((% E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)
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A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

1 summation package Sigma

N GHRED) Gt DR En)!(81.()— 81 (GHR) = S1 (7 n) 451 (7))
90) = knG e+ D) Gt D) (k1)



Part 1: A warm-up example 4

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> 1) = gla+1) — ¢(0)

J=0



Part 1: A warm-up example 4

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj:zo((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(j):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> fi) = gla+1) — g(0)
J=0
(a+D)'(k—D)!(at+k+n+1)!(S1(a)—S1(a+k)—S1 (a+n)+S1 (a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(atk+n)!
kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)!(a+n+1)!(k+n+1)i

~~
a—r 00

_|_




Part 1: A warm-up example 4

A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f0)
s N Sl(k-)—l-Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+ D +n+ D +k+ DG +n+ Dk +n+1)!
3'1G + k + n)! (—=S[1,4] + S[1,j + k] + S[1,j +n] — S[L,j +k+ n]))
GHEk+1D)!1G+n+)!i(k+n+ 1)

k]




Part 1: A warm-up example 5

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+ D +n+ D +k+ DG +n+ Dk +n+1)!
3G+ k 4+ 0)! (=S[1,5] + S[1,5 + k] + S[1,j +n] — S[L,j +k+ n]))
GHEk+1D)!1G+n+)!i(k+n+ 1)

k]

In[3]:= res = SigmaReduce[mySum]
(a4 1)!(k—1)!(a+k+n+1)!(S[1,a] —S[1,a+ k] — S[1,a+n] + S[1,a +k+n])
n(a+k+1)!(a+n+1)l(k+n+1)!
S[1,k] + S[t,n] — S[1,k + n] (2a+k+n+2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

Out[3]= +
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- (2j + k 4+ 0+ 2)jik!(j 4 k 4 n)!
n[2]:= S =
nieh= mySum jzzo((j+k+1)(j+11+1)(j+k+1)!(j+ﬂ+1)!(k+n+1)!+
MG -+ et u)t (S04 S+ Sl o] = 5[t + kot u]) )
G+k+ DG+t Dik+nt D

k]

In[3]:= res = SigmaReduce[mySum]

(a+ D& —1)(a+k+n+1)!(S[t,a] —S[t,a+k —S[t,a+n]+S[t,a+k+n]) N

O =
ul nat+k+1)!(at+n+1)(k+n+1)
S[1, %] + S[t,n] — S[1,k + n] (2a+k +n+ 2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

In[4]:= SigmaLimit[res, {n}, a]

1 S[1,k] + S[1,n] — S[1,k + 1]
n! kn(k +n+1)

Out[4]=



Part 1: A warm-up example 6

A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f0)
s N Sl(k-)—l-Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0



A warm-up example: simplify
ZZ 25+ k+n+ 2) K+ k+ n)!
G+k+DG+n+ 1)+ k+ DG+ n+ DI(k+n+ 1)

+]'kl( j+k+n)(— Sl()+S1(]+k)+51(]+n)—Sl(j+k+n)))
G+E+D!IG+n+ DY k+n+1)!

f4)

k=0j=0

S Sy (k) + Si( Si(k+mn
>3y =y A0 R

k=1j=0
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Telescoping
GIVEN “ S (k

e

+S1 Sl(k—i—n)
kn( k+n+ 1) '

_.()

FIND g(k) :

[g(k+1) — g(k) | = | f(R) |

for all k> 1.




Part 1: A warm-up example 7

Telescoping
GIVEN “ S (k

e

+S1 Sl(k—i—n)
kn( k+n+ 1) '

= 1)

FIND g¢(k) :

[g(k+1) — g(k) | = | f(R) |

for all k> 1.

no solution @



Part 1: A warm-up example 7

Zeilberger's creative telescoping paradigm

GIVEN = Si(k) + Si(n) — Si(k+n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)
FIND g(n, k)

Lg(n k+1) — g(n. k) | = | fin, k) |

for all k> 1.

no solution @



Part 1: A warm-up example 7

Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

|Sigma computes: | co(n) = —n, ¢1(n) = (n+2) and

_ EkSi(k) 4+ (=n—1)81(n) — kS1(k+n) — 2
gk = (k+n+1)(n+1)2




Part 1: A warm-up example 7

Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

a

[o(n,a+1) = g(n, 1) =| 3" [co(m) fin, )+ ca(m) fin+ 1,B)|

k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

a a

Lg(na+ 1) —g(n 1) |=| D" co(n) fim K) + D ex(m) fin+ 1K)

k=1 k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

Lg(n.a+1) — g(n,1)|=|co(m) > fin, k) + e1(m) Y fin+ 1, k)
k=1 k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |




Part 1: A warm-up example 7

Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |
I |

a S1(a)+S1(n)—S1(a+n
(et (1n(+)1-)i_2(2(+7)l+2)1( 7)) —nA(n) + (2+ n)A(n+1)
+ a(a+1)
(n+1)3(a+n+1)(a+n+2)
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(n+2)A(n+1) — nA(n) = o+ 1)

recurrence finder

kn(k+n+1)

k=1
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(n+2)A(n+1) — nA(n) = (n+1)5(n) +1

(n+1)3
recurrence solver
— 1 |
Ay = S S8+ Si0) = Skt ) || {ex o
= AR S1(n)2 + Sy(n)
— + 1 2 | c R}
2n(n+1)




Part 1: A warm-up example 8

(n+1)Si(n) + 1
(n+1)3

(n+2)A(n+1) — nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004/2005a—c,/2007,/2008/201Da—c)

1 +
o = Si(k) + Si(n) = Si(k+n) | | 0x L
A(n) 2 kn(k+n+ 1) Sl((n)ji)&(n)
* 2n(n+1)
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2, S[1,k] + S[1,n] — S[1,k + n]
Infs]:= mySum = kn(k + 01 1) ;

k=1
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2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] +8[1,n] — S[1,a +n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!




Part 1: A warm-up example 9

2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
__ (n+1)S[,n]+1

out[7)=- —nSUM|[n] + (1 4+ n)(2 + n)SUM[n + 1] at1e



Part 1: A warm-up example 9

2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
1)s|1 1
oufl= —nSUM[a] + (1 +1)(2 + n)SUMa + 1] —— (B DSl +1
(n+1)3
Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

1
S[1,n]? + Z =
i=1

ut[8]= 0
outfgl= {{0, T 1)

BAY, i3

n(n+1)



Part 1: A warm-up example 9
a
In[5]:= mySum = Z S[t, 1 + S{1,n] — S[1, k + n] ;
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+ 1) (S[t,a] + S[1,n] —S[l,a+n])+ a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
_ (@4+1)s[t,n] +1

out[7)= —nSUM[n] + (1 +n)(2 + n)SUMn + 1] = at1e

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

]
2
. S[1,n] +;§
Out[8]= {{O’ }7{1:

n(n+1) 2n(n+ 1)

i3

Combine the solutions
In[o]:= FindLinearCombination[recSol, {1, {1/2}},n, 2]
S[1,n)* + 370, 5

Outlol= 2n(n+1)



Part 1: A warm-up example
A warm-up example: simplify
P ]—l-k—i— ]-i—n—i—l)(J-i-k—i-l) (j+n+ )(k+n+1)!
+]'k'( JHE+ ) (=S1() + S G+ k) +S1(G+n)—S1(G+k+ n)))
G+E+D!IG+n+ DY k+n+1)!

14)
g , Sl -|- 51 51(k+ n)
sz(j) n'z kn( k—i— n+1)

k=1j=0

where

:i51( n)% + Sa(n)
nl 2n(n+1)

S =35

i=1

n
1
=25
=1
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A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f(n7 k?j)

SO fink = S350

!
pur g 2n(n+1)!

where
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The summation paradigms
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12

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

A(m) =3 fln, by

FIND a recurrence for A(n)

f(n, k): indefinite nested product-sum in k;
n: extra parameter




Part 1: The summation paradigms

definite

2. Recurrence solving

GIVEN a recurrence

(Abramov/Bronstein/Petkoviek /CS, 2021)

G,()(n), EER) ad(n)a h(n)
indefinite nested product-sum expressions.

ag(n)A(n) + - -+ aq(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums




Part 1: The summation paradigms

definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ao(n)A(n) + - -+ + aq(n)A(n + d) = h(n);
FIND all solutions expressible by indefinite nested products/sums

(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

Soa( Z Z (harmonic sums)

J. Bliimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arX|v hep-ph/9810241];
J.AM. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [arXiv:hep-ph/9806280].




Part 1: The summation paradigms

definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:
2k

Q

(generalized harmonic sums)

S. Moch, P. Uwer and S. W5|n2|erl J. Math Phys. 43 (2002) 3363 [hep-ph/0110083];
J. Ablinger, J. Bliimlein and CS, J. Math. Phys. 54 (2013) 082301 [arXiv:1302.0378].
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definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

n k J
S E Ty (ordtonic tomonic e
s >y —_— CcyciotomiC narmonic sums
T D B px
k=1 ( + k) j=1 J =1 + 2
J. Ablinger, J. Bliimlein and CS, J. Math. Phys. 52 (2011) 102301 [arXiv:1105.6063].
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definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

n ] .
Z %‘21) (binomial sums)
j=1 (j)]

J. Ablinger, J. Bliimlein, C. G. Raab and CS, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822].



Part 1: The summation paradigms

definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

n

n(2h\ o= 2%
Z 2—2h(1 —n) ( h) Z — (generalized binomial sums)

h=1 k=1 k2 (2kk)

J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, CS, K. Schénwald. Nucl.Phys.B 932. 2018. [arXiv:1804.02226].
J. Ablinger, J. Bliimlein, A. De Freitas, A. Goedicke, M. Saragnese, CS, K. Schénwald. Nucl.Phys.B 955. 2020. [arXiv:2004.08916]
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definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

A more general example:

(1) (S ) (S0

k=1 \i=1 =1 J\3;
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].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = E f(n’ k;); f(n, k): indefinite nested product-sum in k;
—0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.




Part 1: The summation paradigms

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+n+r—2)(_j_|_ n—2)!r

ZZ Z )(s—i—ls)(—j—i-n—i-r)!

=0 =0 s=0

Simple sum
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n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z —8)(s+1)(—j+n+r)!

=0 =0 s=0 ||

n—2 j+1 | n—j+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!

ZZ Z (n—rs)(s—i-f)(—j—i- n+r)!

7=0 r=0 5=0
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+1)(—j+n+rn)

=0 =0 s=0 | |

n—2 j+1 | n—j+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+ 1)(—j+n+n!

7=0 r=0 5=0

it1 (1) (—j+ n—2)
( r )((n—i— Di—j+ntr—D(—jtntrl
(=)"™"G+ D (—j+n—2)(—j+n—1)7 )
(n—=1)n(n+1)(=j+ n+r)l(=j—1)-(2 — n);
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+1)(—j+n+rn)

=0 =0 s=0 | |

1, .
j+1 (=) (=j+n—2)!"
; ( r ) ((n-l— D(—j+n+r—1)(—j+n+ r)!Jr
(=)™ "G+ D=+ n—2)(—j+n— 1) >
(n—1Dn(n+1)(=j+n+r)l(—j—1)n2—n);

7
[\

<.
Il
o
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+1)(—j+n+rn)

=0 =0 s=0 | |

g+ .
j+1 (=D)"(=j+n—2)r
Z( r )((n—i—l)(—j—l—n—lrr—1)(—j+n+r)!+

r=0

7
[

K‘i.
[e=]

(G D=2 Doy

!
(n— Dn(n+ 1)(—j+ nt Nl — 1,2~ n);
I

j (2— n)z
n? —n+1 — (—i+n—1)2>+1)!
<(n—1)2n2(n+ De—n; T mrDC-n);
(D=2t n- 2N 1
ona Do )0t G e

_l’_
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!
r s

ZZ Z (n—s)(s+1)(—j+n+rn)

=0 =0 s=0 | |

J (2— n)z
w2 2t 2 (Citn—1D2(i+ 1)
j; (((n_1)2n2(n+ DE—n); e+ nE-n;

(1P (== 2 (=j+ n=2)N . !
G—n+D(n+1)2n >(]+1)!_(n+1)2(—j+n—1))
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n—2 j+1 n—jt+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!

ZZ Z (n—rs)(s—i-f)(—j—i- n+r)!

=0 =0 s=0 | |

J (2— n)z
w2 2t 2 (Citn—1D2(i+ 1)
j; (((n_1)2n2(n+ DE—n); e+ nE-n;

(1) (—j = 2)(=j+n—2)\ 1
(j—n+1)(n+1)2n! >(]+1)!_(n+1)2(—j+n—1))

—n?—-n-1 )" (n*+n+1) 28 o(n) Si(n) Sa(n)
n?(n+1)3 + n?(n+1)3 o+l (n+1)2+—n—1
a)’

Note: Sa(n) = YN, 8% 4 € 2\ {0}.
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |




Part 1: The summation paradigms

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

n—2j+1n—j4r—2  qyyrds (G+1) (—jtntr—2y s —2)!r!
=y = (1) () () (= 2t
In[4:= mySum = ZZ Z (n—s)(s+1)(—j+n+r)! 5

j=0r=0 s=0

In[5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

n—2j+1n—j4r—2  qyyrds (G+1) (—jtntr—2y s —2)!r!
=y = (1) () () (= 2t
In[4:= mySum = ZZ Z (n—s)(s+1)(—j+n+r)! 5

j=0r=0 s=0

In[5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

—n?-n—-1 (-1)*(n®+n+1) 28[-2,n]  S[t,n] S[2,n]
n2(n+ 1)3 n2(n+1)° n+1  (m+1)?2  -n—1

Out[5]=



Part 1: The summation paradigms

Example: a challenging email

From: Doron Zeilberger
To: Robin Pemantle, Herbert Wilf
CC:Carsten Schneider

Robin and Herb,
I am willing to bet that Carsten Schneider's SIGMA package
for handling sums with harmonic numbers (among others)

can do it in a jiffy. I am Cc-ing this to Carsten.

Carsten: please do it, and Cc- the answer to me.
-Doron
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[arose in the bounds on the run time of the simplex algorithm on a polytope]

The problem

From: Robin Pemantle [University of Pennsylvanial
To: herb wilf; doron zeilberger

Herb, Doron,

I have a sum that, when I evaluate numerically, looks
suspiciously like it comes out to exactly 1.

Is there a way I can automatically decide this?

The sum may be written in many ways, but one is:

2 S (k1) -1 S S1()
; k(k+ 1) ;j(j—i—k)

with
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The inner sum

#/AL@ —(k+1)(2k+ DA(k+1) + (k+ 1)(k+2)A(k+2) =

.
kit 1

Sigma.m Recurrence finder

N 510
A= ; j(j1+ k)
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The inner sum
1

PAL) — (k+1)(2k+ DAk+1) + (k+ 1)(k+2)A(k+2) = T

Sigma.m Recurrence solver Sigma.m

00 ; S1(k) 1 kSi(R)® =25 (k) + k5'2(k)/
A(k)—z .51(]) c {01 o toert 512 C1702€R}
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The inner sum
1

PA) — (k+1)2k+ DAk +1) + (k+ 1) (k+2)A(k+ 2) = ]

Sigma.m Recurrence solver Sigma.m

o0 ; Sl(k) 1
A(k)zz‘bjl(ﬁ _ | 0P @)

kSy (k)% — 25, (k) + kSg(k)/
+ 242
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Simplify Z ,'Sjl(]) .

k‘Sl(k)Q — 251(]{3) + kSQ(k) + QkC(Q)
2k2




Part 1: The summation paradigms
0o 00 :
S S~ 185 510
—~  kk+1) = 3G+ k)
I

i Si(k+1)—1 kSl(k)Q — 281 (k) + kSa(k) + 2k((2)
k(k+1) 2k2
||telescoping + limit calculations

—4¢(2) —2¢(3) +4¢(2)¢(3) +2¢(5)
I

0.999222... # 1

k=1
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

. o~ o S1[k](S1[n 4 1] — 1)
In[4]:= EvaluateMultlSum[Z Z
=iz kn(n+1)(k+n)

]
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

. o L~ S1k](Si[n + 1] — 1)
In[4]:= EvaluateMultiSum][ ]
nzz:“;::l kn(n 4+ 1) (k 4+ n)

Out[4]= —4(2 — 2¢3 + 4(2(3 + 2(s



Part 1: The summation paradigms

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

In[4]:= EvaluateMultlSum[Z Z Silkl(Si[n +1] — 1)]

=iz kn(n+1)(k+n)

Out[4]= —4(2 — 2¢3 + 4(2(3 + 2(s

S1[k]*(S1[n + 1] — 1)°
In[5]:= EvaluateMultlSum[ZZ
ot k(k+n)n
58(3 29

Outlsl= =103 + 63 (== — 5°) = 10Gs + Ca(—Ca + 13¢5 —4) + 45;<7

]
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz

In[3l:= << EvaluateMultiSums.m

| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

Sik](Si[n+ 1] — 1)
kn(n 4+ 1) (k 4+ n)

In[4]:= EvaluateMultlSum[Z Z ]

n=1k=1

Out[4]= —4(2 — 2¢3 + 4(2(3 + 2(s

S1[k](S1[n +1] — 1)
In[5]:= EvaluateMultiSum[ ]
,.Zl T

17 9
outls)= 2(s + (3 (l—gs gs

)+C2(2C3—3C5—4)—f+

3¢

16
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[3l:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider © RISC-Linz |

Si1[k](Si[n+ 1] — 1)
In[4]:= EvaluateMultiSum][
nz_:“; kn(n 4+ 1) (k 4+ n)

]

Out[4]= —4(2 — 2¢3 + 4(2(3 + 2(s

k(k+n) (k+n+1+1)2

149¢; 114
sz
16

In[5]:= EvaluateMultiSum[Z Z Z S1[k]S1[n]S1[n + 1 + K] ]
11=1

n=1k=1I1=

out[s]= 3¢2 — j + C2(9¢s — 6¢3) +




Part 1: the difference ring/field setting

Part 1: The basic summation tools
in difference rings



Part 1: Telescoping in difference rings

Telescoping in difference rings

Simplify

> Si(k)
P

where Sy (k) = SF 1

=17



Part 1: Telescoping in difference rings

Telescoping

GIVEN f(k) = S; (k).
FIND g(k):

flk) = g(k+1) — g(k)
forall 1 <k<mnandn>0.




