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Introduction



  Tameness in physics 

➡ Claim:  

➡ Challenge for this talk    

All actual physical observables can be described using functions  
definable in a sharply o-minimal structure. 

What is an o-minimal structure? 
generalized finiteness principles preserved under finitely  
many logical operations [van den Dries][Knight,Pillay,Steinhorn]…

What is an sharply o-minimal structure? 
refine o-minimality:  quantitive way to assign finiteness measure  
— two integers (F,D), called (sharp) complexity — to definable sets  
→ require polynomial behavior in D

[Binyamini,Novikov ’22][Binyamini,Novikov,Zack]…    → Zack’s talk
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  Intuition from polynomials 

➡ Complexity for polynomials  

→  amount of information needed to specify polynomial (real coefficients)

<latexit sha1_base64="8aakxsOf1ng8u04got2xl/WtuPY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVISSVKluhKIblxXsBdoYJtNJO3QyCTMTaQndufFV3LhQxK2v4M63cZpmodUfBj7+cw5nzu9FjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZX03rrnghJQ36rxhFxAtTn1KcYKW255n69NDqCFxC5NhzdVeCxpgocwRROoGsWrbKVCv4FO4MiyFR3zc9uL8RxQLjCDEnZsa1IOQkSimJGJoVuLEmE8BD1SUcjRwGRTpLeMYGH2ulBPxT6cQVT9+dEggIpx4GnOwOkBnK+NjX/q3Vi5Z87CeVRrAjHs0V+zKAK4TQU2KOCYMXGGhAWVP8V4gESCCsdXUGHYM+f/BealbJdLVdvTou1yyyOPNgDB6AEbHAGauAa1EEDYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q1L4JUk</latexit>

P (x) = a1x
2 + a2x+ a3  -  number of variables

<latexit sha1_base64="c/XBkMryrEVcRVB7Tsct9aEdzVk=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7KwrisoK9QBrKZDpph04uzEyEEvIObnwVNy4UcevGnW/jJG1ARQ8M/PzfOTNnfjdiVEjD+NRKS8srq2vl9crG5tb2jr671xVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d3qZ8d4d4YKGwa2cRcTx0TigHsVIKmuonySD/BKbj10nMWqGKss6zYTZMEwlms1Gvd5Mr9KhXi04LDgsODRzZBhVsKj2UP8YjEIc+ySQmCEhbNOIpJMgLilmJK0MYkEihKdoTGwlA+QT4ST5Oik8Us4IeiFXJ5Awd79PJMgXYua7qtNHciJ+s8z8i9mx9BpOQoMoliTA84e8mEEZwiwgOKKcYMlmSiDMqdoV4gniCEsVY0WFUPwU/i+69Zpp1aybs2rrYhFHGRyAQ3AMTHAOWuAatEEHYHAPHsEzeNEetCftVXubt5a0xcw++FHa+xe8/ZpK</latexit>

F

<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D       -  degree of polynomial 

➡ Bounds from complexity: 
‣ Number of zeros  of            : 

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)
<latexit sha1_base64="8vV17P1zPFPbuQUXjfo0JX7w23o="></latexit>

#(P = 0)  C(F,D) ⇠= DF

3/20

<latexit sha1_base64="g2PFiQcZRuTIFxrx3h3SRO8xmfQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURqW4KVTcuK9gHNKFMppN26OTBzESMoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7jxdzJpVlfRsrq2vrG5uFreL2zu5eydw/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON76Z+p0HKiSLwnuVxtQN8DBkPiNYaalvlq5QHTlZs/J4Wk+RM+mbZatqzYCWiZ2TMuRo9s0vZxCRJKChIhxL2bOtWLkZFooRTidFJ5E0xmSMh7SnaYgDKt1sdvgEnWhlgPxI6AoVmqm/JzIcSJkGnu4MsBrJRW8q/uf1EuVfuhkL40TRkMwX+QlHKkLTFNCACUoUTzXBRDB9KyIjLDBROquiDsFefHmZtM+qdq1auzsvN67zOApwBMdQARsuoAG30IQWEEjgGV7hzXgyXox342PeumLkM4fwB8bnD2nOkak=</latexit>

A = {P (x) = y}‣ Volume of an n-dimensional set
<latexit sha1_base64="ULSnQdbFQ54yuUtZUKhGJm6ayvk="></latexit>

Vol(Bn+1(r) \A)  c(n) C(F,D) rn

see e.g. book [Yomdin,Comte]

➡ How to deal with exponential function?  
 
 
 

→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax



  Example class of sharply o-minimal functions

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

Pfaffian chain:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

➡ Key point:   Pfaffian functions are o-minimal + have a notion of complexity

 
format:                                 (number of variables +  
                                                       number of non-trivial functions)

<latexit sha1_base64="ZWfRgR77oTDoDkOKvzOmianf4P8="></latexit>

D = deg(P ) +
X

ij

deg(Pi,j)

<latexit sha1_base64="wK9PfPMLeFluXPpNZfF9ApLHkis="></latexit>

F= n+ r

degree:

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)

bounds on zeros, 
number of poles, 
….
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<latexit sha1_base64="ecX9Gn1b02qIVq9UtOumwaRrvg4=">AAACInicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVF0IRTcuq9gHtCHcTCft0MmDmYlQQr7Fjb/ixoWirgQ/xmmbhbYeGDiccy5z7/FizqSyrC+jsLS8srpWXC9tbG5t75i7ey0ZJYLQJol4JDoeSMpZSJuKKU47saAQeJy2vdH1xG8/UCFZFN6rcUydAAYh8xkBpSXXvOgFoIael95lbtoTAW744PvZJZ7qBHjayCrzGeCD7Ng1y1bVmgIvEjsnZZSj4ZofvX5EkoCGinCQsmtbsXJSEIoRTrNSL5E0BjKCAe1qGkJApZNOT8zwkVb62I+EfqHCU/X3RAqBlOPA08nJsnLem4j/ed1E+edOysI4UTQks4/8hGMV4UlfuM8EJYqPNQEimN4VkyEIIEq3WtIl2PMnL5LWSdWuVWu3p+X6VV5HER2gQ1RBNjpDdXSDGqiJCHpEz+gVvRlPxovxbnzOogUjn9lHf2B8/wBGaqS/</latexit>

RPfa↵ = P(Ralg)



  Example class of sharply o-minimal functions

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

<latexit sha1_base64="/LJYmpQ45EL6ZDCVRAG6B53Q39s=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJIUie2tqIjHCqYttKFstpt26WYTdjdCKf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g4U9q2P6yl5ZXVtfXcRn5za3tnt7C331RxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC4zv3VPpWKxuNPjhPoRHggWMoK1kbzS9enVSa9QtMu2geuijDhV2zGkVqtWKjXkzCzbLsICjV7hvduPSRpRoQnHSnUcO9H+BEvNCKfTfDdVNMFkhAe0Y6jAEVX+ZHbsFB0bpY/CWJoSGs3U7xMTHCk1jgLTGWE9VL+9TPzL66Q6rPoTJpJUU0Hmi8KUIx2j7HPUZ5ISzceGYCKZuRWRIZaYaJNP3oTw9Sn6nzQrZcctu7dnxfrFIo4cHMIRlMCBc6jDDTTAAwIMHuAJni1hPVov1uu8dclazBzAD1hvn6+Ujfs=</latexit>

(F,D)

<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)Pfaffian chain:

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)

While sharp o-minimality of                  is subtle and we need more  
general structures:   Useful to think of               as in Pfaffian setting.    

<latexit sha1_base64="mVNeqw4q+zq97UyBlWrhstu2eoM=">AAACF3icdVDNS8MwHE3n15xfVY9egkOYMEo7pG63oSIeJ7hN6MpIs2wLSz9IUmGU/Rde/Fe8eFDEq978b0y7FVT0QeDx3vslvzwvYlRI0/zUCkvLK6trxfXSxubW9o6+u9cRYcwxaeOQhfzWQ4IwGpC2pJKR24gT5HuMdL3Jeep37wgXNAxu5DQiro9GAR1SjKSS+rqR9LJLHD7y3MQ0TAXbrqbEqpuWIo1GvVZrzCqX1YvjWV8v5xmYZ2CegVZmmWYZLNDq6x+9QYhjnwQSMySEY5mRdBPEJcWMzEq9WJAI4QkaEUfRAPlEuEm20gweKWUAhyFXJ5AwU79PJMgXYup7KukjORa/vVT8y3NiOay7CQ2iWJIAzx8axgzKEKYlwQHlBEs2VQRhTtWuEI8RR1iqKkuqhPyn8H/SqRmWbdjXJ+Xm2aKOIjgAh6ACLHAKmuAKtEAbYHAPHsEzeNEetCftVXubRwvaYmYf/ID2/gWljpsz</latexit>

(F,D)
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[Binyamni,Vorobjov]:                       structure generated by restricted  
 Pfaffian functions is sharply o-minimal

<latexit sha1_base64="tEi2RGW2EEHZogrGysgqvZFShwE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokItVl0Y3LKvYBTQiT6aQdOjMJMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+iBRhVJCOppqRfiIJ4iEjvXByU/i9RyIVjcWDnibE52gkaEQx0kYK7COPIz0Ow+w+DzJPcijbEYqiPLDrTsOZAS4TtyR1UKId2F/eMMYpJ0JjhpQauE6i/QxJTTEjec1LFUkQnqARGRgqECfKz2YP5PDUKEMYxdKU0HCm/p7IEFdqykPTWZyrFr1C/M8bpDq68jMqklQTgeeLopRBHcMiDTikkmDNpoYgLKm5FeIxkghrk1nNhOAuvrxMuucNt9lo3l3UW9dlHFVwDE7AGXDBJWiBW9AGHYBBDp7BK3iznqwX6936mLdWrHLmEPyB9fkDDMWWtw==</latexit>RrPfa↵

<latexit sha1_base64="tEi2RGW2EEHZogrGysgqvZFShwE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokItVl0Y3LKvYBTQiT6aQdOjMJMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+iBRhVJCOppqRfiIJ4iEjvXByU/i9RyIVjcWDnibE52gkaEQx0kYK7COPIz0Ow+w+DzJPcijbEYqiPLDrTsOZAS4TtyR1UKId2F/eMMYpJ0JjhpQauE6i/QxJTTEjec1LFUkQnqARGRgqECfKz2YP5PDUKEMYxdKU0HCm/p7IEFdqykPTWZyrFr1C/M8bpDq68jMqklQTgeeLopRBHcMiDTikkmDNpoYgLKm5FeIxkghrk1nNhOAuvrxMuucNt9lo3l3UW9dlHFVwDE7AGXDBJWiBW9AGHYBBDp7BK3iznqwX6936mLdWrHLmEPyB9fkDDMWWtw==</latexit>RrPfa↵



  Tameness in physics 

➡ Conjecture / Guess:  
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All functions used to describe actual physical observables are  
definable in a sharply o-minimal structure. 

➡ Challenge for this talk    → But what is an actual physical observable? 
that’s much harder and depends on the context

‣ study trajectories of planets        
ignore quantum effects

→ classical gravity 

‣ study scattering of particles
take quantum phenomena  
into account

→ ignore gravity 

Notion of observable: depends on energy scale and considered forces



On Tame Geometry in 
Quantum Field Theories (QFTs)



   Scattering amplitudes in QFTs
➡ Natural observables in QFTs:     Scattering amplitudes

scattering 
particles

<latexit sha1_base64="tlM7l+3Olzx0HTBSV4fgWliwxcE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECwI2i</latexit>p1

<latexit sha1_base64="G5j5u3yH3aE7qDdfJgrUEB5+kQY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEERI2j</latexit>p2

<latexit sha1_base64="OosA13sAO5ZPFHSNlMCZU3iaK/Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMFyI2k</latexit>p3

<latexit sha1_base64="6bkZ6cp3jOw8DmY3G7o/9NZvIfM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcHTI2l</latexit>p4

➡ Physics: defined using path integrals - “sum over all possible processes”

How likely is the process?
<latexit sha1_base64="GEBs62v6bpe9KARy3AMizFJi/SU=">AAACAXicbVDLSgMxFM34rPU16kZwEyxChVJmRKrLqhuXFewDOkPJZNI2NMkMSUYoQ934K25cKOLWv3Dn35hpZ6GtBwKHc+4h954gZlRpx/m2lpZXVtfWCxvFza3tnV17b7+lokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6yfz2A5GKRuJej2PiczQQtE8x0kbq2YceR3qIEUuvJuW4wiseM+EQnfbsklN1poCLxM1JCeRo9OwvL4xwwonQmCGluq4Taz9FUlPMyKToJYrECI/QgHQNFYgT5afTCybwxCgh7EfSPKHhVP2dSBFXaswDM5ntq+a9TPzP6ya6f+mnVMSJJgLPPuonDOoIZnXAkEqCNRsbgrCkZleIh0girE1pRVOCO3/yImmdVd1atXZ3Xqpf53UUwBE4BmXgggtQB7egAZoAg0fwDF7Bm/VkvVjv1sdsdMnKMwfgD6zPH5Ynllg=</latexit>

A(p,m,�)

small coupling expansion

+

<latexit sha1_base64="I0GB7lfl6Nc01urF3+sq/D6MFGQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPqAzlEwm04ZmkjHJFMrQ73DjQhG3fow7/8a0nYW2HggczjmXe3PClDNtXPfbWVldW9/YLG2Vt3d29/YrB4ctLTNFaJNILlUnxJpyJmjTMMNpJ1UUJyGn7XB4N/XbI6o0k+LRjFMaJLgvWMwINlYKfG6jEUY+58jrVapuzZ0BLROvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKeTsp9pmmIyxH3atVTghOognx09QadWiVAslX3CoJn6eyLHidbjJLTJBJuBXvSm4n9eNzPxTZAzkWaGCjJfFGccGYmmDaCIKUoMH1uCiWL2VkQGWGFibE9lW4K3+OVl0jqveVe1y4eLav22qKMEx3ACZ+DBNdThHhrQBAJP8Ayv8OaMnBfn3fmYR1ecYuYI/sD5/AGwvpFo</latexit>

� ⌧ 1

+ +

→ summing till fixed loop number: finite number of Feynman integrals 

➡ Taylor expansion:
<latexit sha1_base64="8rhwMFKx20VNNpKZaXJMVVh8ElQ="></latexit>

A(p,m,�) = �2
⇣

A0(p,m) + A2(p,m)�2 + A4(p,m)�4 + . . .
⌘

strength
<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�
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   Scattering amplitudes in QFTs

➡ Result:   For any QFT with finitely many particles and interactions all  
finite-loop amplitudes         are                 - definable functions of the  
masses       , momenta     .                    [Douglas,TG,Schlechter]

<latexit sha1_base64="1M4Zpi1SphkuWp6uhoi0MOiVXyY="></latexit>Ran,exp
<latexit sha1_base64="1K4ahMAPpmNkBQdZP0ZNTFL0/xs=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEqsuqG5cV7AOaECbTSTt08mBmIpaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxE86ksqxvo7K2vrG5Vd2u7ezu7R+Yh/WejFNBaJfEPBYDH0vKWUS7iilOB4mgOPQ57fvT28LvP1IhWRw9qFlC3RCPIxYwgpWWPLPuhFhNCObZde5lDuU898yG1bTmQKvELkkDSnQ888sZxSQNaaQIx1IObStRboaFYoTTvOakkiaYTPGYDjWNcEilm82z5+hUKyMUxEK/SKG5+nsjw6GUs9DXk0VSuewV4n/eMFXBlZuxKEkVjcjiUJBypGJUFIFGTFCi+EwTTATTWRGZYIGJ0nXVdAn28pdXSe+8abearfuLRvumrKMKx3ACZ2DDJbThDjrQBQJP8Ayv8GbkxovxbnwsRitGuXMEf2B8/gCKi5TJ</latexit>