Part 1: Telescoping in difference rings

Telescoping

GIVEN f(k) = S; (k).
FIND g(k):

flk) = g(k+1) — g(k)
forall 1 <k<mnandn>0.

We compute



Part 1: Telescoping in difference rings

Telescoping

GIVEN f(k) = S; (k).
FIND g(k):

flk) = g(k+1) — g(k)
forall 1 <k<mnandn>0.

Summing this equation over k from 1 to n gives

> Sik)| = g(n+1) - g(1)
k=1

=(S1(n+1)—1)(n+1).



Part 1: Telescoping in difference rings

Telescoping

FIND a closed form for

> Si(k).

A difference ring for the summand




Part 1: Telescoping in difference rings

Telescoping

FIND a closed form for

> Si(k).

A difference ring for the summand const,A = @|

Take the ring
A:=Q

with the automorphism o : A — A defined by

o(c)=c YeeQ,




Part 1: Telescoping in difference rings

Telescoping

FIND a closed form for

> Sk
k=1

).

A difference ring for the summand

Take the ring
A= Q(k)

o(c)=c YeeQ,
o(k)=k+1,

with the automorphism o : A — A defined by

Sk=k+1

const,A = Q |




Part 1: Telescoping in difference rings

Telescoping

FIND a closed form for

> Si(k).

A difference ring for the summand

Take the ring

const,A = Q |

A = Q(k)[s]
with the automorphism o : A — A defined by
o(c)=c YeeQ,
o(k)=k+1, Sk=k+1
1
o(s) =s+ S S (k) = Si(k) +

1
k+1




Part 1: Telescoping in difference rings

Telescoping in the given difference field

FIND g € A:

o(g) —g=-s




Part 1: Telescoping in difference rings

Telescoping in the given difference field

FIND g € A:

We compute




Part 1: Telescoping in difference rings

Telescoping in the given difference field

FIND g € A:
o(g) —g=s
We compute
g=(s—1keA.
This gives
gk +1) — g(k) = Si(k)
with




Part 1: Telescoping in difference rings

Telescoping in the given difference field

FIND g € A:
o(g)—g=s
We compute
g=(s—1keA

This gives

(k+1) — g(k) = Si(k)
with

g(k) = (Si(k) — )k

Hence,

(S (n+1)—=1)(n+1) 251
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Creative telescoping in difference rings

Simplify

where Si(k) = Zle%
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Simplify

k=1

A difference ring for the summand




Part 1: Creative telescoping in difference rings

Simplify

k=1

A difference ring for the summand

Take the ring
A :=Q(n)

with the automorphism o : A — A defined by

o(c)=c Yee Q(n),

const,A = Q(n)
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Simplify

k=1

A difference ring for the summand

Take the ring
A= Q(n)(k)

with the automorphism o : A — A defined by

o(c)=c Yee Q(n),

const,A = Q(n)

o(k) =k+1, Sk=k+1,




Part 1: Creative telescoping in difference rings

Simplify
"\ /n
A pu—
(=3 ()50
k=1
A difference ring for the summand const,A = Q(n)

Take the ring
A= Q(n)(K)[p,p™"]
with the automorphism o : A — A defined by

o(c)=c VYeeQ(n),
o(k)=Fk+1, Sk=k+1,

n—=k n n—=~k(n
o) =P S(k) R (k)
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Simplify
"\ (n
A pu—
=3 (1)si00
k=1
A difference ring for the summand const,A = Q(n)

Take the ring
A= Q(n)(R)[p,p'[4]

with the automorphism o : A — A defined by

o(c)=c Yee Q(n),

o(k) = k+1, Sk=k+1,
i O,
os) = s+ = SSi(F) = () + —

k+1 k




Part 1: Creative telescoping in difference rings
Creative telescoping
REPRESENT f(n, k) in A:

sty = 5106 ()
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Creative telescoping
REPRESENT f(n, k) in A:

oy =510 () 5=




Part 1: Creative telescoping in difference rings

Creative telescoping
REPRESENT f(n, k) in A:

oy =510 () 5=

FIND g € A:

|0(g)—g:f0




Part 1: Creative telescoping in difference rings

Creative telescoping
REPRESENT f(n, k) in A:

oy =510 () 5=

FIND g € A:

|0(g)—g:f0 |
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Creative telescoping
REPRESENT f(n+ i, k) in A:

o =510 () sp=i

(n+1)Si(k) (})
n+1—k

o+ 1,8 =

FIND g € A:

|0(g)—g:f0
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Creative telescoping
REPRESENT f(n+ i, k) in A:

o =510 () sp=i

(n+1)Si(k) (}) (n—i—l)spz
n+1—k n+1—Fk

f(n+17k): :.fl

FIND g € A:

|0(g)—g:f0
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Creative telescoping
REPRESENT f(n+ i, k) in A:

o =510 () sp=i

(n+1)Si(k) (}) (n—i—l)spz
n+1—k n+1—Fk

f(n+17k): :.fl

FIND g € A and ¢, c1 € Q(n):

|U(9)—9=Cofo+61f1 |
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Creative telescoping
REPRESENT f(n+ i, k) in A:

o =510 () sp=i

(n+1)Si(k) (}) (n—i—l)spz
n+1—k n+1—Fk

f(n+17k): :.fl

FIND g € A and ¢, c1 € Q(n):

|U(9)—9=Cofo+61f1 |
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Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if

~ (n+1) Si(k) (”) (n+1)sp
ot Lh) = T arik
(n+1) (n+2) S1(k) (})

Tt 20 = o 2=k

2f1

FIND g € A and ¢, c1 € Q(n):

|U(9)—9=Cofo+61f1 |
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Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if

(n+1) 5 (k) (Z) (n+1)sp

fnt LR == % nrl-k 0
~(n+1)(n+2)Si(k) () (n+1)(n+2)sp
20 = T 2 b (n 1=K (n+2-h

=: fo.

FIND g € A and ¢, c1 € Q(n):

|U(9)—9=Cofo+c1f1 |
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Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if

B (n+1) 5 (k) (") (n+1)sp
fin+ 1,5 = n—i—l—kk n—l—l—k_'f1
~(n+1)(n+2)Si(k) (M (n+1)(n+2)sp
20 = T 2 b (n 1=K (n+2-h

=: fo.

FIND g € A and ¢, c1, c2 € Q(n):

|U(9) —g=cofo+ cif + cofo |
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Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if

(n+1) 5 (k) (Z) - (n+1)sp

fnt LR == % nrl-k 0
~(n+1)(n+2)Si(k) () (n+1)(n+2)sp
fin+2,k) = (n+1—k)(n+2—kk) (nt1—k)(n+2—k

=: fo.

FIND g € A and ¢, c1, c2 € Q(n):

|U(9) —g=cofo+ cif + cofo |

We compute
c:=4(14+n), c:=-2B4+2n), c2:=2+mn,
(1+n)(—2+k—n+ (2k—2k + kn)s) p)
1-k+n)(2—k+n) '
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Creative telescoping
REPRESENT f(n+ i, k) in A:

fin, k) = S1(k) (Z) — sp=if
(n—l—l)Sl(k)(Z) - (n+1)sp

fnt LR == % nrl-k 0
_(n+1)(n+2)81(k)(") (n+1)(n+2)sp
Tt 2.8 = o s — rl-Rmiz—p
This gives

L g(n, k+1) — g(n, k) |= | co(m)f(n, B) + e (M)fin+ 1, k) + ea(m)fin+ 2, ) |

with

co(n):=4(14+mn), ci(n):=-2B+2n), ca(n):=2+n,
(I+n)(—2+k—n+(2k—2K +kn)S1(k) (}))
1-—k+mn)(2—k+n) '

g(n, k) :=
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Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if
B (n+1) 5 (k) (”) (n+1)sp
It Lh == % 7 g

_(n+1)(n+2)81(k)(") (n+1)(n+2)sp
Mt 2D = ek 7 iRz

This gives

L g(n, k+1) — g(n, k) |= | co(m)f(n, B) + e (M)fin+ 1, k) + ea(m)fin+ 2, ) |

Summing over k from 0 to n gives

co(n) A(n)+
|g(n,n—|— 1)—g(n,0)|: ci(n) [A(n+1)—fin+1,n+ 1)]
c2(n) [A(n+2) = fin+2,n+1) = f(n+2,n+2)].

for A(n) =>"1_, (Z) S1(k)
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Creative telescoping

REPRESENT f(n+ 4, k) in A:
fin, k) = S1(k) (Z) — sp=if
(n+1)51(k) (}) (n+1)sp
n+1—k c e nri—k ol

_(n+1)(n+2)81(k)(") (n+1)(n+2)sp
e T gy Y O ey R G PRy ey} gy s R

o+ 1,8 =

This gives

L g(n, k+1) — g(n, k) |= | co(m)f(n, B) + e (M)fin+ 1, k) + ea(m)fin+ 2, ) |

Summing over k from 0 to n gives

[1=4(1+n)A(n) — 23+ 2m)A(n+ 1) + (2+ ) A(n+2)|

for A(n) = X7, (7) 1(8)



Part 1: Creative telescoping in difference rings

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

28

GIVEN a definite sum

A(m) =3 fln, by

FIND a recurrence for A(n)

f(n, k): indefinite nested product-sum in k;
n: extra parameter




Part 1: Recurrence solving in difference rings

definite

2. Recurrence solving

GIVEN a recurrence

(Abramov/Bronstein/Petkoviek /CS, 2021)

G,()(n), EER) ad(n)a h(n)
indefinite nested product-sum expressions.

ag(n)A(n) + - -+ aq(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums




Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)
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Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
I
[0S+ aua ()1 4 -+ ap(m)] A(n)



Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
|

[aam)S* + aa(m)S*1 4 -+ + ao(m)1] ()

Hyper

[MeG-1
=



Part 1: Recurrence solving in difference rings

Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
|

[(ad—l(n)sdfl +ago(n)S*T 4 4 %(n)[) (S_ 1(n)>} Aln)

[MeG-1
=



Part 1: Recurrence solving in difference rings

Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
|

[(ad—l(n)sdfl +ago(n)S* 4 4 %(n)[) (S_ bl(n)ﬂ Aln)

Hyp

[Te6-1
=



Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
|

[(aH(n)sd-Q+ad,3(n)sd—3+. : -+a0(n)1) (s— 2(n)) (s— bl(n)>]A(n)

H ba(j—1)
=2



Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
aa(m)A(n+ d) + a1 (M A(n+ d— 1) + -+ ag(m) A(n) = 0
I

e(n) (s— bd(n)> (5— bg(n)> (s— bl(n)>A(n)



Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]
ag(n)A(n+d) + ag_1(n)A(n+d—1)+--- 4+ ag(n)A(n) =0




Part 1: Recurrence solving in difference rings

Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]

aa(m)A(n+ d) + gy (M) A(n+ d— 1) + -+ ag(n) A(n) = 0
[

(s> bg(n)> (s— bl(n)>A(n)

' n—1 il ( )
Lo(n) =[] 01Gi—1) W

j:>\ 1= =A



Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]

aa(m)A(n+ d) + gy (M) A(n+ d— 1) + -+ ag(n) A(n) = 0
[

d(n)) (s— bg(n)> (s— bl(n)>A(n)

=

bi(j—1) ‘ d linearly independent solutions
n n—1 il ( . )
:Hbl(j_l Z ’Hlb 1
j:>\ 1= =A ( )

n n—1 774 ( ) ig_o—1 sz 1 bd( )
n)= bi(j—1 TTa+lp ;1Y i 1
) ]1;{ (‘7 ZHZH- b ( 1) Z Hd 1+ _1(]_ 1)

=\ Tg—1=A




Part 1: Recurrence solving in difference rings
Recurrence solving (d'Alembertian solutions)

Special case: homogeneous recurrences with a;(n) € K[n]

aa(m)A(n+ d) + gy (M) A(n+ d— 1) + -+ ag(n) A(n) = 0
[

e(n) (s— bd(n)> (s— bg(n)> (s— bl(n)>A(n)

= H bi(j—1) ‘ d linearly independent solutions
n n—1 il ( . )
:Hbl(j_l Z ’Hlb 1
j:>\ 1= =A ( )

n n—1 774 (~_ ) ig_o—1 sz 1 bd( )
n)= bi(j—1 TTa+lp ;1Y i 1
) ]1;{ (‘7 ZHZH- b ( 1) Z Hd 1+ _1(]_ 1)

=\ Tg—1=A




Part 1: Recurrence solving in difference rings 31

].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = E f(n’ k;); f(n, k): indefinite nested product-sum in k;
—0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

NOTE: By construction, the solutions are highly nested.
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].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = E f(n’ k;); f(n, k): indefinite nested product-sum in k;
—0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

2'. Indefinite summation for simplification



Part 1: Recurrence solving in difference rings 31

].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = E f(n’ k;); f(n, k): indefinite nested product-sum in k;
—0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.




Part 1: Recurrence solving in difference rings

In[6]:= mySum = SumName[SigmaBinomial[n, k]S[1, k], {k, 0,n}]

n
n
Out[6]= Z: (k)s[l,k]
k=0
Compute a recurrence
In[7]:= rec = GenerateRecurrence[mySum, n][[1]]

Out[7]l= 4(1 + n)SUM[n] — 2(3 + 2n)SUM[n + 1] 4+ (2 + n)SUM[n + 2] ==

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]
LI Doy
Out[8]= {{O’ _2n}’ {07 —2" Z .7}7 {17 —2" Z 7}}
; 14 ; 11
ij=1 ij=1
Combine the solutions

In[o]:= FindLinearCombination[recSol, mySum, n, 2]
n n i
271

outfol= 2" > li —2" ) n
1

ig—1 1 i1=1
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Summary:

> A difference field (A, o) is a field A with an automorphism o : A — A.
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Summary:

> A difference field (A, o) is a field A with an automorphism o : A — A.

Example: A = Q(z)(s) with

o(c)=c VeceQ,
o(z) =z+1, Sn=n+1,

1
U(S)—S+x+1, Sl(n+1)—51(n)+m



Part 1: The general summation problem in difference rings

Summary:

> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}

Note: K is a subfield of A.

Example: A = Q(z)(s) with

o(c)=c VeceQ,
o(z) =z+1, Sn=n+1,

1
U(S)—S+x+1, Sl(n+1)—Sl(n)+m



Part 1: The general summation problem in difference rings
Summary:
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}

Note: K is a subfield of A.

Example: A = Q(z)(s) with

o(c)=c VeceQ,
o(z) =z+1, Sn=n+1,

1
0-(8)_8—{_3’/'—{—17 Sl(n—i-l)—Sl(n)—{—m

We have
const,A = Q (A, 0) is a IIX-field (Karr, 1981)



Part 1: The general summation problem in difference rings

Summary: The telescoping problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce A|o(c) = c}

Note: K is a subfield of A.

Given fe A

Find all g€ A with
olg) —g9=1
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Summary: The parameterized telescoping problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce A|o(c) = c}

Note: K is a subfield of A.

Given (fi,...,f;) € Ad

Find all g€ A and (c1,. .., cq) € K< with
o(9)—g= i fi + -+ caly

Parameterized telescoping




Part 1: The general summation problem in difference rings

Creative telescoping

REPRESENT f(n+ i, k) in A:
fin, k) = S1(k) (Z) — sp=if

(n+1) 5 (k) (Z) - (n+1)sp

fnt LR == % nrl-k 0
~(n+1)(n+2)Si(k) () (n+1)(n+2)sp
fin+2,k) = (n+1—k)(n+2—kk) (nt1—k)(n+2—k

=: fo.

FIND g € A and ¢, c1, c2 € Q(n):

|U(9) —g=cofo+ cif + cofo |

We compute
c:=4(14+n), c:=-2B4+2n), c2:=2+mn,
(1+n)(—2+k—n+ (2k—2k + kn)s) p)
1-k+n)(2—k+n) '
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Summary: The parameterized telescoping problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce A|o(c) = c}

Note: K is a subfield of A.

Given (fi,...,f;) € Ad

Find all g€ A and (c1,. .., cq) € K< with
o(9)—g= i fi + -+ caly

Parameterized telescoping




Part 1: The general summation problem in difference rings

Summary: The PLDE problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}

Note: K is a subfield of A.

Given (fi,...,f1) € A% 0 # (ap,...,ay) € ABT!

Find all g€ A and (cq, ..., cg) € K% with
agg+aio(g)+---+amo”(g)=cfi+---+cify

Parameterized Linear Difference Equation (PLDE)
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Summary: The PLDE problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}

Note: K is a subfield of A.

Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT

{(g,cl,...,cd)eAde|
apg+ao(g)+ -+ anc™(g) = 61f1+---+6dfd}

is a K subspace of A x K¢ with dimension < d+ m.
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Summary: The PLDE problem in fields

> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}
Note: K is a subfield of A.
Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT
Find a basis of
{(g,cl,...,cd) cE x K?|
apg+aro(g)+---+ano™(g)=c1fit+ -+ Cdfd}



Part 1: The general summation problem in difference rings

Summary: The PLDE problem in fields

> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}
Note: K is a subfield of A.

Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT
Find an appropriate E > A and a basis of

{(gaclw"acd)e]EXKd‘
ap g+ a1o(g) + -+ ano™(g) = 01f1+---+0dfd}



Part 1: The general summation problem in difference rings

One can find d'Alembertian solutions of parameterized linear difference
equations defined in IIX-fields

(14 S1(n) + nSi (1) (3 + 2n + 251 (n) + 305 (n) + 1251 (n)) > A(n)
— (1+ ) (3+2m)51(n) (3 + 2n+ 25 (n) + 305 (n) + 251 (n))*A(n + 1)
+ (1+n)*2+n)2S(n) (1 + Si(n) + nSi(n))A(n+2) =0

A
A

lSigma.m

{cl 51 HSl +0251 HSl | c1, C2 GK}

[S. Abramov, M. Bronstein, M. Petkovsek, CS, JSC 2021]



Part 1: The general summation problem in difference rings

One can find d'Alembertian solutions of parameterized linear difference
equations defined in IIX-fields

—2(1 4 n)3(3 + n)n!2A(n)
+(1+n)(8+9n+2n*)nlA(n+1) — A(n+2) =0

lSigma.m

n n n n
{cl Hi! + CQ( — 2"n!Hz’! + %Hz‘ZZ’z‘) | c1,09 € ]K}
=1 =1 =1 =1

[S. Abramov, M. Bronstein, M. Petkovsek, CS, JSC 2021]



Part 1: The general summation problem in difference rings

Problem: The PLDE problem in rings

> A difference ring (A, o) is a ring A with an autom. o : A — A.