A`

Upshot:  Many physicists study scattering amplitudes 
                → very non-trivial definable functions:   
                 
                properties of physical theory (QFT) → properties of such structures

<latexit sha1_base64="c2PFSmapgihSskv7n5svYwz/zOw=">AAACK3icbVDJTsMwEHVYS9kCHLlYVEgcUJUgVDiWcuFYEF2kpoocd9padZzIdhBVlP/hwq9wgAOLuPIfuMuBtjzJ0vN7M5qZF8ScKe04n9bS8srq2npuI7+5tb2za+/t11WUSAo1GvFINgOigDMBNc00h2YsgYQBh0YwuB75jQeQikXiXg9jaIekJ1iXUaKN5NsVLyS6HwTpXeanXjr+UcLTq8z3gHPsZRn2VBIo0HimVIaYiFN4jDPfLjhFZwy8SNwpKaApqr796nUimoQgNOVEqZbrxLqdEqkZ5ZDlvURBTOiA9KBlqCAhqHY6vjXDx0bp4G4kzRMaj9W/HSkJlRqGgakcravmvZH4n9dKdPeynTIRJxoEnQzqJhzrCI+Cwx0mgWo+NIRQycyumPaJJFSbePMmBHf+5EVSPyu6pWLp9rxQrkzjyKFDdIROkIsuUBndoCqqIYqe0At6Rx/Ws/VmfVnfk9Ila9pzgGZg/fwCr3WpLA==</latexit>R{A`} ⇢ Ran,exp

<latexit sha1_base64="eEyk8RWTTxTzkEenlXlDEIw4cQY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1S2a24c5BV4uWkDDnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE974GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB2R+M/A==</latexit>m <latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

Can tame geometry formalize the connection of algebraic  
relations and symmetries on the space of amplitudes       .

<latexit sha1_base64="rGSX3IF9brc02NFP+h2VUje/XJ4=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIVI9VLx4rWFtoQthsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OmHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ0244viv87oRKxRLxqKcp9WM8FCxiBGsjBbbtxViPCOb5zSzwKOeBXXcazhxolbglqUOJdmB/eYOEZDEVmnCsVN91Uu3nWGpGOJ3VvEzRFJMxHtK+oQLHVPn5PPkMnRllgKJEmic0mqu/N3IcKzWNQzNZ5FTLXiH+5/UzHV37ORNppqkgi0NRxpFOUFEDGjBJieZTQzCRzGRFZIQlJtqUVTMluMtfXiVPFw232Wg+XNZbt2UdVTiBUzgHF66gBffQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDuq2TvQ==</latexit>

A`

➡ Question 1:

likely yes: much recent progress on using tame geometry in Hodge theory
    → transcendental of amplitude vs. existence of algebraic relations 
      applying Ax-Schanuel for period integrals?   [Bakker,Tsimerman ‘17]
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  Why is               -definability true?

➡ amplitudes are composed of finitely many Feynman integrals 

➡ Idea:  Feynman integrals can be related to period integrals 
           of some auxiliary compact Kähler manifold  

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph
review book by [Weinzierl] + many original works

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph

<latexit sha1_base64="s41/vFKFvWzwXCF3FwqUL+PCX6E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMSHUjFLtxZwX7gM4wZNK0DU0yQ5IR6lBw46+4caGIW3/CnX9j2s5CWw9cOJxzL/feE8aMKu0431ZuaXlldS2/XtjY3NresXf3mipKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFw9rEb90TqWgk7vQoJj5HfUF7FCNtpMA+8Oq09HACLz0qdJDWxtC74aSPjBbYRafsTAEXiZuRIshQD+wvrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nP4zhsVG6sBdJU0LDqfp7IkVcqREPTSdHeqDmvYn4n9dJdO/CT6mIE00Eni3qJQzqCE4CgV0qCdZsZAjCkppbIR4gibA2sRVMCO78y4ukeVp2K+XK7VmxepXFkQeH4AiUgAvOQRVcgzpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8A3YyWaA==</latexit>

⇧(z) =

Z

C
⌦(z) p-form on                varying with its  

complex structure
e.g.

➡ Use:  all steps only involve definable maps,  
          period integrals are definable in o-minimal structure   

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp
[Bakker,Klingler,Tsimerman ’18]

[Bakker,Mullane ’22]  related integration results [Comte,Lion,Rolin]

<latexit sha1_base64="aabYzbFmVHuQ3EIckrN8khxn02s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIlJdFt24rGIf0IQwmU7aoTOTMDMRS8jGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLS8srqWnm9srG5tb1j7+61VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH1xO/80CkorG41+OE+BwNBI0oRtpIgX3gcaSHYZjd5UHmSQ6ROCWPSR7YVafmTAEXiVuQKijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzipYokCI/QgPQMFYgT5WfTB3J4bJQ+jGJpSmg4VX9PZIgrNeah6Zycq+a9ifif10t1dOlnVCSpJgLPFkUpgzqGkzRgn0qCNRsbgrCk5laIh0girE1mFROCO//yImmf1dx6rX57Xm1cFXGUwSE4AifABRegAW5AE7QABjl4Bq/gzXqyXqx362PWWrKKmX3wB9bnD/iElqo=</latexit>Ran,exp

<latexit sha1_base64="tFfp3s/03C+ZP5/yt/WpXOCv8oQ="></latexit>

I⌫(m, p) =

 
LY

j=1

Z
ddkj
i⇡d/2

!
Y

a

1

Da(p, k,m)⌫a
polynomials in p,k,m
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  A natural question 

Can one assign complexity (F,D) to amplitudes       ?  
<latexit sha1_base64="rGSX3IF9brc02NFP+h2VUje/XJ4=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIVI9VLx4rWFtoQthsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OmHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ0244viv87oRKxRLxqKcp9WM8FCxiBGsjBbbtxViPCOb5zSzwKOeBXXcazhxolbglqUOJdmB/eYOEZDEVmnCsVN91Uu3nWGpGOJ3VvEzRFJMxHtK+oQLHVPn5PPkMnRllgKJEmic0mqu/N3IcKzWNQzNZ5FTLXiH+5/UzHV37ORNppqkgi0NRxpFOUFEDGjBJieZTQzCRzGRFZIQlJtqUVTMluMtfXiVPFw232Wg+XNZbt2UdVTiBUzgHF66gBffQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDuq2TvQ==</latexit>

A`➡ Question 2:

likely yes:   [Binyamini, Novikov ’22] conjectured that period integrals are  
sharply o-minimal

recently:  [Binyamini ’24] period map is definable in 
<latexit sha1_base64="lseaC6ZfNbSp1lHfvuraohGK8UU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIlJdFt24EKliH9CEMJlO2qEzSZiZiCVk46+4caGIWz/DnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljxzz+FIDX0/vcu81BEcXt8ck8c488yqVbMmgPPELkgVFGh65pfTj3DCSagwQ1L2bCtWboqEopiRrOIkksQIj9CA9DQNESfSTScPZPBQK30YREJXqOBE/T2RIi7lmPu6Mz9Xznq5+J/XS1Rw7qY0jBNFQjxdFCQMqgjmacA+FQQrNtYEYUH1rRAPkUBY6cwqOgR79uV50j6p2fVa/fa02rgo4iiDfXAAjoANzkADXIEmaAEMMvAMXsGb8WS8GO/Gx7S1ZBQzu+APjM8fpxKWdQ==</latexit>RLN,exp