> The set of constants is defined by
K = const,A ={ce A|o(c) = c}

Note: K is a subring of A.

Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT

{(g,cl,...,cd)eEde|
G g+ m0(g)+ -+ amo™(g) = cLfi+ -+ cafa)

is a K subspace of A x K¢ with dimension < d+ m.
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Problem: The PLDE problem in rings

> A difference ring (A, o) is a ring A with an autom. o : A — A.

> The set of constants is defined by

K = const,A ={ce Alo(c) =c}
@Vill be a field by construction>

Note: K is a subring fakee=

Given (fi,...,f1) € A% 0# (ag,...,an) € A™H

{(g,cl,...,cd)EEde|
G g+ m0(g)+ -+ amo™(g) = cLfi+ -+ cafa)

is a K subspace of A x K¢ with dimension < d+ m.



Part 1: The general summation problem in difference rings

Problem: The PLDE problem in rings

> A difference ring (A, o) is a ring A with an autom. o : A — A.

> The set of constants is defined by

K = const,A = {ce Al o(c) = c}
@Vill be a field by construction>

Note: K is a subring jakmhe=

Given (fi,...,f1) € A% 0# (ag,...,an) € A™H

{(g,cl,...,cd)EEde|
G g+ m0(g)+ -+ amo™(g) = cLfi+ -+ cafa)

is a K subspace of A x K% wWith/dimension /2 44/ h.



Part 1: The general summation problem in difference rings
One can find d'Alembertian solutions of parameterized linear difference
equations defined in RIIX-rings (later!)

[(Tm @t (2t (1) S 1) ()7 = (14?3 55 | A
(1) 2+n) (24 n+2(14+ ) ; L(=1)n - (1+n)i§:j1 E)] agm)
Ha+n2ern) ()" L by 5 | A(n+2)
(24n)"+(1+n) Zj: 1-2(1+n 3(—1)”2; (_11)1
lPLDESolver.m
~ XD ()"
ra (= 21— (L 4n) (1) E 3 SR (1 20)

[J. Ablinger, CS in Proc. ISSAC'21 and extensions by J. Obrovsky (PhD work in progress)]



Part 1: The general summation problem in difference rings

The Sigma-summation spiral

definite sum

combination of solutions creative telescoping

simplified solutions recurrence

indefinite swtion A}Iving

(highly) nested
product-sum solutions



Part 2: The underlying difference ring theory

Outline

1. Part 1:

2. Part 2:

3. Part 3:

The basic summation tools
in difference rings

The underlying difference ring theory

Applications in combinatorics,
number theory and particle physics



rt 2: The underlying difference ring theo

Slgma m is based on difference ring/field theory
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Simplify i
Si(k) =?
k=0
1. aformal ring A= Q(z) [4
—~—
rat. fu. field

polynomial ring



Part 2: The telescoping problem revisited

Simplify Zsl(k) _

1. a formal ring A = Q(z)[s]

2. an evaluation function

otherwise

- Q
(22,0 H{ v 70



Part 2: The telescoping problem revisited

Simplify Z S (k) =7
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation function

ev': Q(z) xN - Q
(n)
(M n) s % if g(n) #0
a(@)’ 0 otherwise

ev(s,n) = Sq(n)



Part 2: The telescoping problem revisited

Simplify Z Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

ev': Q(z) xN - Q

(m)
(p(z) n) s Z(_n if Q(n) 7& 0
0 otherwise

Nasd

ev: Qo[ xN — Q
d d

(Zfz 5% n) — Z ev’(fi, n)S1(n)° ev(s,n) = Sy(n)
; =0

Definition: (A, ev) is called an eval-ring
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Simplify Z S (k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

Consider the map
7 A — QN
o (ev(fin))nzo

It is almost a ring homomorphism :
@7(3) = (0.1,23,...00,1,5,5....)
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1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

Consider the map
7 A — QN
o (ev(fin))nzo

It is almost a ring homomorphism :
@7(3) = (0.1,23,...0(0,1,5,5....)
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0,1,1,1,...)
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Simplify Z S (k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

Consider the map
7 A — QN
o (ev(fin))nzo

It is almost a ring homomorphism :

r@rd) = (0,1,2,3,...)(0,1,3,%,..)
I
0,1,1,1,...)
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Simplify Z Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

Consider the map
: A — QY/~ (an) ~ (by) iff a, = by,
= {ev(fin))n>o from a certain point on

It is a ring homomorphism :

0,1,1,1,...)
|

T(zi)=7(1) = (1,1,1,1,...)



Part 2: The telescoping problem revisited

Simplify Z Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

Consider the map
: A — QY/~ (an) ~ (by) iff a, = by,
= {ev(fin))n>o from a certain point on

It is an injective ring homomorphism (ring embedding):
r@rt) = (0,1,2,3,...)(0,1,3,3,...)
|
0,1,1,1,...)

I
T(zi)=7(1) = (1,1,1,1,...)



Part 2: The telescoping problem revisited

Simplify Z S (k) =7
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Simplify Z S (k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

3. a ring automorphism

o Qx) — Q(x)
() = r(z+1)
o: Q@ — Q) sk s+ o



Part 2: The telescoping problem revisited

Simplify Z Si(k) =7
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism
o: Q@ - Q)
() = r(z+1)

o Q) — @du)[s] ==,
1

d .
;fzsZ —> ;g’(fi)(S-i-ﬁ) S1(n+1):sl(n)+n+1

Definition: (A, o) with a ring A and automorphism o is called a
difference ring; the set of constants is

consto,A = {ce A|o(c) = ¢}




Part 2: The telescoping problem revisited

Simplify

> Si(k) =
k=0

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

3. a ring automorphism

o Qx) —

() —

o: Q{gx)[s] —
Zfi st =
=0

In this example:

constoA ={ceA|o(c) =

Q(z)
r(x+1)

()[8]
ZO‘ (fi) (s—i— m)

This is a special case of an RIIY-ring

built on Karr's DF
theory of I1X-fields

Sl—>8+m

Si(n+1) = S¢(n) + ]

c}=Q
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Simplif - . ,
Pty Z Sy (k) =7 built on Karr s DF
k=0 theory of II1X-fields

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

ev and o interact:

ev(o(s),n) =ev(s+ ﬁ, n) = Si(n) + ﬁ =ev(s,n+1)
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Simplif a _ ,
Py Z Sy (k) =7 built on Karr s DF
k=0 theory of I1X-fields

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

3. a ring automorphism ¢ : A — A

ev and o interact:

ev(o(s),n) =ev(s+ ﬁ, n) = Si(n) + ﬁ =ev(s,n+1)

i
T((T(S)):(1,1+%,1+%+%,...>:S(<0,1,1+%,...>):S(T(S))

shiftdoperator



Part 2: The telescoping problem revisited

Simplif a _ ,
Py Z Sy (k) =7 built on Karr s DF
k=0 theory of I1X-fields

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

ev and o interact:
ev(o(s),n) =ev(s+ ﬁ, n) = Si(n) + ﬁ =ev(s,n+1)
)
T(o(s)) = (1,1-1—%,1-1—%-1—%,...) = S((O,l,l-l—%,...)) = S(7(s))
T is an injective difference ring homomorphism:
K(z)[s] . K(z)s]
lf _ l

KN/ ~ KN/ ~




Part 2: The telescoping problem revisited

Simplify Z Si(k) =7
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation function ev: A x N — Q

3. a ring automorphism ¢ : A — A

ev and o interact:

ev(o(s),n) = ev(s+ 7,n) = Si(n) + 417 =

T(o(s) = (L,1+3,1+2+2,...) =5((0,1,1+3,...

0

T is an injective difference ring homomorphism:

(K(2)[s], o)

24

(7(Q(2) [(S1(n))nz0], 5)
rat. seq.

built on Karr's DF
theory of I1X-fields

ev(s,n+1)

< (KY/~,9)
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g(k+1) — g(k) = S1(k)
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> Si(k) =7
k=0

Given: f(k) = Si(k)
Find: g = (g(k))i>0 € T(A) s.t.

g(k+1) — g(k) = S1(k)

Output: g(k) = kSi(k) — k

Find: g€ A:

Output: g=zs—

(A,U) = (T(A)7 S) < (KN/ ~ S)



Part 2: The telescoping problem revisited

> Si(k) = gla+1) — (0
k=0

1

Given: f(k) = Si(k)
Find: g = (g(k))k>0 € T(A) s.t.

gk + 1) g(k) = S1(k)

Output: g(k) = kS1(k) —

Find: g€ A:

Output: g=zs—

(A,U) = (T(A)’ S) < (KN/ ~ S)



Part 2: The telescoping problem revisited

> Si(k) = (0
k=0

Given: f(k) = Si(k)
Find: g = (g(k))k>0 € T(A) s.t.

(a+1)S1(a+1)—(a+1)

o

gk + 1) g(k) = S1(k)

Output: g(k) = kS1(k) —

Find: g€ A:

Output: g=zs—

(A,U) = (T(A)’ S) < (KN/ ~ S)
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FIND g € Q(=)[s]:
o(9)—g=s

Degree bound: COMPUTE b > 0: h—2
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Part 2: The telescoping problem revisited

FIND g € Q(=)[s]:
o9 -3

Degree bound: COMPUTE b > 0: h—2

VgeQ(z)[s] o(9)—g=s = deg(g) <

Polynomial Solution: FIND 7

9= 028+ g1 5+ g0 € Q(z)[s].
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Part 2: The telescoping problem revisited

ANSATZ g= g2 8> + g1 s+ go € Q(2)[3]

[0(g2 8% + gis+ g[o)] ]

—[g2 + 15+ g] =5
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ANSATZ g= g2 8> + g1 s+ go € Q(2)[3]

[a(gz) o(s)? +o(gis+ go)] I:I
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ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q +o(g1s+ 90)] I:I

—[p S+ gs+g]=s @*wmp-

o(g2) —g2=0

gzzy/
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ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q +o(g1s+ 90)] I:I

—[p S+ gs+g]=s @*wmp-

o(g2) —g2=0

g2 =ce€E
[o(e)(s+ ﬁf +o(g1s+ g0)] }/

[ + g5+ ) = 5




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q +o(g1s+ 90)] I:I

—[p S+ gs+g]=s @*wmp-

o(g2) —g2=0

g2 =cgE
[e(s+ ﬁf +a(g15+ 90)] )/

[e# 4 g5+ ) = 5




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

o(gis+g0) = (g15+ g) = s— ¢

[o(g2) (s + ﬁ)Q +0(g15+ )]

—[p S+ gs+g]=s wcomp.

(z+1)?

92 =

2s(x+1)+1:|

L]

o(g) —g2=0

Sz




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q +o(g1s+ 90)] I:I

—[p S+ gs+g]=s wcomp.

o(g) —g2=0

g2 = y
2s(z+1)+1

o915+ g0) — (g15+ g90) = s — e[~ g7 |
wﬁfﬁ comp.
2

‘7(91)—91=1—Cm




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q—i—a(gls—l—go)] \:I

—[g28° + 15+ 9] =5 @*”mp-

o(g2) —g2=0

g2 = ‘Cy/
2s(z+1)+1

(g1 s+ g0) — (g15+g0) = s — ¢[ =gy |
Nﬁff' comp.
2

U(gl)—91=1—cm

/ 0. g1::1;+d

=% 4e0Q




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

[o(g2) (s + ﬁ)Q—i—a(gls—l—go)] \:I

—[g28° + 15+ 9] =5 @*”mp-

o(g2) —g2=0

g2 = ‘Cy/
2s(z+1)+1

(g1 s+ g0) — (g15+g0) = s — ¢[ =gy |
Nﬁff' comp.
2

U(gl)—91=1—cm

1 / 0. g1::1;+d

—gp=—-1—d—— _
a(g0) — 90 porg =0 99




Part 2: The telescoping problem revisited

ANSATZ G= g2 8> + g1 s+ go € Q(2)[3]

~[e s +gs+p] =s

o(g2)(s+ 747)% +o(gis+ g =sx-
[o(92) (s + 57)" + o (g1s + g0)] @m

o(g2) —g2=0

g2 = ‘Cy/
2s(z+1)+1

(g1 s+ g0) — (g15+g0) = s — ¢[ =gy |
Nﬁff' comp.
2

og)—qg=1-cz7

= -1 — d—— _
i—o < |oo0) =g e ¢=0 Jeco




Part 2: The telescoping problem revisited

Summary: The PLDE problem in fields

> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}
Note: K is a subfield of A.

Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT
Find an appropriate E > A and a basis of

{(gaclw"acd)e]EXKd‘
ap g+ a1o(g) + -+ ano™(g) = 01f1+---+0dfd}



Part 2: The telescoping problem revisited

> Si(k) = gla+1) — (0
k=0

1

Given: f(k) = Si(k)
Find: g = (g(k))k>0 € T(A) s.t.

gk + 1) g(k) = S1(k)

Output: g(k) = kS1(k) —

Find: g€ A:

Output: g=zs—

(A,U) = (T(A)’ S) < (KN/ ~ S)
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A general framework: RII>-rings

1. Definition and telescoping
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Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A = K(2)[p1, py ']

> with an automorphism where o(c) = ¢ for all ¢ € K and where
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products



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A = K(2)[p1, p; [p2s py ]

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aspo az € K(z) [pl,pfl]*



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A :=K(@)[p1,p; 1p2, 03 '] - [pes ]

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aspo az € K(z) [pl,pfl]*

U(pe) = QePe Ge € K(:E)[pl»pl_l] cee [pe—l’p;—ll]*



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A= K(2)[p1, p1 P2 03] - - - [Pes p2 1[4

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aspo az € K(z) [pl,pfl]*

U(pe) = QePe Ge € K(:E)[pl»pl_l] cee [pe—l’p;—ll]*

(1% & o(z)=-z 722 =1



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A= K(2)[p1, p1 P2 03] - - - [Pes p2 1[4

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = azp2 az € K(z)[p1, p; 11"

U(pe) = QePe Ge € K(x)[pl»pl_l] cee [pe—hpc:—ll]*

« is a primitive Ath CYk o O'(Z) — az z)x -1

root of unity



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A= K(2)[p1, pr P2, 3] - - - [Pes p2 ][4 [51]

> with an automorphism where o(c) = ¢ for all ¢ € K and where

o(r)=z+1
(nested) hyperg. <+ o(p1)=a1m a1 € K(z)*
products o(p2) = azpa as € K(z)[p1, p7 11"
U(pe) = QePe Qe € K(:L’) [pla p1_1] ce [pe—la p;jl]*
‘:mli 2fPllJ'inr?ti;ive Ath (ko U(Z) —az =1

Sik+1) =S+ < o(s1) =s1 4+ =7
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Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A= K(2)[p1, pr P2, 3] - - - [Pes p2 ][4 [51]

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1
(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aap2 az € K(7) [Plapfl]*
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Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A =K(@)[p1, p; 1[p2. 05 '] - - - [Pes pe 1[4 [51][52]

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = azp2 az € K(z)[p1, p; 11"

U(pe = QePe Ge € K(fﬂ)[Pl,Pl_l] cee [pe—hp;_ll]*

« is a primitive Ath CYk o O'(Z — az z)x -1

root of unity

)
)
(nested) sum < o(s1)=s1+f fi €K(@)[p1,pi'] - [pes 02 1A
o(s2) =s2+fo o €K(@)lpr,p1 '] [pe, 2 ][A]51]



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg.
products

« is a primitive Ath Ctk
root of unity

(nested) sum

<~

o) =z+1
o(p1) = a1 p1
o(p2) = azpa
U(pe)' = GePe

o(z) =az
o(s1)=s1+h
o(s2) = 82+ f
o(s3) =53+ f3

a; € K(z)*
az € K(a)[pr, py 1"

ac € K(2)[p1, p1 ']+ [pe—1. 041 )"
=1
h e K@)[p,py '] [pe; 02 [

fo € K@)[p1,p7 '] . [pes p2 (A [1]
fs € K@)[p1, p7 '] .- [pe, 22 (A [s1][s2]



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

o) =z+1
(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aap2 az € K(7) [Plapfl]*
U(pe) = QePe Ge € K(:B)[plvpil] cee [pe—hpe__ll]*
sty ko o@)=az 2 =1
(nested) sum < o(s1)=s1+f fi €K(@)[p1,pi'] - [pes 02 1A
o(s2) =s2+fo fo € K@)[p1,p7 '] [pe, 07 1A [1]

o(ss) =ss+f fs € K(@)p1, pi']- . [pe: vz '[A[s1][52]

..

..

) ..

such that const, A = {c € Alo(c) = ¢} = K.



Part 2: Definition of RIIX-rings

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

olz)=z+1
(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = aap2 az € K(7) [Plapfl]*
GIVEN fe A; e—1, P 1]
oisaprimitve atn | FIND, in case of existence, a g € A such that

root of uni
e o(9) —g=1 B
T 1€ KPPy T [Pes Pe I[4

T
ss+fo o € K(@)pr, oyl [pe, v [2]s1]

(nested) sum— = o(s1) =
o(s2)
=ss+fs fs €K@ p1,pi '] [pe p2 [A]s1][52]

such that const, A = {c € Alo(c)=c} =K
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A general framework: RII>-rings

1. Definition and telescoping

2. Crucial (equivalent) characterizations
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Galois theory for RIIY.-extensions
> a ring (containing Q)

A :=K(2)[p1, py 1p2 03 "] - [pes v M[Als1][52] - .- [50]

> with an automorphism as given in the previous slide.
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> a ring (containing Q)
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Theorem. The following statements are equivalent:
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(i.e., (A,0) is an RIIY-ring)
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CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.
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Part 2: Crucial properties of RIIX-rings - algebraic independence

Galois theory for RIIY.-extensions
> a ring (containing Q)

A = K(@)p1, pr 1p2, 73] - [per 22 st ][s2] ... 1]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, 0) is an RIIX-ring)
2. (A, o) is simple.

(i-e., there is no ideal in A which is closed under o except {0} and A)

3. There is an |embedding 7 | from (A, o) into the ring of sequences.

CS. Parameterized telescoping proves algebraic independence of sums. In: Proc. FPSAC'07. 2007.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.

Remark 1: Related results have been worked out in the Galois theory of difference
equations (van der Put/Singer, 1997) and (Hardouin/Singer, 2008)



Part 2: Crucial properties of RIIX-rings - algebraic independence

Galois theory for RIIY.-extensions
> a ring (containing Q)

A = K(@)p1, pr 1p2, 73] - [per 22 st ][s2] ... 1]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, 0) is an RIIX-ring)
2. (A, o) is simple.

(i-e., there is no ideal in A which is closed under o except {0} and A)

3. There is an |embedding 7 | from (A, o) into the ring of sequences.

CS. Parameterized telescoping proves algebraic independence of sums. In: Proc. FPSAC'07. 2007.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.

Remark 2: Theory covers also the ¢-hypergeometric, mutli-basic and mixed cases



Part 2: Crucial properties of RIIX-rings - algebraic independence

Simplif a _ ,
Py Z Sy (k) =7 built on Karr s DF
k=0 theory of I1X-fields

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

ev and o interact:
ev(o(s),n) =ev(s+ ﬁ, n) = Si(n) + ﬁ =ev(s,n+1)
T
T(o(s)) = (1,1-1—%,1-1—%-1—%,...) :S((O,l,l-l—%,...)):S(T(s))

T is an injective difference ring homomorphism:

24

(7(Q(2)) [(S1(n)nz0], ) | < (KV/ ~,5)
rat. seq.

(K(2)[s], o)




Part 2: Crucial properties of RIIX-rings - algebraic independence

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][52] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

We get an embedding 7 from (A, o) into the ring of sequences s.t.

T(A) = 7(K(2)) [aF)rzo] [r(p1), 7(p7 ] [r(pe), 7(p )] [(s0)] - - [7(50)]
——

rational seq. nested products nested sums

@ isa prlmltlve Ath CYK PN U(Z) — z/\ — 1
root of unity

[pes . 1A
[pe, p2 M[A[1]
[pe, e (A [51][s2]

(nested) sum <« o(s))fsi+h A€ K(ﬂﬁ)[Pl,pl_l] .
=ss+f feK@p,p'..

offs) =ss+fs fs € K(z)[p1,py'].
such that const, A = {c € Alo(c) = ¢} = K.



Part 2: Crucial properties of RIIX-rings - algebraic independence

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][52] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

We get an embedding 7 from (A, o) into the ring of sequences s.t.

T(A) = 7(K(2)) [®)izol [r(p1), 7(p1 )] - - [r(pe), 7(0e D] [7(s1)] - - [7(50)]
——

- 7

rational seq. nested products nested sums

(. /

algebraic independent
z" =1

« 15 a primitive” Ath K
root of unity @ e U(Z)

[pes . 1A
[pe, p2 M[A[1]
[pe, e (A [51][s2]

si+f f €K@ pr,pt
=s+f foeK@)|p,p
offs) =ss+f f€K@[pr,prt

..

..

) ..

such that const, A = {c¢ € Alo(c) = ¢} = K.

(nested) sum <+ o(s1)



Part 2: Crucial properties of RIIX-rings - algebraic independence

Example: algebraic independence of sequences

1. (Q(x)[s1, s2,...],0) is an RIIX-ring with
1

U(Si):5i+m i1=1,2,3,...

[J. Ablinger, CS. Algebraic independence of sequences generated by (cyclotomic) harmonic sums. Ann. Comb. 22(2), 2018.]



Part 2: Crucial properties of RIIX-rings - algebraic independence

Example: algebraic independence of sequences

1. (Q(x)[s1, s2,...],0) is an RIIX-ring with

1 .
U(Si):5i+m i1=1,2,3,...

2. There is an embedding of the polynomial ring Q(z)[s1, s2, . .

QYN/ ~ with

"1 "1
S1 — E - E -
=1 n>0 =1 n>0

.] into

[J. Ablinger, CS. Algebraic independence of sequences generated by (cyclotomic) harmonic sums. Ann. Comb. 22(2), 2018.]



Part 2: Crucial properties of RIIX-rings - algebraic independence

Example: algebraic independence of sequences

1. (Q(x)[s1, s2,...],0) is an RIIX-ring with
1
i) =S+ =1,2,3,...
o(si) =si+ L i
2. There is an embedding of the polynomial ring Q(z)[s1, s2,...] into
QYN/ ~ with

"1 "1
S1 — E - E -
=1 n>0 =1 n>0

= The generalized harmonic numbers

n n

1 "1 1
Sl(n):Z;7 SQ(n):lev ‘513(7?’):2@_37
=1 =1 =1
are algebraically independent among each other over the rational
sequences.

[J. Ablinger, CS. Algebraic independence of sequences generated by (cyclotomic) harmonic sums. Ann. Comb. 22(2), 2018.]



Part 2: Automatic simplification in RIIX-rings — the sum case

A general framework: RII>-rings

1. Definition and telescoping
2. Crucial (equivalent) characterizations

3. Algorithmic construction and simplification

3.1 The sum case
3.2 The product case



Part 2: Automatic simplification in RIIX-rings — the sum case

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][52] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = azp2 az € K(z)[p1, p; 11"

U(pe = QePe Ge € K(:E)[plvpl_l] cee [Pe—l,Pe__ll]*

[pes 2 1A
[pe, p2 M[A[1]
[pe, e (A [51][s2]

(nested) sum ¢+ o(s1)=s1+hH fi € K(a:)[pl,pl_l

)

« is a primitive Ath CYk o O'(Z) — az z)x -1
)

o(s2) =s2+f fo€K(z)[p1,p;y "

..

..

0(53). =s3+f feK@p,p']..

such that const, A = {c € Alo(c) = ¢} = K.



Part 2: Automatic simplification in RIIX-rings — the sum case

Represent SUMS (extension of Karr's result, 1981)

> Let (A, o) be a difference ring with constant set
const,A :={ke A | o(k) = k}.

Note 1: const,A is a ring that contains Q

Note 2: We always take care that const,A is a field



Part 2: Automatic simplification in RIIX-rings — the sum case

Represent SUMS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
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Represent SUMS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
> Extend the shift operator s.t.

o(s)=s+f  forsome fe A.
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Represent SUMS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
> Extend the shift operator s.t.

o(s)=s+f  forsome fe A.

Then const,A[s] = const A iff

BgeA: |o(g)=g+f




Part 2: Automatic simplification in RIIX-rings — the sum case

Represent SUMS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
> Extend the shift operator s.t.

o(s)=s+f  forsome fe A.

Then const,A[s] = const A iff

BgeA: |o(g)=g+f

Such a difference ring extension (A[s], o) of (A, o) is called ¥*-extension



Part 2: Automatic simplification in RIIX-rings — the sum case

Represent SUMS (extension of Karr's result, 1981)

> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
> Extend the shift operator s.t.

o(s)=s+f  forsome fe A.

Then const,A[s] = const A iff

There are 2 cases:

1 |PgcA: o(g) =g+ f]

BgeA: |o(g)=g+f

(Als],0) is a X*-extension of (A, o)



Part 2: Automatic simplification in RIIX-rings — the sum case

Represent SUMS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) = k}.

> Adjoin a new variable s to A (i.e., A[s] is a polynomial ring).
> Extend the shift operator s.t.

o(s)=s+f  forsome fe A.

Then const,A[s] = const A iff

BgeA: |o(g)=g+f

There are 2 cases:
1. |PgeA: o(g9) =g+ fl (Als],0) is a X*-extension of (A, )

2. 13g€ A:0(g) = g+ f| No need for a ¥*-extension!




Part 2: Automatic simplification in RIIX-rings — the sum case

The naive Ansatz (M. Karr, 1981)

GIVEN a IIX-ring/field (A, o) with fe A.
(A an integral domain)

FIND, in case of existence, g € A:

o(g)—g=1



Part 2: Automatic simplification in RIIX-rings — the sum case

Still a naive Ansatz (in rings) for simplification
GIVEN an RIIX-ring (A, o) with fe A.

FIND, in case of existence, g € A:

o(g)—g=1



Part 2: Automatic simplification in RIIX-rings — the sum case

Symbolic simplification of sums

1. FIND an appropriate RII¥-ring (A, o) with f€ A.

FIND, in case of existence, g € A:

o(g)—g=1



Part 2: Automatic simplification in RIIX-rings — the sum case

Symbolic simplification of sums

1. FIND an appropriate RII¥-ring (A, o) with f€ A.

2. FIND an appropriate extension E > A with g € E:

alg)—g=1r




Part 2: Automatic simplification in RIIX-rings — the sum case

Symbolic simplification of sums

1. FIND an appropriate RII¥-ring (A, o) with f€ A.

2. FIND an appropriate extension E > A with g € E:

alg)—g=1r

appropriate = degrees in denominators minimal

Example:

n

-2+ k (1 — 4k — 2K*)S1 (k) (1 — 4k — 2K*)S3(k)
D (10(1 ) T 0 s e+ ) TEU )2+ 2k+ k2)>

n? +4n+5 (n—1)(n+1)
=0 2nr ) M T s an ) o __EZW



Part 2: Automatic simplification in RII

3-rings — the sum case

Symbolic simplification of sums

1. FIND an appropriate RII¥-ring (A, o) with f€ A.

2. FIND an appropriate extension E > A with g € E:

alg)—g=1r

appropriate = sum representations with optimal nesting depth
Example:

.
I
=
.



Part 2: Automatic simplification in RIIX-rings — the sum case

Symbolic simplification of sums

1. FIND an appropriate RII¥-ring (A, o) with f€ A.

2. FIND an appropriate extension E > A with g € E:

alg)—g=1r

appropriate = sum representations with minimal number of objects

Example:
kg2 (M) = _ Ly~ =D (n
g;%( D51 (k) T & (i)
— (a—n)(n*S1(a)® + 208 (a) + 2)(_171—;1(2) - %



Part 2: Automatic simplification in RIIX-rings — the product case

A general framework: RII>-rings

1. Definition and telescoping
2. Crucial (equivalent) characterizations

3. Algorithmic construction and simplification

3.1 The sum case
3.2 The product case



Part 2: Automatic simplification in RIIX-rings — the product case

Definition of an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][52] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = az2pa az € K(z)[p1, p; 11"

U(pe = QePe Ge € K(x)[plvpl_l] cee [pe—l’pe_—ll]*

[pe, 2114
[pes 2 'N[A[s1]
[pes 2 N[ A[s1][52]

(nested) sum ¢+ o(s1)=s1+hH fi € ]K(ytt)[pl,pl_1

)

« is a primitive Ath CYk o O'(Z) — az z)x -1
)

o(s2) =s2+f fo€K(z)[p1,p;"

..

..

0(53). =ss+f heK@[p,p .

such that const, A = {c € Alo(c) = ¢} = K.



Part 2: Automatic simplification in RIIX-rings — the product case

Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
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Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
constoA :={ke€ A | o(k) = k}.
> Take the ring of Laurent polynomials Ap, %]
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Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
constoA :={ke€ A | o(k) = k}.
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.
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Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) =k}

> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

fg e A\ {0} :

o(g) = ag
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Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A :={ke A | o(k) =k}

> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

fige A\ {0} :

o(g) = ag




Part 2: Automatic simplification in RIIX-rings — the product case

Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

Bge A\N{0} Ine Z\{0}: |o(g)=4d"g




Part 2: Automatic simplification in RIIX-rings — the product case

Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

Bge AN{0}Ane Z\{0}: |o(g)=a"g

Such a difference ring extension (A[p, %],0) of (A, o) is called II-extension



Part 2: Automatic simplification in RIIX-rings — the product case

Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

Bge AN{0}Ane Z\{0}: |o(g)=a"g

There are 3 cases:
1. |§§g € A\{0}pn € Z\{0} : o(g) = a"g|: (Alp, %]),U) is a IT-ext. of (A, o)
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Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

Bge AN{0}Ane Z\{0}: |o(g)=a"g

There are 3 cases:
1. |§ﬂg € A\{0}pn € Z\{0} : o(g) = a"g|: (A[p,% ),0) is a Il-ext. of (A, o)

2. |39 € A\{0} : 0(g9) = ag|: No need for a II-extension!




Part 2: Automatic simplification in RIIX-rings — the product case

Represent pI’OdUCtS (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A :={ke A | o(k) =k}
> Take the ring of Laurent polynomials Ap, %]
> Extend the shift operator s.t.

o(p)=ap  for some a € A*.

Then const,A[p, p~!] = const, A iff

Bge AN{0}Ane Z\{0}: |o(g)=a"g

There are 3 cases:
1. |§ﬂg € A\{0}pn € Z\{0} : o(g) = a"g|: (A[p,% ),0) is a Il-ext. of (A, o)

2. |39 € A\{0} : 0(g9) = ag|: No need for a II-extension!

3. |3g€ A\{0}:0(g) = a"gonly for ne€ Z\ {0,1} |




Part 2: Automatic simplification in RIIX-rings — the product case

The hypergeometric case
> Take the difference field (K(z),0) with o|x =id and o(z) = z+ 1.
> Let ay,...,a. € K(z)*



Part 2: Automatic simplification in RIIX-rings — the product case

The hypergeometric case
> Take the difference field (K(z),0) with o|x =id and o(z) = z+ 1.
> Let ay,...,a. € K(z)*

> Then there is a difference ring

E

such that for 1 < i < r there are g; € E* with
o(gi) = aigi




Part 2: Automatic simplification in RIIX-rings — the product case

The hypergeometric case
> Take the difference field (K(z),0) with o|x =id and o(z) = z+ 1.
> Let ay,...,a. € K(z)*
> Then there is a difference ring

E=K@ [l par'] [

~

-

tower of IT-ext. (—1)k or vk
with
> %GK(.@)* forl<i<e
> 0(2) =vzand 2* =1 for some primitive Ath root of unity v € K*
> const,E =K
such that for 1 < i < r there are g; € E* with

U(gi) = G; G;




Part 2: Automatic simplification in RIIX-rings — the product case

The hypergeometric case
> Take the difference field (K(z),0) with o|x =id and o(z) = z+ 1.
> Let ay,...,a. € K(z)*
P> Then there is a difference ring

E=K@ [l par'] [

-

tower of IT-ext. (—1)k or vk
with
> %GK(:@* forl<i<e
> 0(2) =vzand 2* =1 for some primitive Ath root of unity v € K*
> const,E =K
such that for 1 < i < r there are g; € E* with

U(gi) = G; G;

Note: There are similar results for the g-rational, multi-basic and mixed case
and their nested versions



Part 2: Automatic simplification in RIIX-rings — the product case

Simplification to products of minimal size

Given
n n
_ H —13122k(1+k) _ 26244k (2+k)?
Y = (3+k)3 ) Yo = — (3+k)? s
k=1 k=1
n 3 n
_ ik(2+k) _ _162k(2+k)
B=117=60 Ya = H 5rk

k=1 k=1



Part 2: Automatic simplification in RIIX-rings — the product case

Simplification to products of minimal size

Given
_ E —13122k(1+k) _ - 26244k (2+k)?
= H T (BrRE Y2 = T B
k=1 k=1
_ : ik(2+k)3 o - 162k(2+k)
Y3 = ';29(5+k)’ Ya = H T 5tE
k=1 k=1
we can compute
B 216 (") 2™ (3")® _9(2M? (3M° (nh)?
"= (n+1)2(n+2)3(n+ 3)3n!’ 2= (n+ 3)? ’
15(n+ 1)2(n+ 2)%1"(n!)? , 60 (1™)% 2™ (3")* n!
= 5 4 p— .
(n+3)(n+4)(n+5)(37)° (n+3)(n+4)(n+5)
in terms of

=]k 2" 3" and 1"
k=1

transcendental sequences



Part 2: Automatic simplification in RIIX-rings — the product case

Simplification to a minimal number of products

Given
n n
_ H —13122k(1+k) _ 26244k (2+k)?
n = (3+k)3 ) Y2 = (3+k)? )
k=1 k=1
n 3 n
_ ik(2+k) _ _ 162k(2+k)
Y =11 79618 Ya = H 51k
k=1 k=1

we can compute

_ 5(14n)2(24+n)5(3+n)8 n -2 _ (4+n)?(5+n)?
h = (5228)8((4+Z))(E§+n?) (=1)"®1057, = n4o(0 . o,

2754990144 (4+n)2(5+n)% 73 _
Y3 = 25(1+n)4(2+n)10(3+n)16q) ys = P1.
in terms of
n

—162k(2+k) —i(3+k)8 n

3, = [] ~lozkzen ad  (-1)
5tk ¢ 9k (A+k)2(2+k) (5+k)
k=1 v

minimal order

minimal number of transcendental sequences



Part 2: The function SigmaReduce

A general framework: RII>-rings

1. Definition and telescoping
2. Crucial (equivalent) characterizations

3. Algorithmic construction and simplification

3.1 The sum case
3.2 The product case

4. The full machinery: SigmaReduce



Part 2: The function SigmaReduce

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

> such that

A\ = B\ for all A € N with A > §
(0 can be computed explicitly)



Part 2: The function SigmaReduce

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

> such that

A\ = B\ for all A € N with A > §
(0 can be computed explicitly)

> and such that
the arising sums and products in B(n) are
> algebraically independent
> simplified as illustrated above.
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Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(n) is usually much smaller
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Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(n) is usually much smaller
Application 2: we solve the zero-recognition problem:
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Part 2: The function SigmaReduce

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(n) is usually much smaller
Application 2: we solve the zero-recognition problem:

A(n) evaluates to 0 from a certain pointon < B=0

Application 3: we get canonical form representations
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].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = E f(n’ k;); f(n, k): indefinite nested product-sum in k;
—0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.
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Outline

1. Part 1: The basic summation tools
in difference rings

2. Part 2: The underlying difference ring theory

3. Part 3: Applications in combinatorics,
number theory and particle physics
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Multi-summation approaches (no claim to completeness)

> Difference ring/field approach (Part 1 and 2)

> Sister Celine/WZ method

Sister Celine Fasenmyer. Some i i jals. PhD-thesis. 1945.
H. Wilf, D. Zeilberger "An algorithmic proof theory for hypevgeometrlc (ordinary and “q") multisum /integral identities. 1992.