LN - log-Noetherian functions
<latexit sha1_base64="TXAfT5TFUCEDs+dCt7Ur5wUFJFc=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoICVRqW6EohuXFewDmhgm00k7ZPJgZiK0IR/ixl9x40IRNy4E/8ZpG1BbDwyce8693LnHjRkV0jC+tMLC4tLySnG1tLa+sbmlb++0RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNv1r8Z++55wQaPwVg5jYgeoH1KPYiSV5OgnozsKLY8jnFox4pIiBj3Hz34q1ZBdwIaT+jSrjI68Q+joZaNqTADniZmTMsjRcPQPqxfhJCChxAwJ0TWNWNrpeAFmJCtZiSAxwj7qk66iIQqIsNPJcRk8UEoPehFXL5Rwov6eSFEgxDBwVWeA5EDMemPxP6+bSO/cTmkYJ5KEeLrISxiUERwnBXuUEyzZUBGEOVV/hXiAVFJS5VlSIZizJ8+T1nHVrFVrN6fl+mUeRxHsgX1QASY4A3VwDRqgCTB4AE/gBbxqj9qz9qa9T1sLWj6zC/5A+/wGeWuhlQ==</latexit>

zi
@fk
@zi

= Pki(z, f)

<latexit sha1_base64="r4aLpqcMEQUBOShHCHBIxBvhcx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7A/7pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFLvo3T</latexit>

fk holomorphic bounded 
on punctured discs

e.g.
effectively o-minimal ✔ 

conjectured to be  
sharply o-minimal

What is (F,D)?

based on [Binyamini,Novikov ’19]

How does (F,D) change with properties of amplitude/QFT?
→ quantitative measure of algebraic relations (‘transcendence degree’)
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  An application:  Cosmological correlators 
➡ “Tree-level cosmological correlators” are scattering amplitudes described 

by differential equation:
<latexit sha1_base64="jIsf+8xru4dUp9KMTQh47K7ZGeM=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqheh6sXeKtgPaEPZbDbt0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMPD/hTGnH+bYKK6tr6xvFzdLW9s7unr1/0FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qd+u0nKhWLxYMeJ9SL8ECwkBGsjdQJ6ugKXaN63y47FWcGtEzcnJQhR6Nvf/WCmKQRFZpwrFTXdRLtZVhqRjidlHqpogkmIzygXUMFjqjystm9E3RilACFsTQlNJqpvycyHCk1jnzTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2j6fMoYJISzceGYCKZuRWRIZaYaBNRyYTgLr68TFpnFbdaqd6fl2s3eRxFOIJjOAUXLqAGd9CAJhDg8Ayv8GY9Wi/Wu/Uxby1Y+cwh/IH1+QMC5Y6p</latexit>

dI = AI

➡ Complexity gives bounds on number of poles of scattering amplitudes

differential equations (matrix    ) are determined by  
‘kinematic flow algorithm’ 

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A
[Arkani-Hamed,Baumann, 
 Hillman,Joyce,Lee, Pimentel ’23]

[Khovanskii][Gabrielov,Vorobjov] - bound  
is exponentially overshooting 
physical expectation:    

defines Pfaffian chain:  tree-level correlators are Pfaffian functions
[TG,Hoefnagels, 
 van Vliet ’24]

<latexit sha1_base64="hcAQQnyUPwbnJszUZoR3oIkxciQ="></latexit>

(F,D)=
�
2NV + 4NV �1 +NL � 1, 3

�
graph with       vertices:<latexit sha1_base64="nbxQvIs0t4HW71UI6Ue7c4eeMpI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G1zO//YhK81g+mEmCfkSHkoecUWOl+9t+q1+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buziv1qzyOIhzBMZyCBxdQhxtoQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwDB1qNpg==</latexit>

NV

Given a Pfaffian function is there a systematic way to  
determine the ‘minimal’ (D,F) representations?  

➡ Question 3:

There should be a simpler  
representation! → alg. relations

to appear [TG,Hoefnagels,van Vliet]
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  An application:  Cosmological correlators 
➡ “Tree-level cosmological correlators” are scattering amplitudes described 

by differential equation:

Are there reducts                             with a new complexity 
(F,D) that take symmetries into account? → better bounds

➡ Question 3:

<latexit sha1_base64="jIsf+8xru4dUp9KMTQh47K7ZGeM=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqheh6sXeKtgPaEPZbDbt0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMPD/hTGnH+bYKK6tr6xvFzdLW9s7unr1/0FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qd+u0nKhWLxYMeJ9SL8ECwkBGsjdQJ6ugKXaN63y47FWcGtEzcnJQhR6Nvf/WCmKQRFZpwrFTXdRLtZVhqRjidlHqpogkmIzygXUMFjqjystm9E3RilACFsTQlNJqpvycyHCk1jnzTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2j6fMoYJISzceGYCKZuRWRIZaYaBNRyYTgLr68TFpnFbdaqd6fl2s3eRxFOIJjOAUXLqAGd9CAJhDg8Ayv8GY9Wi/Wu/Uxby1Y+cwh/IH1+QMC5Y6p</latexit>

dI = AI

➡ Complexity gives bounds on number of poles of scattering amplitudes

differential equations (matrix    ) are determined by  
‘kinematic flow algorithm’ 

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A
[Arkani-Hamed,Baumann, 
 Hillman,Joyce,Lee, Pimentel ’23]

[Khovanskii][Gabrielov,Vorobjov] - bound  
is exponentially overshooting 
physical expectation:    

defines Pfaffian chain:  tree-level correlators are Pfaffian functions
[TG,Hoefnagels, 
 van Vliet ’24]

<latexit sha1_base64="hcAQQnyUPwbnJszUZoR3oIkxciQ="></latexit>

(F,D)=
�
2NV + 4NV �1 +NL � 1, 3

�
graph with       vertices:<latexit sha1_base64="nbxQvIs0t4HW71UI6Ue7c4eeMpI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G1zO//YhK81g+mEmCfkSHkoecUWOl+9t+q1+uuFV3DvKXeDmpQI5Gv/zZG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWGVAwljZkobM1Z8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsv/yWts6pXq9buziv1qzyOIhzBMZyCBxdQhxtoQBMYDOEJXuDVEc6z8+a8L1oLTj5zCL/gfHwDB1qNpg==</latexit>

NV

There should be a simpler  
representation! → alg. relations

to appear [TG,Hoefnagels,van Vliet]

<latexit sha1_base64="Pvyeho95bMNZLqVPVDuzNtfc1XY=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rLoxmUV+4AmhJnppB06k4SZiVBCfsSNv+LGhSIu3Ih/46TNQlsPDBzOuZc59+CEM6Ud59uqrKyurW9UN2tb2zu7e/b+QVfFqSS0Q2Ieyz5GinIW0Y5mmtN+IikSmNMenlwXfu+BSsXi6F5PE+oLNIpYyAjSRgrsc08gPcY4u8uDzJMCqqlQOfRUihXVcNFthygM88CuOw1nBrhM3JLUQYl2YH96w5ikgkaacKTUwHUS7WdIakY4zWteqmiCyASN6MDQCAmq/Gx2XQ5PjDKEYSzNizScqb83MiSUSY3NZJFWLXqF+J83SHV46WcsSlJNIzL/KEw51DEsqoJDJinRfGoIIpKZrJCMkUREm0JrpgR38eRl0j1ruM1G8/a83roq66iCI3AMToELLkAL3IA26AACHsEzeAVv1pP1Yr1bH/PRilXuHII/sL5+ABgeoys=</latexit>Rsyms ⇢ RPfa↵
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  Tameness of full amplitude

➡ Amplitudes         are part of full amplitude          , but Taylor series is  
generally not convergent

<latexit sha1_base64="rGSX3IF9brc02NFP+h2VUje/XJ4=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCp5KIVI9VLx4rWFtoQthsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OmHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ0244viv87oRKxRLxqKcp9WM8FCxiBGsjBbbtxViPCOb5zSzwKOeBXXcazhxolbglqUOJdmB/eYOEZDEVmnCsVN91Uu3nWGpGOJ3VvEzRFJMxHtK+oQLHVPn5PPkMnRllgKJEmic0mqu/N3IcKzWNQzNZ5FTLXiH+5/UzHV37ORNppqkgi0NRxpFOUFEDGjBJieZTQzCRzGRFZIQlJtqUVTMluMtfXiVPFw232Wg+XNZbt2UdVTiBUzgHF66gBffQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDuq2TvQ==</latexit>