K. Wegschaider. Computer generated proofs of binomial multi-sum identities. Diploma thesis. 1097.

R. Lyons, P. Paule, and A. Riese. A computer proof of a series evaluation in terms of harmonic numbers. Appl. Algebra Engrg. Comm. Comput., 13:327-333, 2002

A. Riese. qMultiSum — a package for proving q-hypergeometric multiple summation identities. Journal of Symbolic Computation, 35:349-376, 2003

M. Apagodu and D. Zeilberger. Multi-variable Zeilberger and Almkvist-Zeilberger algorithms and the sharpening of Wilf-Zeilberger theory. Adv. Appl. Math., 37:139-152,
2006.

S. Chen, M. Kauers, C. Koutschan, A generalized Apagodu~Zeilberger algorithm Proceedings of ISSAC'14 (2014), pp. 107-114

YYVYVYYVYY

v

» Holonomic system approach

P D. Zeilberger. A holonomic systems approach to special functions identities. J. Comput. Appl. Math., 32:321-368, 1990

> F. Chyzak and B. Salvy. Non-commutative elimination in ore algebras proves multivariate identities. J. Symb. Comput., 26(2):187-227, 1998.
> F. Chyzak. An extension of Zeilberger's fast algorithm to general holonomic functions. Discrete Math., 217:115-134, 2000.

> C. Koutschan. Advanced Applications of the Holonomic Systems Approach. PhD thesis, RISC-Linz, Johannes Kepler Universit”at Linz, 2009
P C. Koutschan. A Fast Approach to Creative Telescoping. Mathematics in Computer Science, 4(2-3):259-266, 2010

> Reduction based methods (only recent results)

> A Bostan, S. Chen, F. Chyzak, and Z. Li. Complexity of creative telescoping for bivariate rational functions. In ISSAC'10, pages 203-210, 2010.

> A Bostan, P. Lairez, and B. Salvy. Creative telescoping for rational functions using the Griffiths-Dwork method. In ISSAC'13, pages 93-100, 2013

> S. Chen, L. Du, H. Fang, Shift Equivalence Testing of Polynomials and Symbolic Summation of Multivariate Rational Functions, 2023, arXiv:2204.06968

> S.Chen, R. Feng, M. Kauers, X. Li, Parallel Summation in P-recursive Extensions. Proceedings of ISSAC'24, pp. 82-90, 2024,

> H. Brochet, B. Salvy, Reduction-based creative telescoping for definite summation of D-finite functions, Journal of Symbolic Computation, Volume 125, 2024,

> Generating function approach

> A Bostan, P. Lairez, B. Salvy Multiple binomial sums J. Symb. Comput., 80 (2017), pp. 351-386
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Highlights related to combinatorial problems

> Plane Partitions VI: Stembridge's TSPP Theorem
(joint with G.E. Andrews, P. Paule; 2005)

» Unfair permutations
(joint with H. Prodinger, S. Wagner, 2011)

> Asymptotic and exact results on the complexity of the
Novelli-Pak-Stoyanovskii algorithm
(joint with R. Sulzgruber; 2017)

» Evaluation of binomial double sums involving absolute values
(joint with C. Krattenthaler; 2020)

» The Absent-Minded Passengers Problem
(challenged by Doron, 2021)
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Part 3: Applications in combinatorics — unfair permutations
> We are given n players.
> Player i: chooses randomly ¢ numbers and takes the largest (best) one

P The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

> We get an unfair permutation

layer 1 2 3 ... n
Pay €S,
dices a4 ay a3 ... Gy
anti-inversion: probability: expected number
. of anti-inversions:
i<jand a; < a; J .

! i >

) ] i i 1<i<j<
i< jand j beats i <i<j<n
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Theorem (Prodinger, Wagner).
A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is

j 1 1 5
S L (= 8n?—8n—1)Si(n) + £ (2n+ 1)25,(2n) — =
2. i 16 8 8
1<i<j<n

= 0.3465735903n% — 0.40342640977n + O(log n)

fair case = 0.25n% — 0.25n
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Theorem (Prodinger, Wagner).
A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is

j 1 1 5
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The variance of 4,, is
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n k—1|j-1

22 (i+5)(+ k)

k=3 j=2| i=1
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The Sigma-summation spiral

definite sum

combination of solutions creative telescoping

simplified solutions recurrence

indefinite swtion A}Iving

(highly) nested
product-sum solutions
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k—1 J

1 ]kSl() k
[T ; 1+21" 2+ k 2+ k)

I summation spiral

k Z 1—1—27" k

—kzz =1 ((k—l)k+k281(k));_112r
- Zﬁsl(k) - ZkZSZ(k) - %k(%— 3)51 (k) + %
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n k Z_1+ k
Z[ EZ =1 + (k= 1)k+ K81 (k) Z 1+27~

k=3 r=

— Zszl(k) - Zszz(k) - ik(%— 3)S1(k) + ﬂ

I summation\spiral

1o 1 1 )
n(n+1)(2n+1)[ 6; - )8i(n) = o Si(n)
1 < 1 1 1 <« 1
+(5 ~ 1t2r 1 2(n) + 5 . —1+2r]
1 axm 1 1 n
—g@n+1) Z_1+2 + 5+ DEn+ 1S (n) + o

r=



Part 3: Applications in combinatorics — unfair permutations

ik
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Theorem (Prodinger, Wagner).
A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is
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Theorem (Prodinger, Wagner, CS).
A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is

jo_ 1 Lo 1 5n
Z - 8n® —8n—1)S1(n) + —(2n+1)*S1(2n) — —
1 igien z—i—] 16 8 8
The variance of A4, is
n(29 + 126n + 72n?) N 35 + 108n + 81n? — 27n3 S (n)
216 162
—3—16n — 10n2 + 8n? —16 + 27n — 54n3
2 S1(2n) + 108 S51(3n)
1+ 3n+ 2n? ZS
n(1+3n+ n)(352(2n)—2S2 )+ 4 Z 1( )
6
1<i<2n

n

8 1 ()" (1) (1)
trlaiat (ZT_ZT)’

i=1 =1
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Highlights related to number theory
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| 2

Apéry’s double sum is plain sailing indeed (2007)

When is 0.999... equal to 17
(joint with R. Pemantle; 2007)

Gaussian hypergeometric series and extensions of supercongruences
(joint with R. Osburn; 2009)

A case study for ((4)
(joint with W. Zudilin; 2021)

Error bounds for the asymptotic expansion of the partition function

[compare Hardy-Ramanujan, Wright, Rademacher, Lehmer, O'Sullivan]

(joint with K. Banerjee, P. Paule, C.-S. Radu; 2023)

Asymptotics for the reciprocal and shifted quotient of the partition
function (joint with K. Banerjee, P. Paule, C.-S. Radu; 2024)
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Multi-summation approaches (no claim to completeness)
> Difference ring/field approach (Part 1 and 2)
> Sister Celine/WZ method
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Sister Celine Fasenmyer. Some i i jals. PhD-thesis. 1945.
H. Wilf, D. Zeilberger. An algorithmic proof theory for hypevgeometrlc (ordinary and “q") multisum/integral identities. 1992.

K. Wegschaider. Computer generated proofs of binomial multi-sum identities. Diploma thesis. 1097.

R. Lyons, P. Paule, and A. Riese. A computer proof of a series evaluation in terms of harmonic numbers. Appl. Algebra Engrg. Comm. Comput., 13:327-333, 2002

A. Riese. qMultiSum — a package for proving q-hypergeometric multiple summation identities. Journal of Symbolic Computation, 35:349-376, 2003

M. Apagodu and D. Zeilberger. Multi-variable Zeilberger and Almkvist-Zeilberger algorithms and the sharpening of Wilf-Zeilberger theory. Adv. Appl. Math., 37:139-152,
2006.

S. Chen, M. Kauers, C. Koutschan, A generalized Apagodu~Zeilberger algorithm Proceedings of ISSAC'14 (2014), pp. 107-114

» Holonomic system approach

>

>
>
>
[

D. Zeilberger. A holonomic systems approach to special functions identities. J. Comput. Appl. Math., 32:321-368, 1990
F. Chyzak and B. Salvy. Non-commutative elimination in ore algebras proves multivariate identities. J. Symb. Comput., 26(2):187-227, 1998.
F. Chyzak. An extension of Zeilberger's fast algorithm to general holonomic functions. Discrete Math., 217:115-134, 2000.

C. Koutschan. Advanced Applications of the Holonomic Systems Approach. PhD thesis, RISC-Linz, Johannes Kepler Universitat Linz, 2009
C. Koutschan. A Fast Approach to Creative Telescoping. Mathematics in Computer Science, 4(2-3):259-266, 2010.

> Reduction based methods (only recent results)

[

>
>
>
[

A. Bostan, S. Chen, F. Chyzak, and Z. Li. Complexity of creative telescoping for bivariate rational functions. In ISSAC'10, pages 203-210, 2010.
A. Bostan, P. Lairez, and B. Salvy. Creative telescoping for rational functions using the Griffiths-Dwork method. In ISSAC'13, pages 93-100, 2013

S. Chen, L. Du, H. Fang, Shift Equivalence Testing of Polynomials and Symbolic Summation of Multivariate Rational Functions, 2023, arXiv:2204.06968

S. Chen, R. Feng, M. Kauers, X. Li, Parallel Summation in P-recursive Extensions. Proceedings of ISSAC'24, pp. 82-90, 2024

H. Brochet, B. Salvy, Reduction-based creative telescoping for definite summation of D-finite functions, Journal of Symbolic Computation, Volume 125, 2024,

> Generating function approach

[

A. Bostan, P. Lairez, B. Salvy Multiple binomial sums J. Symb. Comput., 80 (2017), pp. 351-386
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Generating function approach

> A Bostan, P. Lairez, B. Salvy Multiple binomial sums J. Symb. Comput., 80 (2017), pp. 351-386

» Holonomic-difference ring approach

> CS. A new Sigma approach to multi-summation, 34(4):740-767, 2005,

> CS. Symbolic Summation Assists Combinatorics. Sem. Lothar. Combin., 56:1-36, 2007. Article B56b.

> J. Bliimlein, M. Round, CS. Refined holonomic summation algorithms in particle physics. Advances in Computer Algebra. WWCA 2016., volume 226 of Springer
Proceedings in Mathematics & Statistics, pages 51-91. Springer, 2018

> P. Paule, CS. Creative Telescoping for Hypergeometric Double Sums. J. Symb. Comput. 128(102394), pp. 1-30. 2025.
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A simplified holonomic approach
— parameterized telescoping
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Telescoping .
GIVEN =

FIND a closed form for S(n).

Arose in joint cooperation with the JKU-Finite Element group.
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Telescoping .
GIVEN =

Intermediate step: a recurrence for P(k).
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Tel i
aven e — (= POV ()
2k 1 s (R 1);(2)p (1 — )
Sn) Tk T ; I ( 2 )
GIVEN _ .
Plh+2) = kIQ)IP(k L)

a closed form for S(n).
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Telescoping .
GIVEN =

e~ k+ = K 2
GIVEN (2h+3) .
+3)x
P(k+ 2) ) Plk+1)— mP(k)

forall 1 <k<mnandall n>1.
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Sigma computes| g(k) = %P(@ + ﬁP(k—f- 1):
2k+1
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foralll1 < k<nandall n>1.

VERIFICATION: (k) 2P0 Py Pk 4 1)

g(k+1)

depends on

P(k+1), P(k+2).
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Tel [
aven —: )= P ()
2k 1 s (R 1);(2)p (1 — )
S(n) Tk T ; T ( 2 )
GIVEN (2k+ 3)z k
Plk+2) = S P+ 1) = o PR,
Sigma computes| g(k) = %P(@ + ﬁP(k—f- 1):
2k+1
g(k+1) — g(k) = mp(k)

foralll1 < k<nandall n>1.
Summing this equation over k from 1 to n gives:

"2k +1 ozt nP(n) P(n+1)
k—l—lP()__a:—l_(n—i-l)(x—l) z—1

k=1
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GIVEN

ANSATZ:

go(k)P(k) + g1(k)P(k+ 1) such that

2k+1
= ——P(k).
E+1 (%)

g(k+1) — g(k)
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GIVEN
(2k+3)a k

Ty P D) = o b,

P(k+2) =
(k+2) ot 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

ol+1) = g(h) = 2P,

(3
[0k 1) PCE+ 1) + g (b 1) PCE+2)] — 00 (RIP(R) + 2 () PG+ 1)] = 2::11 P(R)




Part 3: The holonomic—difference ring approach

GIVEN

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

o+ 1) = g(h) = 2P,

)

[g0(k-+ 1P+ 1) + g1 (k+ VP (k+2)] = [g0 (W) P(R) + g2 () P+ 1)] = P(k)




Part 3: The holonomic—difference ring approach

GIVEN
CEE ST g1y~ p),

Pkt ) = 2R+ 3)T
(k+2) == Fr 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

(2k+3)z

+P(k+1)[go(k+ 1)+ P12

g(k+1)—g(k)] =0

2%+ 1
gl 1) = 9(b) = S5 (B,
(3
[0k 1) PCE+ 1) + g (b 1) PCE+2)] — 00 (RIP(R) + 2 () PG+ 1)] = 2::11 P(R)
(3
k %+ 1
P(k) [—mfh(k‘f‘ 1) — go(k) — m]




Part 3: The holonomic—difference ring approach

GIVEN
CEE ST g1y~ p),

Pkt ) = 2R+ 3)T
(k+2) == Fr 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

(2k+3)z

+P(k+1)[go(k+ 1)+ P12

gi(k+1)— g (k)] =0

2%+ 1
gl 1) = 9(b) = S5 (B,
(3
[0k 1) PCE+ 1) + g (b 1) PCE+2)] — 00 (RIP(R) + 2 () PG+ 1)] = 2::11 P(R)
(3
k %+ 1
P(k)[—mgl(k‘F 1) — go(k) — ] ]




Part 3: The holonomic—difference ring approach

GIVEN
(2k+3)a k

Ty P D) = o b,

P(k+2) =
(k+2) ot 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that
_ 2k+1

g(k+1) — g(k) = mp(k)-
f
k 2k+1
go(k) = _k+1gl(k+ 1) — ﬁ

————q(k+1)—q(k)=0




Part 3: The holonomic—difference ring approach

GIVEN
(2k+3)a k

Ty P D) = o b,

P(k+2) =
(k+2) ot 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that
_ 2k+1

g(k+1) — g(k) = mp(k)-
f
k 2k+1
w(h) =~ galk+ 1) - 22
1 Skgo(k)
(2k+ 3)x

go(k+1) + g(k+1)—g(k)=0

kE+2




Part 3: The holonomic—difference ring approach

GIVEN
(2k+3)a k

Ty P D) = o b,

P(k+2) =
(k+2) ot 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

2k+1
k+1) — glk) = ——P(k).
g(k+1) — g(k) ) (k)
f
k 2k+1
go(k) = —m91(k+ 1) - gy
k+1 (2k+3)z  2%k+3
—k+2g1(k+ 2) + ng(kJr 1) —aqi(k) = T2




Part 3: The holonomic—difference ring approach

GIVEN
(2k+3)a k

Ty P D) = o b,

P(k+2) =
(k+2) ot 1

ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

ol+1) = g(h) = 2P,

i 2%+ 1

B) = —— (k4 1)— 222

go(k) = =gy okt 1) = 57
 2%+3

k+1 (2k+3)z
_k+2g1(k+2) + ng(lﬁ‘l) —q1(k) = 2

Sigma computes:




Part 3: The holonomic—difference ring approach

GIVEN (2 3) L
+3)x

2P 1) — ——P(k).
k+2 (k+1) k+1 (%)

P(k+2) =
ANSATZ:  g(k) = go(k)P(k) + g1 (k) P(k+ 1) such that

(k4 1) — g(k) = 2L pp).

k 2k+1
k41 (2k + 3)z 2k+ 3
T e )~ =y

Sigma computes:

1 1+ k—z— 2k
B (z—1)(k+1) "




Part 3: The holonomic—difference ring approach

General case: telescoping

GIVEN f(%) := h(k) P(k)

and
P(k+ s+ 1) = ag(k)P(k) + - - - + as(k) P(k+ s).

FIND g(k) = go(k)P(k) + - + gs(k)P(k + s)

gk +1) — g(k) = J(F).

1. FIND a solution gs(k) for

Z a's_j(k+j)gs(k+j+ 1) — gs(k;) = h(k+1).
=0

2. COMPUTE the remaining go, ..., gs—1:

gO(k) = aO(k)gs(k+ 1) - h(k)a
gr(k) = ar(k)gs(k+1) + gr1(k+1), 0<r<s



Part 3: The holonomic—difference ring approach

General case: telescoping

GIVEN f(k) := ho(k)P(K) + - - - + hs(k) P(k + s)

and
P(k+ s+ 1) = ag(k)P(k) + - - - + as(k) P(k+ s).

FIND g(k) = go(k)P(k) + - + gs(k) P(k+ s)

g(k+1) — g(k) = (k).

1. FIND a solution g4(k) for
D skt skt i+1) = g5(k) = > hej(k+])
=0 §=0

2. COMPUTE the remaining go, ..., gs—1:

90(k) = ao(k)gs(k+ 1) — ho(k),
(k) = ar(k)gs(k+ 1) + gr_1(k+ 1) — h(K), O<r<s.



Part 3: The holonomic—difference ring approach

General case: parameterized telescoping

GIVEN  fo(k) := W (k) P(k) + - - + WO (k) P(k + s), . ..,

; fa(k) = B (R)P(R) + - - + WD (k) P(k + s)
an
P(k+s+1) = ag(k)P(k) + - + as(k) P(k+ s).

FIND g(k) = go(k)P(k) + - - - 4 gs(k) P(k+ s) and co, ..., ca:
(

g(k+1) — g(k) = cofo(k) + - - - + caf(k).

1. FIND a solution g4(k) and c,...,cq for

Zas j(k+9)gs(k+j+1) — gs(k —COZh (k4 j) + +cd2h(d) (k+37)
=0

2. COMPUTE the remaining go, ..., gs—1:

g0 (k) = ag(R)gs(k+1) = 320 _einl? (h),
(k) = ap(B)gs(k+ 1) + g1 (k+ 1) = 30 b,  0<r<s.



Part 3: The holonomic—difference ring approach

Summary: The PLDE problem in fields

> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce€ A|o(c) = c}
Note: K is a subfield of A.