A`
<latexit sha1_base64="r9PwpyqiLEkT9eBSDI1JbAqQkuo=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5KIVJdVNy4r2Ac0oUwmk3boZBJmJkINxV9x40IRt/6HO//GSZuFth4YOJx7D/fM8RNGpbLtb2NpeWV1bb20Ud7c2t7ZNff22zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9LxRzf5vPNAhKQxv1fjhHgRGnAaUoyUlvrmoRshNcSIZVeTqsu0MUCnfbNi1+wprEXiFKQCBZp988sNYpxGhCvMkJQ9x06UlyGhKGZkUnZTSRKER2hAeppyFBHpZdP0E+tEK4EVxkI/rqyp+tuRoUjKceTrzTyrnJ/l4n+zXqrCSy+jPEkV4Xh2KEyZpWIrr8IKqCBYsbEmCAuqs1p4iATCShdW1iU4819eJO2zmlOv1e/OK43roo4SHMExVMGBC2jALTShBRge4Rle4c14Ml6Md+NjtrpkFJ4D+APj8wcO7JT7</latexit>

A(�)

     - theory on a point   (‘boring’ 0d QFT):                                        
<latexit sha1_base64="tA5tRjd/XArvNGQ6VkAFCy3ZXVA=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagh6JXjxi4gIJrKRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HNzO//USVZlLcm0lCgxgPBYsYwcZKrV4yYg+1frniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10VWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHr1av2uVmlc53EU4QRO4Rw8uIQG3EITfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdB347w</latexit>

�4➡ Toy example:
<latexit sha1_base64="3yOJgh5q9jo3lzkVzZhqYPIi1I0="></latexit>

A(n)(�) =

Z
d� e�S(�,�) �n

<latexit sha1_base64="AdTY2sdZW+/DHmYL4az7/3GZhZs=">AAACGnicbVDLSsNAFJ3UV62vqEs3o0UQhJKU+tgIRTcuK9oHNLFMJpN26GQSZiZCCfkON/6KGxeKuBM3/o3TNgttPXDhcM69M/ceL2ZUKsv6NgoLi0vLK8XV0tr6xuaWub3TklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vBr77QciJI34nRrFxA1Rn9OAYqS01DPt2wvoBALh1M7SagadeEDvq/A4Fx2mn/JRltb2c6/WM8tWxZoAzhM7J2WQo9EzPx0/wklIuMIMSdm1rVi5KRKKYkaykpNIEiM8RH3S1ZSjkEg3nZyWwUOt+DCIhC6u4ET9PZGiUMpR6OnOEKmBnPXG4n9eN1HBuZtSHieKcDz9KEgYVBEc5wR9KghWbKQJwoLqXSEeIJ2J0mmWdAj27MnzpFWt2KeVk5tauX6Zx1EEe+AAHAEbnIE6uAYN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/YHz9APXQn5s=</latexit>

S =
1

2
�2 +

�

4!
�4 exponential period

Still: full integrals                   Pfaffian functions:  
[TG,Schlechter, van Vliet ’23] 

<latexit sha1_base64="byP4GUWgbGOcsywXQx38UCVZjiw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK0m5KIVJdVNy4r2Ac0sUwmk3boZBJmJkIJATf+ihsXirj1J9z5N07aLLT1wMDhnHuYe48XMyqVZX0bS8srq2vrpY3y5tb2zq65t9+RUSIwaeOIRaLnIUkY5aStqGKkFwuCQo+Rrje+zv3uAxGSRvxOTWLihmjIaUAxUloamIdOiNQII5ZeZvdpldeyqsN03Ee1gVmx6tYUcJHYBamAAq2B+eX4EU5CwhVmSMq+bcXKTZFQFDOSlZ1EkhjhMRqSvqYchUS66fSGDJ5oxYdBJPTjCk7V34kUhVJOQk9P5hvLeS8X//P6iQou3JTyOFGE49lHQcKgimBeCPSpIFixiSYIC6p3hXiEBMJK11bWJdjzJy+SzmndbtQbt2eV5lVRRwkcgWNQBTY4B01wA1qgDTB4BM/gFbwZT8aL8W58zEaXjCJzAP7A+PwBSKaXTA==</latexit>

A(n)(�)
<latexit sha1_base64="gneXHqELE4HXbCoyOkuzCV+Gv6s="></latexit>

(F,D)(A(2n)) = (4, 3 + dn/4e)

➡ More general examples:  
One can show that      - dependent amplitudes in several examples 
definable in         - o-minimal structure generated by the Gevrey functions 

[TG,Ravazzini,van Vliet ’24] 

Taming non-analyticities of QFT observables

Thomas W. Grimm, Giovanni Ravazzini, Mick van Vliet

Institute for Theoretical Physics, Utrecht University

Princetonplein 5, 3584 CC Utrecht, The Netherlands

Abstract

Many observables in quantum field theories are involved non-analytic functions of the

parameters of the theory. However, it is expected that they are not arbitrarily wild, but

rather have only a finite amount of geometric complexity. This expectation has been

recently formalized by a tameness principle: physical observables should be definable in

o-minimal structures and their sharp refinements. In this work, we show that a broad class

of non-analytic partition and correlation functions are tame functions in the o-minimal

structure known as RG – the structure defining Gevrey functions. Using a perturbative

approach, we expand the observables in asymptotic series in powers of a small coupling

constant. Although these series are often divergent, they can be Borel-resummed in

the absence of Stokes phenomena to yield the full partition and correlation functions.

We show that this makes them definable in RG and provide a number of motivating

examples. These include certain 0-dimensional quantum field theories and a set of higher-

dimensional quantum field theories that can be analyzed using constructive field theory.

Finally, we discuss how the eigenvalues of certain Hamiltonians in quantum mechanics are

also definable in RG .

<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�

[van den Dries,Speisegger]  talk by Padgett 

Note:  did not yet include dependence on momenta    !  <latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p → need to combine 
     both stories 
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  Tameness of full amplitude

What are the o-minimal structures          defining scattering  
amplitudes for some well-known QFTs? Sharply o-minimal? 

➡ Question 4:
<latexit sha1_base64="+BhYSdBtJwJ6iqRkiE7kwiJH8/0=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIlJdVt24rGIv0IYwmU7boZMLMxOhhLjxVdy4UMStb+HOt3GSZqGtPwx8/Occ5pzfiziTyrK+jdLS8srqWnm9srG5tb1j7u61ZRgLQlsk5KHoelhSzgLaUkxx2o0Exb7HacebXGf1zgMVkoXBvZpG1PHxKGBDRrDSlmse9H2sxp6X3KVukjPBPLlMU9esWjUrF1oEu4AqFGq65ld/EJLYp4EiHEvZs61IOQkWihFO00o/ljTCZIJHtKcxwD6VTpJfkKJj7QzQMBT6BQrl7u+JBPtSTn1Pd2Y7yvlaZv5X68VqeOEkLIhiRQMy+2gYc6RClMWBBkxQovhUAyaC6V0RGWOBidKhVXQI9vzJi9A+rdn1Wv32rNq4KuIowyEcwQnYcA4NuIEmtIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AXtCXgA==</latexit>RA

<latexit sha1_base64="+BhYSdBtJwJ6iqRkiE7kwiJH8/0=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIlJdVt24rGIv0IYwmU7boZMLMxOhhLjxVdy4UMStb+HOt3GSZqGtPwx8/Occ5pzfiziTyrK+jdLS8srqWnm9srG5tb1j7u61ZRgLQlsk5KHoelhSzgLaUkxx2o0Exb7HacebXGf1zgMVkoXBvZpG1PHxKGBDRrDSlmse9H2sxp6X3KVukjPBPLlMU9esWjUrF1oEu4AqFGq65ld/EJLYp4EiHEvZs61IOQkWihFO00o/ljTCZIJHtKcxwD6VTpJfkKJj7QzQMBT6BQrl7u+JBPtSTn1Pd2Y7yvlaZv5X68VqeOEkLIhiRQMy+2gYc6RClMWBBkxQovhUAyaC6V0RGWOBidKhVXQI9vzJi9A+rdn1Wv32rNq4KuIowyEcwQnYcA4NuIEmtIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AXtCXgA==</latexit>RAbuild          expanding                   , such that non-analytic expansions are allowed?  