Given (fi,...,fs) € A% 0+ (ag,...,an,) € AT
Find an appropriate E > A and a basis of

{(gaclw"acd)e]EXKd‘
ap g+ a1o(g) + -+ ano™(g) = 01f1+---+0dfd}



Part 3: The holonomic—difference ring approach

General case: parameterized telescoping

GIVEN  fo(k) := W (k) P(k) + - - + WO (k) P(k + s), . ..,

; fa(k) = B (R)P(R) + - - + WD (k) P(k + s)
an
P(k+s+1) = ag(k)P(k) + - + as(k) P(k+ s).

FIND g(k) = go(k)P(k) + - - - 4 gs(k) P(k+ s) and co, ..., ca:
(

g(k+1) — g(k) = cofo(k) + - - - + caf(k).

1. FIND a solution g4(k) and c,...,cq for

Zas j(k+9)gs(k+j+1) — gs(k —COZh (k4 j) + +cd2h(d) (k+37)
=0

2. COMPUTE the remaining go, ..., gs—1:

g0 (k) = ag(R)gs(k+1) = 320 _einl? (h),
(k) = ap(B)gs(k+ 1) + g1 (k+ 1) = 30 b,  0<r<s.



Part 3: The holonomic—difference ring approach

Application: multi-summation



Part 3: The holonomic—difference ring approach

Definite summation

Show that
e (T 50

-/

= P(n, k)

(A = B, M. Petkovsek, H.S. Wilf, and D. Zeilberger)



Part 3: The holonomic—difference ring approach

Definite summation

Show that
Sy e (T2 0)
s k S
k=0 s=0 k=0
= P(n, k)
Proof. We for both sides the same recurrence

—4(1+n)(3+4n)(5+4n)S(n)
—2(342n)(7+9n+3n2)S(1 + n) + (24 n)>S(2 + n) = 0.

Both sides agree at n =0, 1. O



Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k)P(n, k) + g1(n, k) P(n, k+ 1), co(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)

Sigma:




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k)P(n, k) + g1(n, k) P(n, k+ 1), co(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)

Sigma: .
No solution




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
c1(n)P(n+ 1,k)

Sigma:




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
e1(n) [bo(n, k) P(n, k) + by (n, k) P(n, k+ 1)

Sigma:




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
e1(n) [bo(n, k) P(n, k) + by (n, k) P(n, k+ 1)

Sigma: _
No solution




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n), ca(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
ci(n)P(n+1,k)+
ca(n)P(n+ 2, k)

Sigma:




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n), ca(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
1 () [ o, BP0, B) 4 ba(m, K P(n, kot 1)] +

(n [ﬁo(n,k n, k) + B1(n, k) P(n, k+ 1)]

Sigma:




Part 3: The holonomic—difference ring approach

Creative telescoping
GIVEN
P(n,k+2) = ap(n, k) P(n, k) + a1(n, k) P(n, k+ 1)

P(n+1,k) = by(n, k) P(n, k) + bi(n, k)P(n, k+ 1).

FIND g(n, k) = go(n, k) P(n, k) + g1(n, k) P(n, k+ 1), co(n), c1(n), ca(n):

g(n, k+1) — g(n, k) =co(n)P(n, k)+
1 () [ o, BP0, B) 4 ba(m, K P(n, kot 1)] +

(n [ﬁo(n,k n, k) + B1(n, k) P(n, k+ 1)]

Sigma:
g Solution




Part 3: The holonomic—difference ring approach

The holonomic-difference ring approach
— inhomogeneous contributions



Part 3: The holonomic—difference ring approach

General case: inhomogeneous contributions

GIVEN f(k) := ho(k)P(K) + - - - + ha(k) P(k + 5)

and
P(k+s+1) = ao(k)P(k) + - - - + as(k) P(k + s) + asy1(F).

FIND g(k) = go(k)P(k) + - + gs(k)P(k + s)
g(k+1) — g(k) = fk).

1. FIND a solution gs(k) for

Zas ik +Dgs(k+j+1) — hs—j(k+j).
Jj=0 j3=0

2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(k)gs(k + 1) — ho(k),
9r(k) = ar(k)gs(k+1) + gr—1(k+ 1), 0<r<s.



Part 3: The holonomic—difference ring approach

General case: inhomogeneous contributions

GIVEN f(k) := ho(k)P(K) + - - - + hy(k) P(k + 8)+hgy1 (k)

and
P(k+s+1) = ao(k)P(k) + - - - + as(k) P(k + s) + asy1(F).

FIND g(k) = go(k)P(k) + - + gs(k)P(k + s)
g(k+1) — g(k) = fk).

1. FIND a solution gs(k) for

Zas ik +Dgs(k+j+1) — hs—j(k+j).
Jj=0 j3=0

2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(k)gs(k + 1) — ho(k),
9r(k) = ar(k)gs(k+1) + gr—1(k+ 1), 0<r<s.



Part 3: The holonomic—difference ring approach

General case: inhomogeneous contributions

GIVEN f(k) := ho(k)P(K) + - - - + hy(k) P(k + 8)+hgy1 (k)

and
P(k+s+1) = ao(k)P(k) + - - - + as(k) P(k + s) + asy1(F).

FIND g(k) = go(K)P(K) + - - + gs(K) P(k + 8)+gs41(F) -
g(k+1) — g(k) = f(k).

1. FIND a solution gs(k) for

Zas ik +Dgs(k+j+1) — hs—j(k+j).
Jj=0 j3=0

2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(k)gs(k + 1) — ho(k),
9r(k) = ar(k)gs(k+1) + gr—1(k+ 1), 0<r<s.



Part 3: The holonomic—difference ring approach

General case: inhomogeneous contributions

GIVEN f(k) := ho(k)P(K) + - - - + hy(k) P(k + 8)+hgy1 (k)

and
P(k+s+1) = ao(k)P(k) + - - - + as(k) P(k + s) + asy1(F).

FIND g(k) = go(k)P(k) + - - - + gs(k) P(k + s)+gst1(k) :
g(k+1) — g(k) = f(k).

1.1. FIND a solution gs(k) for

Zas k+7gs(k+7+1)— hs—i(k+ j).
Jj=0 j3=0
1.2. FIND a solution g,y1(k)

gor1(k+1) = goy1(K) = hop1 (B) — aga (B)ga(k+ 1) |
2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(k)gs(k + 1) — ho(k),
9r(k) = ar(k)gs(k+1) + gr—1(k+ 1), 0<r<s.




Part 3: The holonomic—difference ring approach
General case: inhomogeneous contributions
GIVEN  fo(K) := h (R P(R) + - - + O (R P(k+ s) + B, (R), ..
fa(R) = KO (R)P(R) + - - + BSD (B)P(k+ s) + ', (k)
P(k+ s+ 1) = ag(k)P(k) + - - - + as(k) P(k+ s) + as1 (k).
FIND g(k) = go(k)P(k) + - - - + gs(k) P(k + s)+gs+1(k) and ¢, ..., cqg:
g(k+1) — g(k) = cofo(k) + - - + caf(k).

and

1.1. FIND a solution g4(k) and c, ..., cq for

Zas k4D gs(k+j+1) = gs(k _COZh(O) (k+ ) + +Cth (k+3)

7=0
1.2. FIND a solution g,y1(k)

gsp1(k+1) = goyr (B) = cofi)y (B) + -+« + cafs Py () — aspr (R)gs(k+ 1)
2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(R)gs(k+1) = 20 cn (),

gr(k) = ap(B)go(k+1) + groa (k4 1) = () = 3°0 ehP(h),  0<7<s.




Part 3: The holonomic—difference ring approach 91

Summary: The parameterized telescoping problem in fields
> A difference field (A, o) is a field A with an automorphism o : A — A.

> The set of constants is defined by
K = const,A ={ce A|o(c) = c}

Note: K is a subfield of A.

Given (fi,...,f;) € Ad

Find all g€ A and (c1,. .., cq) € K< with
o(9)—g= i fi + -+ caly

Parameterized telescoping




Part 3: The holonomic—difference ring approach
General case: inhomogeneous contributions
GIVEN  fo(K) := h (R P(R) + - - + O (R P(k+ s) + B, (R), ..
fa(R) = KO (R)P(R) + - - + BSD (B)P(k+ s) + ', (k)
P(k+ s+ 1) = ag(k)P(k) + - - - + as(k) P(k+ s) + as1 (k).
FIND g(k) = go(k)P(k) + - - - + gs(k) P(k + s)+gs+1(k) and ¢, ..., cqg:
g(k+1) — g(k) = cofo(k) + - - + caf(k).

and

1.1. FIND a solution g4(k) and c, ..., cq for

Zas k4D gs(k+j+1) = gs(k _COZh(O) (k+ ) + +Cth (k+3)

7=0
1.2. FIND a solution g,y1(k)

gsp1(k+1) = goyr (B) = cofi)y (B) + -+« + cafs Py () — aspr (R)gs(k+ 1)
2. COMPUTE the remaining go, ..., gs—1:

go(k) = ao(R)gs(k+1) = 20 cn (),

gr(k) = ap(B)go(k+1) + groa (k4 1) = () = 3°0 ehP(h),  0<7<s.




Part 3: The holonomic—difference ring approach

Strategy:

GIVEN .
S(n) =Y f(n, k)P(n, k)
k=0
where P(n, k) is a definite sum and f(n, k) is an RIIX*-term.

1. Try to compute recurrences

P(n,k+ s+ 1) = ag(n, k) P(n, k) + - - - + as(n, k) P(n, k+ 5) + as1(n, k)
P(n+1,k) = bo(n, k) P(n, k) + - - - + bs(n, k) P(n, k+ ) + bsr1(n, k)

for some s > 0.

2. Try to compute a recurrence for S(n) (as showed above).



Part 3: The holonomic—difference ring approach

Strategy:

GIVEN .
S(n) =Y f(n, k)P(n, k)
k=0
where P(n, k) is a multi-sum and f(n, k) is an RIIX*-term.

1. Try to compute (recursively) recurrences

P(n,k+ s+ 1) = ag(n, k) P(n, k) + - - - + as(n, k) P(n, k+ 5) + asy1(n, k)
P(n+1,k) = bo(n, k) P(n, k) + - - - + bs(n, k) P(n, k+ ) + bsr1(n, k)

for some s > 0.

2. Try to compute a recurrence for S(n) (as showed above).



Part 3: Applications in number theory — A case study for ¢(4)

Highlights related to number theory

> Apéry’'s double sum is plain sailing indeed (2007)

> When is 0.999... equal to 17
(joint with R. Pemantle; 2007)

> Gaussian hypergeometric series and extensions of supercongruences
(joint with R. Osburn; 2009)

> A case study for ((4)
(joint with W. Zudilin; 2021)

> Error bounds for the asymptotic expansion of the partition function

[compare Hardy-Ramanujan, Wright, Rademacher, Lehmer, O'Sullivan]

(joint with K. Banerjee, P. Paule, C.-S. Radu; 2023)

> Asymptotics for the reciprocal and shifted quotient of the partition
function (joint with K. Banerjee, P. Paule, C.-S. Radu; 2024)



Part 3: Applications in number theory — A case study for ¢(4)
[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3

ml (2n — m)!
(t+n+1)p (t+n+1ap_m ( n! )2
(t)nt1 (H)2n—m+1 (Dn+1

and

R = R = g 2 Z( > (- i) e,

2n m+1




Part 3: Applications in number theory — A case study for ¢(4)

[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3

ml (2n — m)!
(t+n+ 1) (t+n+Dap_m ( n! )2
(t)nt1 (H)2n—m+1 (Dn+1
and
=N % ol (t—n)2n-m 2n—m—+ 7\ (t—j)n
BH) = Bumlt) = (t)nr1(t)2n—mt1 Z( ) ( ) nl
Then B
1 = dR(t)| 1= BR(Y)
3 > dt - EZ a2 | _
v=n—m+1 = v=1 t=v
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[Arose in the context to explore rational approximations of ((4)]

Theorem (CS, Sigma, Zudilin) For integers n > m > 0, define two
rational functions

R(1) = Ryu(t) = (-1 (14 2) 2 (2 20 W20

ml (2n — m)!
(t+n+1)n (t+n+Donm [ o\
) (t)n—l—l (t)2n—m+1 ((t)n+1>
and
= ol (t—1n)2n-m 2n—m+ 7\ (t— 7
R(t) B Rn’m(t) B (t)nJrl 2n— m+1 Z ( ) ( ) n! '
Then
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Proof tactic: Both sides of

satisfy the same recurrence:
ag(n, m)Z(n, m) + a1 (n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0
with
ag(n, m) = (2n— m)3,
a1(n,m) = —(4n—2m — 1)(6n* — 24n®m + 22n*m? — 8nm?® + m* — 24n°
+ 30n%m — 1dnm? + 2m? + 8n? — 10nm + 2m? — 4n + m),
as(n,m) = —(2n—m —1)>(4n — m)(m + 2).
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Proof tactic: Both sides of

satisfy the same recurrence:

ag(n, m)Z(n, m) + a1 (n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

=5(n,m)
n oo n—1 n
RHS = é(zz Gi1(n, m, j, 1/)+Z Z Ga(n, m, j,v)
=0 v=1 7=0 v=j+1

+ ii Gs(n, m, j, 1/))

j=1v=1
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n oo n\ 2 (j—m+2n v idu4m
s<n,m)=ZZ( () (T (4 9)mgan( =i+ v+ W) 14
S\t v+ M+ v 1) _pan( + Wiy — m+20)°

2 j ! S
x (@m0 —m+ (=== = =g - B)

+251(v+n) —S1(v+2n) —S1(v —m+3n) —Si(—j+v+n)
+Sl(u—m+2n)+51(—j+u+2n))

1
_y(]—u—n)(u—m+2n)(—m—Sl(v)+251(u+n)—51(u+2n)
—Sl(u—m+3n)—Sl(—j+I/+n)+Sl(u—m+2n)+31(—j+u+2n))

1
+u(u+n)(u—m+2n)(—m—Sl(u)+231(u+n)—sl(u+2n)
7S1(1/7m+3n)731(7j+u+n)+Sl(ufm+2n)+5'1(7j+u+2n))
1

—G—v— mtom) (- —— g8 28
G=v=mEtn-mt2mn(- = = S10) + 2510 + 1)
— S1(vr+2n) — S1(v —m+3n) —S1(—j+v+mn)

+ S1(v —m+ 2n)+Sl(—j+V+2n))

+u(j—u—n)(u+n)(u—m+2n)(— m — So(v) +2S52(v +n)

— Sa(v +2n) — Sa(v —m+3n) — Sa(—j+v+mn)
+ 8a(v — m+ 2n) + Sa(—j+ v + 2n) )
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+ 4G+ n)(v + n) —3(V+n)2 + n(—m+ n) —j(m+2n))
,2(1/+n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7 m — S1(v)

+251(v+n) = S1(v+2n) — S (v —m+3n) — S1(—j+v+n)
+Sl(l/—m+2n)+51(—j+l/+2n))
+2jn(m = n) + 2G+ W) (v + 1) = (v + )® = (v + n) (n(m — n) + j(m + 2n)) )

— 30— met 20 (= vl =)=t 20— e =S )

+251(v+ 1) — S1(v+2n) — S1(v — m+3n) — S1(—j+v+n)
+Sl(u7m+2n)+51(fj+u+2n))

+ 2jn(m — n) + 2(j + n)(u+n)2 - (u+n)3 — (v +n)(n(m—n) +j(m+2n)))

v

—j+v+2n

= S1(v) +281(v +n) — S1(v +2n) = S1(v = m+3n) — S1(—j+v+n)

+ 81(v — m+ 2n) + S1 (=i + v + 2n) )

— (V+n)(1/7m+2n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7

+2jn(m = n) + 2G+ W) (v +n)? = (v + w)® = (v + n) (n(m = n) + j(m + 2n)) )
x (= S1(v+mn)+ S1(v +2n))
1
—j+v+42n
—S1(v)+25(v+n)—S1(v+2n) — S1(v—m+3n) — S1(—j+v+n)

+(V+n)(u7m+2n)(7u(j7ufn)(u+n)(ufm+2n)(f
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+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(u+n)2 — (V+n)3 — (V+n)(n(m7 n)+j(m+2n))>
x (= S1(v) + S1(v — m+ 2n))
1
—j+v+2n
= S1(¥) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) — S1(—j+v+n)

—(v+nv—m+ 2n)(— v(ij—v—n)(v+n)(v—m+ 2n)(—

+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(t/Jrn)2 — (V+n)3 — (v +n)(n(m— n)+j(m+2n))>
X (= S1(v+n)+ Si(v — m+ 3n))
1
—j+v+2n
= S1(v) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) — S1(—j+v+n)

+(u+n)(u—m+2n)(—u(j—u—n)(l/+n)(u—m+2n)(—

+ 81(v —m+2n) + S1(—j+ v+ 2n))
+ 2jn(m — n) + 26+ n) (v +n)° — (v +n)°
= W+ n)(n(m = n) + j(m + 2n)))

1
x (— m —Sl(-]+l’+”)+Sl(—J+V+2")))>
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S(n,m) :ZZF(n,m,j,l/)

7=0 v=1
T(n7 m7j)

Sigma.m with
DR-creative telesoping

00(71, ma]) T(na ma]) + al(na ma]) T(na m,j+ 1)
+ a2(n7 ma]) T(na m,j+ 2) = ag(n, m, ])
T(n7 ,m+ 1) = bO(”? m, J) T(nv m, ]) + bl(n7 m, ]) T(?’L, m,j+ 1) = b2(na m, ])
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S(n,m) :ZZF(n,m,j,l/)

7=0 v=1
T(n7 m7j)

Sigma.m with
DR-creative telesoping

(l()('fl, ma]) T(’fl, ma]) + 01(7L, m?]) T(TL, m7]+ 1)
+ a2(n7 ma]) T(”? ma]+ 2) = a3(nv m, ])
T(”v ,m+ 1) = bO(”v m, ]) T(’I’L, m, ]) + bl(n7 m, ]) T(’I'L, m7]+ 1) = bQ(TL, m, .7)

Sigma.m with
Holonomic-DR approach
(2n — m)®S(n, m)

— (4n—2m—1)(6n* —24n®m+22n?m? — 8nm? +m* —24n> + 300> m—14nm?
+2m> + 8n% — 10nm + 2m?* — 4n+ m)S(n, m + 1)
— (2n—m—1)3(4n— m)(m+ 2)S(n, m+ 2) = R(n, m)
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Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:

ag(n, m)Z(n, m) + aqr(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

SigmaReduce

=5(n,m)
n oo n—1 n
RHS = é(zz Gi1(n, m, j, 1/)+Z Z Ga(n, m, j,v)
=0 v=1 7=0 v=j+1

+ ii Gs(n, m, j, 1/))

j=1v=1
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Proof tactic: Both sides of

1 i drR(t)| li P R(t)
dt |_, 6 e |
v=n—m+1 v v=1 v

satisfy the same recurrence:

ag(n, m)Z(n, m) + ai(n, m)Z(n, m+ 1) + as(n, m)Z(n,m+2) =0

Finally, check 2 initial values: another round of non-trivial summation...