<latexit sha1_base64="OoLHGJjYzHC4cHyFd1oGE4X/YjM="></latexit>

A(p,�) =
⇣

A0(p) + A1(p)� + A2(p)�
2 + . . .

⌘

<latexit sha1_base64="lseaC6ZfNbSp1lHfvuraohGK8UU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIlJdFt24EKliH9CEMJlO2qEzSZiZiCVk46+4caGIWz/DnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljxzz+FIDX0/vcu81BEcXt8ck8c488yqVbMmgPPELkgVFGh65pfTj3DCSagwQ1L2bCtWboqEopiRrOIkksQIj9CA9DQNESfSTScPZPBQK30YREJXqOBE/T2RIi7lmPu6Mz9Xznq5+J/XS1Rw7qY0jBNFQjxdFCQMqgjmacA+FQQrNtYEYUH1rRAPkUBY6cwqOgR79uV50j6p2fVa/fa02rgo4iiDfXAAjoANzkADXIEmaAEMMvAMXsGb8WS8GO/Gx7S1ZBQzu+APjM8fpxKWdQ==</latexit>RLN,exp

➡ Remark:  It is expected that there are QFTs that have amplitudes not  
                 definable in an o-minimal structure!

<latexit sha1_base64="3yOJgh5q9jo3lzkVzZhqYPIi1I0="></latexit>

A(n)(�) =

Z
d� e�S(�,�) �n pick non-definable S‣  

<latexit sha1_base64="ZYlWqm5rFF8158z6V/lxTjnDBzQ=">AAACInicbVDLSgMxFM3UV62vUZdugkVoN2VGpOpCqLpxWcE+oFNLJk3b0ExmSO4IZei3uPFX3LhQ1JXgx5i2s9DWA4HDOeeSe48fCa7Bcb6szNLyyupadj23sbm1vWPv7tV1GCvKajQUoWr6RDPBJasBB8GakWIk8AVr+MPrid94YErzUN7BKGLtgPQl73FKwEgd+9wLCAwoEcnl+D4pyOK40PdoNwTsAYmL+AIvBmZOx847JWcKvEjclORRimrH/vC6IY0DJoEKonXLdSJoJ0QBp4KNc16sWUTokPRZy1BJAqbbyfTEMT4yShf3QmWeBDxVf08kJNB6FPgmOdlXz3sT8T+vFUPvrJ1wGcXAJJ191IsFhhBP+sJdrhgFMTKEUMXNrpgOiCIUTKs5U4I7f/IiqR+X3HKpfHuSr1yldWTRATpEBeSiU1RBN6iKaoiiR/SMXtGb9WS9WO/W5yyasdKZffQH1vcPlzijEA==</latexit>

A(n)(g · ⌧) = A(n)(⌧) non-trivial amplitude invariant  
under  

<latexit sha1_base64="Tr9e6seZcwAN2Ow3eXAjjQJd9mE=">AAACBnicbVBNS8NAEN3Ur1q/qh5FWCxCBSlJkeqx6MVjRfuBTSmb7bZdutmE3YlYQk5e/CtePCji1d/gzX/jts1Bqw8GHu/NMDPPCwXXYNtfVmZhcWl5JbuaW1vf2NzKb+80dBApyuo0EIFqeUQzwSWrAwfBWqFixPcEa3qji4nfvGNK80DewDhkHZ8MJO9zSsBI3fz+ALtcYhfYPcTXIimWj12fwNDz4tvkqJsv2CV7CvyXOCkpoBS1bv7T7QU08pkEKojWbccOoRMTBZwKluTcSLOQ0BEZsLahkvhMd+LpGwk+NEoP9wNlSgKeqj8nYuJrPfY90zk5Uc97E/E/rx1B/6wTcxlGwCSdLepHAkOAJ5ngHleMghgbQqji5lZMh0QRCia5nAnBmX/5L2mUS06lVLk6KVTP0ziyaA8doCJy0CmqoktUQ3VE0QN6Qi/o1Xq0nq03633WmrHSmV30C9bHNzCgmFU=</latexit>

g 2 Sl(2,Z)
‣  
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  Tameness of full amplitude

What are the o-minimal structures          defining scattering  
amplitudes for some well-known QFTs? Sharply o-minimal? 

➡ Question 4:
<latexit sha1_base64="+BhYSdBtJwJ6iqRkiE7kwiJH8/0=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIlJdVt24rGIv0IYwmU7boZMLMxOhhLjxVdy4UMStb+HOt3GSZqGtPwx8/Occ5pzfiziTyrK+jdLS8srqWnm9srG5tb1j7u61ZRgLQlsk5KHoelhSzgLaUkxx2o0Exb7HacebXGf1zgMVkoXBvZpG1PHxKGBDRrDSlmse9H2sxp6X3KVukjPBPLlMU9esWjUrF1oEu4AqFGq65ld/EJLYp4EiHEvZs61IOQkWihFO00o/ljTCZIJHtKcxwD6VTpJfkKJj7QzQMBT6BQrl7u+JBPtSTn1Pd2Y7yvlaZv5X68VqeOEkLIhiRQMy+2gYc6RClMWBBkxQovhUAyaC6V0RGWOBidKhVXQI9vzJi9A+rdn1Wv32rNq4KuIowyEcwQnYcA4NuIEmtIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AXtCXgA==</latexit>RA

➡ Two ways to proceed:                           (recall my claim about actual observables)

<latexit sha1_base64="+BhYSdBtJwJ6iqRkiE7kwiJH8/0=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5KIlJdVt24rGIv0IYwmU7boZMLMxOhhLjxVdy4UMStb+HOt3GSZqGtPwx8/Occ5pzfiziTyrK+jdLS8srqWnm9srG5tb1j7u61ZRgLQlsk5KHoelhSzgLaUkxx2o0Exb7HacebXGf1zgMVkoXBvZpG1PHxKGBDRrDSlmse9H2sxp6X3KVukjPBPLlMU9esWjUrF1oEu4AqFGq65ld/EJLYp4EiHEvZs61IOQkWihFO00o/ljTCZIJHtKcxwD6VTpJfkKJj7QzQMBT6BQrl7u+JBPtSTn1Pd2Y7yvlaZv5X68VqeOEkLIhiRQMy+2gYc6RClMWBBkxQovhUAyaC6V0RGWOBidKhVXQI9vzJi9A+rdn1Wv32rNq4KuIowyEcwQnYcA4NuIEmtIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AXtCXgA==</latexit>RAbuild          expanding                   , such that non-analytic expansions are allowed?  

<latexit sha1_base64="OoLHGJjYzHC4cHyFd1oGE4X/YjM="></latexit>

A(p,�) =
⇣

A0(p) + A1(p)� + A2(p)�
2 + . . .