Part 3: Applications in particle physics

Part 3: Applications

> combinatorics

> special functions
> number theory
P statistics

P> numerics

P> computer science

» elementary particle physics (QCD)
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

behavior of particles



Part 3: Applications in particle physics 103

Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

mﬁ@:ﬁj}m /@(n, €, z)dx

behavior of particles

Feynman integrals
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Feynman integrals

1
/ 2" dx
0



Part 3: Applications in particle physics

Feynman integrals

1
/ (14 2)" dz
0
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Feynman integrals

1.,.n n
1
/de
0

(1 —xz)ltte
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Feynman integrals

1+x1
// 1—.1‘1 1+E...d.’L'1d.’EQ
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Feynman integrals

(1 + z)
/// i_mlll+5...dx1dl'2dx3
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Feynman integrals

(1 +x)
/ / / / 1—.'1,‘1 11+5 e d.Z'l dxg dl'g d£E4
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Feynman integrals

(1 + 1)
/ / / / / i_wl 11+€ ... dxy dry das dxy dzs
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Feynman integrals

(1
////// 1_‘;‘1$11+6,..d$1d$2d$3dx4dx5dm6
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Feynman integrals
n—3 (n—l) <j+ 1)
s \it 2/ \k+1
' n—j+k
xy 1+x J
X////// 11—3:11-#8 oo day dp dwy day dzs dae

I
M“
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LpEa s
Feynman integrals %ﬂm{:T
a 3-loop massive ladder di-

s i agram [arXiv:1509.08324]
>0
jr2 ) \k+1

j=0 k=0

xA{A{A{A{Aiﬂwﬂ—n%—%xl—@Xl—MWf

(1 o x2)—a$i/2—1(1 _ x4)5/2_1x§_1mg€/2

[—a3(1 — 24) — 24(1 — 25 — 76 + 2521 + 7623)]"

F[as(1— 1) — (1 — @a)(1 — @5 — 26 + 531 + 2623)]"

X (1 — a5 — 26 + 2511 + xﬁxg)j_k(l — xg)"_3_j

X [o — (1 — 25 — 26) — 2501 — x6:1:3]"_3_j dxy dxo dxs dzy dos dag
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

mﬁ@:ﬁj}m /@(n, €, z)dx

behavior of particles

Feynman integrals
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

m@m / O(n, €, z)dx

behavior of particles

Feynman integrals

DESY

> fin,e k)
complicated
multi-sums
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

m@mm /<I>(n, €, z)dx

behavior of particles

Feynman integrals

DESY

Zf(n, €, k)

expression in complicated
special functions (Sigma-package) multi-sums

advanced difference ring theory
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LpEa s
Feynman integrals m@
a 3-loop massive ladder di-

agram [arXiv:1509.08324]

([

j=0 k=0

></01/01/01/01/01/019(1—935—%)(1—362)(1—%4)?62_6

(1 o x2)—a$i/2—1(1 _ 334)8/2_195?_11'(;6/2

[—a3(1 — 24) — 24(1 — 25 — 76 + 2521 + 7623)]"

F[as(1— 1) — (1 — @a)(1 — @5 — 26 + 531 + 2623)]"

X (1 — a5 — 26 + 2511 + xﬁxg)j_k(l — xg)"_3_j

X [o — (1 — 25 — 26) — 2501 — x6:1:3]"_3_j dxy dxo dxs dzy dos dag
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j’s’ LR

. L= F_3(n)€_3 + F_Q(n)6_2 =+ F_l(n)a_l + Fo(n)
Simplify I

k —j+n—3 —lHn—q¢g—3 —lHn—qg—s-3

n— J

Sy 22 2 2 T
=0 k=0 =0 =0

(i*i)(’?)(?;é)( e ”"s A S f‘s‘?’)r!(—l+n—q—r—s—3)!(s—1)!
(g2~ D) (= g—1—s—2) (gF5+1)

451(—j+n—1) =481 (—j+ n—2) — 25, (k)
—(Si(=l+n—qg—2)+S1(-l+n—qg—1r—5—3) =251 (r+s))

+281(s— 1) — 281 (r+ s)| + 3 further 6-fold sums
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Fo(n) |=
o US| (2D K
(- 32 (D - Bysit 4 (3 - -0m)s
+ (242(=1)")S2,1(n) — 285_21(n) + 220((_?:))5 (n) + (Z + (=1)") S2(n)?
—2(=1)"S_a(n)% + S_3( )(2(?n+1 + (26 +4(-1)") S (n)+4i:rl)1n)
+ (% - —)sz(n + S_2(n) (1081 (n)? + (%
4n(?"+1 )S1 %4—(—22%—6(—1) )Sg(n)—ﬁ)
(% 29) a0 + (5~ 2(-1))$4(m) + (= 64 5(-1)") S_a(n)
(- % - %)Sg,l(n) + (20 + 2(=1)") S2,—2(n) + (— 17+ 13(=1)") S3,1(n)
_8(=1)"(2n+1) +4(9n+1)

Wt 1) S_2.1(n) — (244+4(—1)")S—_3,1(n) + (3 —=5(—1)") S2,1,1(n)

+828 5,140 + (‘;’Sl(n)? LA 2(—1)"52(@)4(2)
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Fy(n) |=
7 17n 4+ 5)81(n)3 35n2 —2n—5 13S:(n) 5
Esl(")4+( - '- e ( 2n2(n + 1)2 22( : (2n2 )5
+( By + (2 - st
, 20(—1)" 3 .
+(2+2 / (, n +W)S 1(n) + (4+(—1)))5>*2(n)2
. 2(3n — 4(~1)"
—2(=1)"S_2(n)? + S_3(n)( MRS +(26+4( 1)™) S1(n) + n+1)
(—1)™(5 — 3n) 8(~1)"(2n+ 1)
—+ (72n2(n+ 1) — 7)Sz(n + S_ 2(71)(1051 n)2 +( n(n+ 1)
4n(?n+1 )5 () f?)jl (=224 6(=1)) Sa(m) - n(n1-6|— D)
= TL)(n(inJS) §Z> 3(n)+(§‘2<—1)")S4(n)+(—6+5(—1>")S—4(">
(- % = )0 () + (204 2(-1)") S5, a(m) + (174 13(-1)") S50
_ 8(_1)"(2’;;;2 ;34(9"+ Y o1 (n) = (244 4(=1)") S_g.0 (m) + (3 — 5(=1)") Sa.1.1 ()

+ 325_2’171(n) + <2S1(n)2 - &n(n) + 2(_1)ns2(”)> <(2)
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F()(n) =

17n 4+ 5)81(n)3 35n2 —2n—5  13S2(n)  5(—1)"
: - '- A 202 (n+ 1)2 22( ) (2n2) )Si(m)?
)

7
< 4
TG

—2(=1)"S_2(n)* + S_3(n)( n(n+ 1

—1)"(5 — 3n 5 8(_1)"(2m 1 1
+ (G = o) San) + S-a(m) (08, (n? + (R D

4(3n—1)

Mn+D)&“°+g%%;§§;9+(—22+&—Dﬂ&00—;é€7ﬁ

(% a 3) 3(n) + @ —2(=1)")S4(n) + (= 6+ 5(—=1)")S_4(n)

" % = 2)0 (1) (204 2(-1)") 82,2 () + (= 17+ 13(-1)") S0 (n)
_8(—”"@2;;&54@n4-ngilﬂn)—(24+4&4yﬂ57&“n)+(3_5(_Dn»$JJ(m

+828 5,140 + <‘;’Sl(n>2 LA 2(—1)"52(@)4(2)
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Fy(n) |=
7 17n 4+ 5)81(n)3 35n2 —2n—5  13S2(n)  5(—1)"
Esl( )4+( x '- e ( 2n2(n + 1)2 22( ) (277,2) )$1(n)?
+( )
+ (242
- 2(—1)"572;& +5-g(m (22D
—1)7(5 ~ .
+((2n)2((n-} - 1 n
L ABn-1) i ZE ) Sa(n) — 16 )
e D Pl SN
+( =1 (—6+5(=1)")S_4(n)
n(n +
b S =2 2 .
+ (- i i=1 2(n) + (— 174+ 13(=1)") S3,1(n)
L Ol (2%254@"“) S21(n) — (244 4(-1)")S 5.1 (n) + (3 — 5(—1)") S2,1.1(n)

v 3 39 3
+ 325727111(7’&) + (231(71)2 — %

+ 2(—1)"52(n)>4(2)
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Example (2): a 2-mass 3-loop Feynman integral
[arXiv:1804.02226]

All diagrams are produced with axodraw (J. Vermaseren).
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Example (2): a 2-mass 3-loop Feynman integral

[arXiv:1804.02226]

Mellin-Barnes-
and , F-technologies

~N

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums




Part 3: Applications in particle physics — symbolic summation

Example (2): a 2-mass 3-loop Feynman integral

[arXiv:1804.02226]

Mellin-Barnes-
and qu-technoIogies\

7

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Typical triple sum:

‘ _ _ _1y2—k _ _ 3ey
Z Z Z (4+e)( 2+n)(2+1:—n)mr( 1) % 92 2+ee 5 nkx
0i=0 k=0

n o J

J

D= § —iARD(— 1= 5T+ 5T+ (U teti—BT (= 3 +HTA—e+HT B—e+BD(— 3 — S +8)

D(—3-5)N(3+5)rE+)T (IR 2—i+)T (2—e+RT(§ —e+H)T(— §+BT(5+ 5 +n)
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Example (2): a 2-mass 3-loop Feynman integral
[arXiv:1804.02226]

expression (95 MB) with
Mellin-Barnes- .
and , F,-technologies * 150 single sums
- g, e 1000 double sums
e 12160 triple sums
e 1555 quadruple sums

Typical triple sum:

. - - —1)2-k _ _3ey
Z Z Z (4+e)( 2+n)(2+1:—n)mr( 1) % 92 2+ee 5 nkx
0i=0 k=0

T(1—§ —i+i+RT(=1- )T+ §)TU+DT (I +e+i—HT (= 4HT(1—e+HTB—c+HT (-5 -5 +k)

n o J

J

D(—3-5)N(3+5)rE+)T (IR 2—i+)T (2—e+RT(§ —e+H)T(— §+BT(5+ 5 +n)
6 hours for this sum

~ 10 years of calculation time for full expression
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Example (2): a 2-mass 3-loop Feynman integral

[arXiv:1804.02226]

Mellin-Barnes-
and , F-technologies

~N

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums




Part 3: Applications in particle physics — symbolic summation

Example (2): a 2-mass 3-loop Feynman integral

[arXiv:1804.02226]

Mellin-Barnes-
and , F-technologies

~N

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
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Example (2): a 2-mass 3-loop Feynman integral
[arXiv:1804.02226]

sum | size of sum | summand size of time of number of
(with €) constant term | calculation indef. sums

Ty 17.7 MB 266.3 MB | 177529's (2.1 days) 1188

n—4 i3—1 oo

S5 232 MB 1646.4 MB 980756 s (11.4 days) 747
i3=3ip=0i1 =0
n—4 oo
S 67.7 MB 4583 MB 524485 s (6.1 days) 557
in=3 i1 =0
> 38.2 MB 90.5 MB 689100 s (8.0 days) 44
i1 =0
n—3i4—2 i3 i3
SS3 33 1.3 MB 6.5 MB 305718 s (3.5 days) 1933
ig=21i3=01i9=01i1 =0
n—4 i3—1 g
S5 > 11.6 MB 32.4 MB 710576 s (8.2 days) 621
i3=3 iy =0 i =0
n—4 g
>3 4.5 MB 5.5 MB 435640 s (5.0 days) 536
ip=31i] =0
n—4
3 0.7 MB 1.3 MB 9017s (2.5 hours) 68

i1 =3
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Example (2): a 2-mass 3-loop Feynman integral

[arXiv:1804.02226]

Mellin-Barnes-
and , F-technologies

~N

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

EvaluateMultiSums.m
(3 month)

expression (154 MB)
consisting of 4110 indefinite sums
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Example (2): a 2-mass 3-loop Feynman integral
[arXiv:1804.02226]

Most complicated objects: generalized binomial sums, like

=1

221 — )" =

j=1

B (22)

X
1=
.
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Example (2): a 2-mass 3-loop Feynman integral
[arXiv:1804.02226]

expression (95 MB) with
Mellin-Barnes- .
and , F,-technologies * 150 single sums
- g, e 1000 double sums
e 12160 triple sums
e 1555 quadruple sums

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

EvaluateMultiSums.m
(3 month)

expression (8.3 MB)
consisting of
74 indefinite sums

Sigma.m (32 days) | expression (154 MB)
consisting of 4110 indefinite sums
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Evaluation of Feynman Integrals

~.D

Behavior of particles

/(D(n,e, x)dx

Feynman integrals

DESY

Dy= Ay
coupled systems of
linear DEs
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Evaluation of Feynman Integrals
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Guess and solve

coupled systems

for flz) = Z P(n)a"
n=0

SolveCoupledSystem. ml

large no. of moments,
say P(0),..., P(10000)
lguessing (ore_algebra in Sage)
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Example (J. Blimlein, P. Marquard, CS, K. Schénwald. Nucl. Phys. B 971, pp. 1-44. 2021)

In[l]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

In[2]:= initial =< < iFile16



Example (J. Blimlein, P. Marquard, CS, K. Schénwald. Nucl. Phys. B 971, pp. 1-44. 2021)

In[l]:= << Sigma.m

‘ Sigma - A summation package by Carsten Schneider © RISC-Linz ‘

In[2]:= initial =< < iFile16

Out[2]= {37,34577/1296,7598833/151875,13675395569/230496000

475840076183 /7501410000, 1432950323678333 /21965628762000,

21648380901382517 /328583783127600,

52869784323778576751 /802218994536960000,

49422862094045523994231 /753773992230616156800,

33131879832907935920726113 /509557943985299969760000,
5209274721836755168448777 /80949984111854180459136
56143711997344769021041145213 /882589266383586456384353664,
453500433353845628194790025124807 /7217228048879468556886950000000,
14061543374120479886110159898869387 /226643167590350326435656036000000,
715586522666491903324905785178619936571168370307700222807811495895030000000,
16286729046359273892841271257418854056836413 / 269396588055480390401343344736943104000000,

1428729642632302467951426905844691837805299 /23940759575034122827861315961573673600000,

498938690219595294505102809199154550783080767 /8468883667852979813171262304054002720000000,




uess and solve 1

In[3]:= rec =<< rFilel6

outBl= (n+ 1)*(n + 2)%(2n + 3)(2n 4 5)(2n + 7)(2n + 9)(2n + 11) (3092376453121132 + 38256884318208n°" +
2282100271087616n°° + 87428170197762048n%° + 2417273990256001024n°® + 51388547929265405952n°" +
873862324676687036416n°° + 12209268055143308328960n>° + 142860861222820240162816n2* +
1419883954103469621510144n%° + 12115561235109256405319680n°2 + 89479384946084038000803840n%" +
575561340618928527623274496n°° + 3239547818363227419971647488n"° + 16009805333085271423330779136n'° +
69631814641718655426881659392n"" -+ 266892117418348771052573667328n'° +
901901113782416884441719270144n"° | 2685821385767154471801366647296n"" +
7038702625583766161604414471744n"> + 16195069575749412648646633248128n'% +
32602540883321212533013752639288n 1" + 57154680141624618025310553466704n 0 +
86710462147941775492301231896818n° + 112017328975807075881545543668548n° +
124873767581470867343743078943772n" + 115624836314544572769501784072647n° +
87938536330971046886456627610048n° + 53481897815980319933589323279298n" +
25000430622737750756669804052204n° + 8430930497463933665464836129855n° +

1825177817831282261293155379650n + 190428196025667395685609855000) (2n + 1)41 P [n]



ss and solve

—(mn+2)%2n+3)%(2n + 7)(2n + 9)(2n + 11) (12369505812480n38 + 1613151061671936n° +
101748284195864576n°° + 4135139115563745280n>° + 121713599527855849472n>* +
2765050919624810430464n>° + 50453046277771391664128n°2 + 7597605074770656230974976n°" +
9628262076527899425374208n° + 104191253579306374131613696n2° | 973595596739520084325171200n2% +
7924537790312611436520013824n°" + 56571687381518195331462463488n°° +
356133102136059681954436399104n>° + 1985507231916669869451824553984n2* +
9836060321685410187563260035072n>° + 43406506634905372676489415905280n%2 +
170945808151999530921656848106496n>" + 601507760131008511164113355409920n%° +
1892149418896523531194676203153920n"° + 5321173806292333448534132495165440n"° +
13370912745727662541153592039812160n"7 + 29987002021632029091547005084057760n'° +
59921270253255984811455083696758912n"° | 106434458966741189159011567116493072n% +
167533688453539238956436945725341004n "> + 232781742346547554435545097479210510n'2 +
284125621128876904663642986868770746n"" + 302806836393712159148051277734975424n"0 +
279679164311116651162116055961513301n° + 221781415386984655607595031093415136n° +
149214365004640710156345950062395186n" + 83882523964213110328265187672574356n° +
38609679702395410742361774562392789n° + 14149471988638475521561721269939086n" +
3963748138857399502678254262169734n° + 795659668131014454843348852372480n° +

101701393436276172443717692853400n + 6204709909986751913151675960000) P [n —‘l_ 1]



+2(n + 3)°(20 4 5)°(2n + 9)(2n + 11) (24739011624960.;“ + 3317836466356224n” + 215508170284466176n"" + 9032884062187945984n" +

274636 * 4 61798400°° + 12209457 * + 19093872257 * + 251801 ? 4
28417 * 4 27757944007 n™ + 2367 760" 4 17762431: 120384n”° -
1178515602115604757944201871360n" + 6947 4193237 * 4 48187021 * 4 171621148571344894953594594017280n"" +
722837793013976317556258: > 4 9079144970427 2 4 12007 +

5557 1172480 + 777861, *® 4 191877161455672780973502244537632256n' +

424953221702 5648 -+ 8438 093 4 1193531 o

7 7 7 ** 4 3355671771434535852147325502671953770n " + 41 .
462767577 " 4 447317596051 4+ 376 1516781307249585n° +

7 4 ° + 168338321 127734850 4 B71926653651504419744271839781064837n" +
371 1229941470° + 1264279 n' + 3130° +
621 7 774107 ? -+ 74829807 + 43

769 511794000) P [n +2]



—2(n + 4)° (20 4 5)(2n + 7)°(2n + 11)(24739011524950n‘° + 332278 12160"° + 2 112056n" + >

+

12960 + 7331107315712n°° + n 4+ 1 4 15360 +

84181241 4 282044 * | 24120717233320712351821332480n"° + 181295944 167016960
7 T 471 114436136213413888n"° -+ 37496933571993830665302189775872n" + 176616172467048962234270428880896n" +

74553921 7 > 4 128960 + 9618 124468067 2?4

1 0 4 7563416477312n"" + 2004541 1428381 .