⌘

<latexit sha1_base64="lseaC6ZfNbSp1lHfvuraohGK8UU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIlJdFt24EKliH9CEMJlO2qEzSZiZiCVk46+4caGIWz/DnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljxzz+FIDX0/vcu81BEcXt8ck8c488yqVbMmgPPELkgVFGh65pfTj3DCSagwQ1L2bCtWboqEopiRrOIkksQIj9CA9DQNESfSTScPZPBQK30YREJXqOBE/T2RIi7lmPu6Mz9Xznq5+J/XS1Rw7qY0jBNFQjxdFCQMqgjmacA+FQQrNtYEYUH1rRAPkUBY6cwqOgR79uV50j6p2fVa/fa02rgo4iiDfXAAjoANzkADXIEmaAEMMvAMXsGb8WS8GO/Gx7S1ZBQzu+APjM8fpxKWdQ==</latexit>RLN,exp

(2) Are tameness properties inherent to QFTs that can be coupled 
to quantized gravity?

restrict the class of QFTs:   Conformal Field Theories  (1) [Douglas,TG, 
  Schlechter ’23] 
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Connection with  
Quantum Gravity Principles



  Lessons from quantum gravity

➡ A popular picture:

➡ How to make this precise? 

‣ Use ‘known’ quantum properties of black holes or other space-times

‣ Work with a candidate theory of quantum gravity — string theory  

set of all 
QFTs

QFTs consistent with  
quantum gravity

➡ Conjectures about the properties of effective QFTs consistent with 
quantum gravity - ‘swampland program’
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  Constraints from quantum gravity

- confirmed in all string theory settings
- proved within AdS/CFT for most global symmetries [Harlow,Ooguri]

- black hole arguments

➡ Best understood claims about quantum gravity:
 ‘No global symmetries’

[Banks,Dixon ’88][Banks,Seiberg]…
→ gauged or eventually broken

<latexit sha1_base64="ZYlWqm5rFF8158z6V/lxTjnDBzQ=">AAACInicbVDLSgMxFM3UV62vUZdugkVoN2VGpOpCqLpxWcE+oFNLJk3b0ExmSO4IZei3uPFX3LhQ1JXgx5i2s9DWA4HDOeeSe48fCa7Bcb6szNLyyupadj23sbm1vWPv7tV1GCvKajQUoWr6RDPBJasBB8GakWIk8AVr+MPrid94YErzUN7BKGLtgPQl73FKwEgd+9wLCAwoEcnl+D4pyOK40PdoNwTsAYmL+AIvBmZOx847JWcKvEjclORRimrH/vC6IY0DJoEKonXLdSJoJ0QBp4KNc16sWUTokPRZy1BJAqbbyfTEMT4yShf3QmWeBDxVf08kJNB6FPgmOdlXz3sT8T+vFUPvrJ1wGcXAJJ191IsFhhBP+sJdrhgFMTKEUMXNrpgOiCIUTKs5U4I7f/IiqR+X3HKpfHuSr1yldWTRATpEBeSiU1RBN6iKaoiiR/SMXtGb9WS9WO/W5yyasdKZffQH1vcPlzijEA==</latexit>

A(n)(g · ⌧) = A(n)(⌧)e.g. gauged:   images of fundamental  
domain are physically equivalent

➡ Compare:   definability of the          -function when 
                    restricted to                 fundamental domain [Peterzil,Starchenko]

<latexit sha1_base64="AQVar/7/Zs4GCLkHDZvAAmK8XDg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKVJdFt24rGgf2IQymU7aoZMHMzdiCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywtr6yuFddLG5tb2zv67l5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8lfmdByokC4M7mETU8fEwYB4jGJTU1w9soI+Q3PK0Uju1fQwj103u05O+Xjar5hTGIrFyUkY5mn39yx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKeogH2qXSS6QOpcayUgeGFQlUAxlT9PZFgX8qJ76rO7EQ572Xif14vBu/CSVgQxUADMlvkxdyA0MjSMAZMUAJ8oggmgqlbDTLCAhNQmZVUCNb8y4ukXata9Wr95qzcuMzjKKJDdIQqyELnqIGuURO1EEEpekav6E170l60d+1j1lrQ8pl99Afa5w9TV5Y/</latexit>

Sl(2,Z)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

→  first glimpse at the importance of gravity to get tameness 
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  Finiteness conjectures 

➡ Claims originated in string theory:
‣ String theory has no continuous free parameters apart from        
→ QFT couplings determined by quantum fields and  
     discrete choices

<latexit sha1_base64="4UAAXsGhF2yO6q1+HhZ47/Dz0xk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe1/1yxat6c7irxM9JBXI0+uWv3kDSNEZhKCdad30vMUFGlGGU47TUSzUmhI7JELuWChKjDrL5tVP3zCoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c5edwdMITV8YgmhitlbXToiilBjAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5kjnxXl3PhatBSefOYY/cD5/AJy2jyw=</latexit>

`s

(topological data, fluxes,…)

→ central part of the program: studied by many physics groups  

➡ Conjectures about finiteness of effective QFTs compatible with  
Quantum Gravity
[Douglas ’05] [Vafa ’05] [Acharya,Douglas ’06]…[Hamada,Montero,Vafa,Valenzuela ’21]…  
                                                                                                [Delgado,Heisteeg,Raman,Torres,Vafa ’24] 

[TG ’21][Douglas,TG,Schlechter ’23]
Stronger conjecture:  Replace finiteness with tameness (o-minimality)

finitely many
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  Finiteness in string theory 

Proved tameness of locus of self-dual integral classes:    
 
use (1) definability of period map [Bakker,Klingler,Tsimerman ‘18] and     
       (2) finiteness of orbits of symmetry groups of lattices

[Bakker,TG,Schnell,Tsimerman ’21]

➡ String theory:   Geometry-to-Physics map  
Gives precise mathematical statement in Hodge theory

<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many solutions even  
      when changing complex structure

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

<latexit sha1_base64="ag4IJd1ZmGaiH4pB/papD7hqhhY=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUS8bYRii50WcFepAllMj1th04mYWailFBw46u4caGIW1/CnW/jtM1CW38Y+PjPOZw5fxBzprTjfFu5ufmFxaX8cmFldW19w97cqqkokRSqNOKRbAREAWcCqpppDo1YAgkDDvWgfzmq1+9BKhaJWz2IwQ9JV7AOo0Qbq2XveEzoVno3xFfYe4B2FwycYw84b9lFp+SMhWfBzaCIMlVa9pfXjmgSgtCUE6WarhNrPyVSM8phWPASBTGhfdKFpkFBQlB+Or5hiPeN08adSJonNB67vydSEio1CAPTGRLdU9O1kflfrZnozpmfMhEnGgSdLOokHOsIjwLBbSaBaj4wQKhk5q+Y9ogkVJvYCiYEd/rkWagdltyT0vHNUbF8kcWRR7toDx0gF52iMrpGFVRFFD2iZ/SK3qwn68V6tz4mrTkrm9lGf2R9/gAFHZZ8</latexit>Z

Y
G ^G = `and

➡ Finiteness conjectures about effective QFTs implies:  

<latexit sha1_base64="p12wQtPvOlFY3D5/N+dk7DgMEXE=">AAAB+nicdVDNS8MwHE39nPOr06OX4BA8lXZs0+PQiwcPE9wHbKWkabqFpWlJUnXU/SlePCji1b/Em/+N6VZBRR+EPN57P/LL8xNGpbLtD2NpeWV1bb20Ud7c2t7ZNSt7XRmnApMOjlks+j6ShFFOOooqRvqJICjyGen5k/Pc790QIWnMr9U0IW6ERpyGFCOlJc+sDC91OEBeNhQRDOndzDOrttWwNWrQtvK73oCF0oDOXLHtKijQ9sz3YRDjNCJcYYakHDh2otwMCUUxI7PyMJUkQXiCRmSgKUcRkW42X30Gj7QSwDAW+nAF5+r3iQxFUk4jXycjpMbyt5eLf3mDVIWnbkZ5kirC8eKhMGVQxTDvAQZUEKzYVBOEBdW7QjxGAmGl2yrrEr5+Cv8n3ZrlNK3mVb3aOivqKIEDcAiOgQNOQAtcgDboAAxuwQN4As/GvfFovBivi+iSUczsgx8w3j4BT9mUEA==</latexit>

⇤fix

‣ Number of distinct effective theories arising in string theory that are  
valid below a fixed cut-offs energy scale         is finite  

→ non-trivial finiteness theorem generalizing finiteness theorem 
     by [Cattani,Deligne,Kaplan ’95] on Hodge classes
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  Finiteness in string theory

➡ How many are there?     →   still open (use complexity of periods? lattice?) 