461 7oy 18847407251573152n"° + 1 1 ®

251 4509968791 't 4 7897282630n"" + 44790661 179511912639638n"" +

s

+

1 n'' + 481 o4
207047 ° 4 184527413199401 753370’ + 962091291302144537393228847830431614n° +
412595 ° + 1415407 7779647013785485n" + 37 ? 4+
7074865777225416725452872895397100n° + 85879411 131, + 12603615 ) P [n +3]




ss and solve 23

+(n+5)°(2n + 5)(2n + 7)(2n + 9)* (12369505812480n38 + 1546355730284544n° + 93441851805138944n°° +
3636063211393908736n°° + 102413434086873890816n°% + 2225107112182077718528n°° +
38808234188348931964928n°2 + 558299807912629375074304n°" + 6755648626273815474733056n°° +
69769132238801205785001984n° + 621900006220029229458259968n%° -+ 4826558182244413850688946176n° +
32840774268722977511855751168n°° + 196981883700048989849717882880n%° +
1046061529031136798450810839040n>* + 4934888224954929426023144030208n%° +
20735286278224836075286873214976n%2 + 77745549200390911029444008457216n% +
260448286122609254214904458392064n° + 780087654447729149285799146869248n"° +
2089276462852113795051294249728512n"° 4 5001456921015163002705347586646080n" " +
10691068512696184477385875851523744n"® + 20374769440121072185247660725156544n"° +
34542976501702600883669655947085712n" | 51947527795197316142253213880200764n "> +
69039779136078090572935768218052854n"2 + 80712286124402599779679594199103258n" ! +
82519759833385882007812859351392458n " | 73248127158607338722648198918322201n° +
55935262205790259307904762197107653n° + 36322355479155199114489624391144238n’ +
19756597118002557191991191826327042n° + 8822212911433711339358062994077203n° +
3145597282374650512689680780380605n" + 859907105684964990690798899478888n° +
168963309995629650025632011492580n + 21205680751316222158938757272000n +

1274120732351744651 125603886400) P [n + 4]



uess and solve

—(n+5)%m+6)*(2n + 5)(2n + 7)(2n + 9)(2n + 11)* (3092376453121132 + 28361279668224n°" +
1249518729297920n%° + 35220794552352768n%° + 713726163159089152n%% + 11076866026783113216n° +
136959486138712588288n%° + 1385658801437173350400n%° + 11691772665924577918976n2% +
83438339505976242995200n%° + 508989054278115477684224n° + 2675508113418826174332928n%" +
12193213796145039633072128n%° + 48399020537651722726242304n"° + 167881257973769248139515904n"° +
510012482113388176546187776n" ' + 1358662126092561923541267968n"° + 3174925021159974655053814528n"° +
6504205668151125355938798848n % + 11663792381020901870157176128n"> +
18263581057905911985340656960n'2 + 24881010123632244515458585528n" 1 +
29346856353503020415409305704n" + 29775859546803351930591002266n° + 25770328899499991754425455738n° +
18817114309842270306167785140n" + 11424980760825630752861027739n° + 5656051955667821083952617134n° +
2221448212382554437709999491n" | 664859653803075491350122060n° + 142190920852333874895041748n> +

19313175036907229252501700n + 1248723341516324359641600) P [n +5] —_——



Guess and solve

In[4]:= recSol = SolveRecurrence[rec, P[n]]



Guess and solve

In[4]:= recSol = SolveRecurrence[rec, P[n]]

(34 2n)(3 + 4n)
outld]= {{o0, —(1 TRR(1 T )2 }
0 _(3+2n)(—8—9n+2n2)}
’ (1 +n)2(1 + 2n)? " n 1
B+2m)) = 23+2m))
{0_(3+2n)(—5+8n2) i1 n i=1 _1+22}
" 2(1+n)2(1 + 2n)2 (1+n)(1+2n) (1+mn)(1+2n)
o (3+2n)(— 513 — 2184n — 2416n® + 768n%)  14(3+2n)>1_, &
o, 2(1 +0)°(1 + 20)° (1+n)(1—|—2n) +(-
2(3+2n)(3 +44n + 4802)  48(3+20) 11, 5
(1 4+mn)2(1 4+ 2n)? (1+n)(1+2n )Z +
12(3+20)(X0, 1) | 86+ 20) X gy
(1 +n)(1 + 2n) (1 +n)(1 + 2n) B
4(3+2n)(3+44n+480%) 31, 15 48(3+2n)(Xf, ﬁ)z}

(1+mn)2(1+2n)? (1+n)(1+2n)



Guess and solve

1

{0, ————— (72519 + 5723430 + 18147160 + 2918100n° + 2442240n* + 912896n° + 24576n° —
16(1 4+ n)4(1 + 2n)4
16(3+2n) 5, & 3 + 2n) (29 + 307n + 322n° 4434 20) X0 = L & 1
491520") + tis +(_( +20) (29 + 307n + 322n%) 1 E21 1
3(1 4 n)(1 + 2n) 4(1 4 n)2(1 + 2n)2 (1+n)(1 + 2n) = i2
( (3 + 2n) (91 + 259n + 974n? + 1784n° + 1024n?)  22(3+2m) X0, 5 2B +20) Uil e
4(1 +1n)3(1 + 2n)3 (1 +mn)(1+ 2n) (1+n)(1+2n)
4(3+2n)( — 13 — 4n + 16n%) 32_, | 1663+ 20)(Th, _1+21)2 Z o
(1 +mn)2(1 + 2n)? (1 +n)(1+ 2n) =i
(3+ 20) (19 + 920 + 80n2)  40(3 + 20) %, —i'y i i)Q 20(3 +2n) (35, 1)°
(1 +n)2(1 + 2n)? (1+n)(1+ 2n) i 3(1+n)(1+2n)

64(3 + 2n) >0, m 3(3 + 2n) (63 + 209n + 150n ) s

i=1 (—1+21)2 4

3(1 4 n)(1 + 2n) (1 +1n)2(1 + 2n)2
((3+2n)(347+ 1795n + 430207 + 485603 + 2048n%)  48(3 +2m) 3, (_1+21)2 2 1
2(1+n)3(1+2n)3 (1 +n)(1 + 2n) Z:: —1+2i
4(3 4 2n) (19 + 92n + 80n?) (X2, 71“1)2 32(3 +2n) (0, T+21)3 B
(1+n)2(1+2n)2 3(1 4 n)(1 + 2n)
(i 1) o (55211
8(3+2m) X0, ~ TS 163+ 2m) S, Z Z
(1 +1n)(1 4 2n) (1 +n)(1 4 2n) = = —1—|—23
i1 i 1 64(3 + 2
32(3+42n) > 7, ( = j) ?1:1 — + ( n)z S +
(1 +n)(1+ 2n) 2(14—11)(14—211)
i 1 2
32(3 + 2n) YB_, (B = ;1+2J') 64(3 + 2n) 2, (B =) EJ_LI;,“J)

(14+mn)(1 4 2n) (14 n)(1 + 2n) }{1,0}}



Guess and solve

In[5]:= sol = FindLinearCombination[recSol, {0, initial}, n, 7, MinInitialValue — 1]



In[5]:=

Out[5]=

sol = FindLinearCombination[recSol, {0, initial}, n, 7, MinInitialValue — 1]

1 323 +2m) 7 &
——— (111 4 1920n + 117650’ + 32545n° - 46476n’ + 35376n° 4 13440n° + 1968n’) + 7“ —
3(1 4+ n)*(1 + 2n)* 9(1 4+ n)(1 + 2n)
(34 20)( — 3 + 101n + 126n%) =, L (3 + 2n) (115 4 921n + 1967n° + 1524n° 4 340n*) PO 1 44(3 + 2n) ( = ) =, L
P =i, =: i
3(1 + n)?(1 + 2n)? 3(1 +1n)*(1 + 2n)° 3(1 + n)(1 + 2n)
(3 + 20) (28 + 1300 + 1300) ('_, 1)?  40(3 + 2m)(0_, 1)°  128(3 + 2m) T, m 4(3 + 20) (77 + 261n + 1900%) 37 m
3(1 4+ n)?(1 + 2n)? 9(1 4+ n)(1 + 2n) 9(1 +mn)(1 + 2n) 3(1 + n)?(1 + 20)?
16(3 + 20) (7, 1) = (_‘!“T, . 2(3 + 2n)(13 — 1530 — 308n° 4 120 + 1720°) 27| 7_‘“‘ 88(3 + 2n) (7_, T’) X, 7_‘“1
(14 m)(1 + 2n) 3(1 + n)*(1 + 20)° 3(1 + n)(1 + 2n)
et m(—a —em e a) (5L DV o e WO DL | e (L ar) B i
3(1 + n)2(1 + 20)? 31+ m(t + 20) G+ m0 20
4(3 + 2n)(23 + 1390 + 1300°) (X" ——)? 23 +2m) (X0t )( L)? 64(3 + 2n) (X" )
i=1 —itgp + i= 1=t —iga + =1 —iqa
3(1 +n) (14 2n)? 3(1 +n)(1 + 2n) 9(1 +n)(1 + 2n)
(=) Lo (=l (=, e, ——
16(3 + 20) 37 ———— 3203 + 20) X, —— 2 64(3 + 2n) 30— T Tebw
= N _ . = N N
3<1+n)(1+2n) . 3(1 + n)(t + 2n) 3(1 4 ) (1 + 2m)
Bhs s
i =t —1ty (o ——)
128(3 + 2n)§ . 3(1 + n)(1 + 2n) a3 b m) T2 o e 128(3 4 2m) 50
: +

+ 3(1 +n)(1 + 2n) 3(1 + n)(1 + 2n)



Guess and solve

In[6]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[7]:= sol = TransformToSSums|sol];
Inf8]:= sol = ReduceToBasis[MultipleSumLimit[sol,
n, 2]//ToStandardForm, n] / /Collect ProdSum;



Guess and solve

Inj6]:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger © RISC-Linz ‘

In[7]:= sol = TransformToSSums|sol];

In[8]:=

Out[8]=

sol = ReduceToBasis[MultipleSumLimit[sol,
n, 2]//ToStandardForm, n] / /Collect ProdSum;

1 2 3 4 5 6
EEEyTewE (111 + 1920n + 11765n° + 32545n° + 46476n* + 35376n° + 13440n° +
64(3 +2n)?s[1,n]  64(3 + 2n)(2 + 3n)S[1,n|?

1968n’ -
")+ 30 a1 T o) 3(L+n)(1 + 20) (
2(3 + 2n) (147 + 985n + 1871n? + 1268n° + 212n*)  224(3 4 2n)S[2, 2n)]
3(1 +1n)3(1 4 2n)3 3(1 +n)(1 4 2n)

128(3 + 2n)S[—2, 2n] )Slt, 2a] - 4(3 4 2n)(23 + 123n + 114n?)8[1, 2n]?

3(1 +n)(1 + 2n) A 3(1 +n)2(1 + 2n)2
64(3 +2n)S[1,2n]*  64(3 +2n)S[2,n]  4(3 + 2n) (53 + 229n + 190n?)S[2, 2n]
3(1+mn)(1+ 2n) 3(1+mn)(1+ 2n) 3(1+mn)?(1 + 2n)?
64(3 + 2n)S[3, 2n] _ 64(3+2m)2  128(3+ 2n)(2 + 3n)S|[1, 2n] S[—1, 21] —
3(1+n)(1+ 2n) ( 3(1+n)(1+ 2n)? 3(1+n)(1+ 2n)? ) ’
64(3 + 2n)(2 + 3n)S[—1,2n]>  32(3 + 2n) (1 + 8n + 8n?)S[—2, 2n]

3(1 +1n)(1 + 2n)? 3(1 +1n)2(1 + 2n)?

64(3 4-2n)S[-3,2n]  128(3 + 2n)S[—2, 1, 21

3(1+n)(1+ 2n) 3(1 4+ n)(1+ 2n)




Guess and solve

Inj6]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

In[7]:= sol = TransformToSSums|sol];

Inf8]:= sol = ReduceToBasis[MultipleSumLimit[sol,

n, 2]//ToStandardForm, n] / /Collect ProdSum;
In[9]:= SExpansion[sol, n, 2]

3n2 n
88 64LG[n]? 430 160(, 14
2 (22— 22 Lgjn] 4 22220 299, 1006 1%
" ((3n2 n ) [n] + n 3n? 3n n +
160LG[n] 40 84 160 44 ) 430 14 64LG[n]?
=2=om 2= 2226 _20 ) Gy 4 RS
G2 3n + n? n ) + (Sn2 n ) [n]” + 3n? n [n] + 3n +
64In2% 145  32(3 n 41
3n 2n2 n

4l 1 44
outfg]= In2? (76 Gln| + &0 ) +
n

n



Guess and solve

Inj6]:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger © RISC-Linz ‘

In[7]:= sol = TransformToSSums|sol];
Inf8]:= sol = ReduceToBasis[MultipleSumLimit[sol,

n, 2]//ToStandardForm, n] / /Collect ProdSum;
In[9]:= SExpansion[sol, n, 2]

4L 1 44
out[9]= In22 (6 Gln] + 160 _ —)
n

3n2 n
2 4LG[n]? 4 1 14
In2 ((ﬂ - §) L[] 4+ SALCl _ 430 160G —) +
n n 3n2 3n n
160LG 40 84 160 44 430 14 64LG[n]®
) 7[n]+——— +| = - — | LGP+ (—— — — LG[n}+¢+
3n n? n 3n? n 3n? n n
64In2% 145  32(3 n 41
3n 2n? n n

Special function algorithms

P> HarmonicSums package
Ablinger, Blimlein, CS, J. Math. Phys. 54, 2013, arXiv:1302.0378 [math-ph]
Ablinger, Bliimlein, CS, J. Math. Phys. 52, 2011, arXiv:1302.0378 [math-ph]
Ablinger, Bliimlein, CS, ACAT 2013, arXiv:1310.5645 [math-ph]
Ablinger, Bliimlein, Raab, CS, J. Math. Phys. 55, 2014. arXiv:1407.1822 [hep-th]

> RICA package

Bliimlein, Fadeev, CS. ACM Communications in Computer Algebra 57(2), pp. 31-34. 2023.



Guess and solve

Large recurrences that could be solved:

ap(n)F(n) + ay(n)F(n+1) 4+ -+ +| aga(n) [F(n+44) =0

see [J. Bliimlein, P. Marquard, N. Rana, CS. The Heavy Fermion Contributions to the Massive Three Loop Form Factors. Nuclear Physics B 949(114751), pp. 1-97. 2019]



Guess and solve

Large recurrences that could be solved:

ag(n)F(n) + a1(n)F(n+ 1) + -+ aga(n)

F(n+44) =0

a44(") = + Ain+ Ay n2 + -+ Ajago ni280 o Z[n]

see [J. Bliimlein, P. Marquard, N. Rana, CS. The Heavy Fermion Contributions to the Massive Three Loop Form Factors. Nuclear Physics B 949(114751), pp. 1-97. 2019]



uess and solve

Large recurrences that could be solved:

ag(n)F(n) + a(n)F(n+ 1)+ -+ +) asa(n) [F(n+44) =0

+ Airn+4 Agn® + -+ Ajago 01?0 € Z[n]

== 430400814731434 40096136248565 04215413568072407955161188
04077829! 003680168058371950627144279619579532650547375464275995380
19419154 123564578085 9346650 0606564
2722637 3398147 03454718941711 917785469657110169188973266
4720281 1 1281007 2447817
88482306724301730983175345001465888813004411726410: 39949377722
05 28777614 07. 4214 5233745
411377 74 882344
445171 1 1 778735263697738237987705706228237697346942376782084
597 1 1 '42571080509711

1697 53050087630697654664 3814450624171300692246544077959262350507295
4 7 91834308087131380041964811875429438341501
0225 96 183793 095571149425931 1767250611620
566498021242098120509744330215198719756120991045078 083430671452797635604579493808661588610406
504451 1281656201 19048077232349757119784540212
84984 16637492243 717 91751407
7161336477 1103 460404 179968 75
1176727001
000000

(1899 decimal digits)

see [J. Bliimlein, P. Marquard, N. Rana, CS. The Heavy Fermion Contributions to the Massive Three Loop Form Factors. Nuclear Physics B 949(114751), pp. 1-97. 2019]



Guess and solve

Evaluation of Feynman Integrals

-] / B(n, e, ) do

Behavior of particles

Feynman integrals

DESY

Dy= Ay
coupled systems of
linear DEs

expression in RISC
special functions (guess & solve)




Guess and solve

Evaluation of Feynman Integrals

= / B(n, e, 7)dz

Behavior of particles

Feynman integrals

DESY
LHC at CERN
applicable
Dy=Ay
expression in RISC o )
special functions (guess & solve) coupled systems o

linear DEs



Guess and solve

Part 3: Applications

» combinatorics
> special functions
» number theory
> statistics

P> numerics

P> computer science

» elementary particle physics (QCD)