Conjecture complexity from flux density:
<latexit sha1_base64="MsnYY0XQdBNyv1gr+AcQaIKZ5p0="></latexit>

D = poly(`) F = O(h3,1(Y )) [TG,Monnee ’23]

10 500
rough estimate from flux density  [Ashok,Douglas ’03] [Denef,Douglas ’04]

➡ String theory:   Geometry-to-Physics map  
Gives precise mathematical statement in Hodge theory

<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many solutions even  
      when changing complex structure

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

<latexit sha1_base64="ag4IJd1ZmGaiH4pB/papD7hqhhY=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUS8bYRii50WcFepAllMj1th04mYWailFBw46u4caGIW1/CnW/jtM1CW38Y+PjPOZw5fxBzprTjfFu5ufmFxaX8cmFldW19w97cqqkokRSqNOKRbAREAWcCqpppDo1YAgkDDvWgfzmq1+9BKhaJWz2IwQ9JV7AOo0Qbq2XveEzoVno3xFfYe4B2FwycYw84b9lFp+SMhWfBzaCIMlVa9pfXjmgSgtCUE6WarhNrPyVSM8phWPASBTGhfdKFpkFBQlB+Or5hiPeN08adSJonNB67vydSEio1CAPTGRLdU9O1kflfrZnozpmfMhEnGgSdLOokHOsIjwLBbSaBaj4wQKhk5q+Y9ogkVJvYCiYEd/rkWagdltyT0vHNUbF8kcWRR7toDx0gF52iMrpGFVRFFD2iZ/SK3qwn68V6tz4mrTkrm9lGf2R9/gAFHZZ8</latexit>Z

Y
G ^G = `and

➡ Finiteness conjectures about effective QFTs implies:  

<latexit sha1_base64="p12wQtPvOlFY3D5/N+dk7DgMEXE=">AAAB+nicdVDNS8MwHE39nPOr06OX4BA8lXZs0+PQiwcPE9wHbKWkabqFpWlJUnXU/SlePCji1b/Em/+N6VZBRR+EPN57P/LL8xNGpbLtD2NpeWV1bb20Ud7c2t7ZNSt7XRmnApMOjlks+j6ShFFOOooqRvqJICjyGen5k/Pc790QIWnMr9U0IW6ERpyGFCOlJc+sDC91OEBeNhQRDOndzDOrttWwNWrQtvK73oCF0oDOXLHtKijQ9sz3YRDjNCJcYYakHDh2otwMCUUxI7PyMJUkQXiCRmSgKUcRkW42X30Gj7QSwDAW+nAF5+r3iQxFUk4jXycjpMbyt5eLf3mDVIWnbkZ5kirC8eKhMGVQxTDvAQZUEKzYVBOEBdW7QjxGAmGl2yrrEr5+Cv8n3ZrlNK3mVb3aOivqKIEDcAiOgQNOQAtcgDboAAxuwQN4As/GvfFovBivi+iSUczsgx8w3j4BT9mUEA==</latexit>

⇤fix

‣ Number of distinct effective theories arising in string theory that are  
valid below a fixed cut-offs energy scale         is finite  
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  Finiteness and volume growth

➡ Another conjecture:  Finiteness of amplitudes in quantum gravity
[Hamada,Montero,Vafa,Valenzuela ’21]

Conjecture: Volume of any geodesic ball in moduli space        should   
grow maximally like Euclidean space

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
 [Delgado,Heisteeg,Raman,Torres,Vafa ’24]

Riemannian manifold        :  
<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
<latexit sha1_base64="3/BhvcaWa+Rb56QcMK4wra6nqYQ=">AAACInicbVDLSgMxFM3UV62vUZdugkVoN2VGpCq4KLYLN0IF+4C2lkyatqGZB8mdYhnmW9z4K25cKOpK8GNMHwvbeiBwOOdccu9xAsEVWNa3kVhZXVvfSG6mtrZ3dvfM/YOq8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bas6gOPZrQyYV9717GAWs5ZKex7ucEtBS27xsAnuEaOiLONN0CfQpEdFt3C5l8RUu4tJDNA10uDsXyMZtM23lrAnwMrFnJI1mKLfNz2bHp6HLPKCCKNWwrQBaEZHAqWBxqhkqFhA6ID3W0NQjLlOtaHJijE+00sFdX+rnAZ6ofyci4io1ch2dHC+pFr2x+J/XCKF70Yq4F4TAPDr9qBsKDD4e94U7XDIKYqQJoZLrXTHtE0ko6FZTugR78eRlUj3N2flc/u4sXbie1ZFER+gYZZCNzlEB3aAyqiCKntALekPvxrPxanwYX9NowpjNHKI5GD+/rVakYQ==</latexit>

vol(MD) < CDdim(M)
<latexit sha1_base64="Wgazr/yq69ic8ZXQBEgTpyxu9+Y=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBKR6rGoB48V7Ac0oWy2m3bpZhN2J0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcYX0/9zgNTmsfyHrKE+REZSh5ySsBIfbty4yk+HAFRKn7EHpchZH276tScGfAycQtSRQWaffvLG8Q0jZgEKojWPddJwM+JAk4Fm5S9VLOE0DEZsp6hkkRM+/ns+Ak+McoAh7EyJQHP1N8TOYm0zqLAdEYERnrRm4r/eb0Uwks/5zJJgUk6XxSmAkOMp0ngAVeMgsgMIVRxcyumI6IIBZNX2YTgLr68TNpnNbdeq9+dVxtXRRwldISO0Sly0QVqoFvURC1EUYae0St6s56sF+vd+pi3rljFTAX9gfX5A/19lQM=</latexit>

D ! 1

<latexit sha1_base64="ENd//GbtbgVwfshxBpLyHjNhzKU="></latexit>

MD :=
�
x 2 M : dist(x, x0)  D

 

Upper half-plane       with hyperbolic metric → not true 
<latexit sha1_base64="04mhc5gXMBolIZAg5oh575rP55g=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvXDERJAIG9ItBRq63U371oRs+BdePGiMV/+NN/+NXdiDgpM0mcy8l86bIJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEa6E1DDpVC8hQIl78Sa0zCQ/CGY3Gb+wxPXRkTqHqcx90M6UmIoGEUrPfZCiuMgSBuzfrniVt05yCrxclKBHM1++as3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JmlQEZRto+hWSu/t5IaWjMNAzsZJbQLHuZ+J/XTXB47adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ6+S9kXVq1Vrd5eV+k1eRxFO4BTOwYMrqEMDmtACBgqe4RXeHOO8OO/Ox2K04OQ7x/AHzucPsb+Q8w==</latexit>

H

Fundamental domain of                  in       with hyperbolic metric → true 
<latexit sha1_base64="04mhc5gXMBolIZAg5oh575rP55g=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvXDERJAIG9ItBRq63U371oRs+BdePGiMV/+NN/+NXdiDgpM0mcy8l86bIJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEa6E1DDpVC8hQIl78Sa0zCQ/CGY3Gb+wxPXRkTqHqcx90M6UmIoGEUrPfZCiuMgSBuzfrniVt05yCrxclKBHM1++as3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JmlQEZRto+hWSu/t5IaWjMNAzsZJbQLHuZ+J/XTXB47adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ6+S9kXVq1Vrd5eV+k1eRxFO4BTOwYMrqEMDmtACBgqe4RXeHOO8OO/Ox2K04OQ7x/AHzucPsb+Q8w==</latexit>

H
<latexit sha1_base64="AQVar/7/Zs4GCLkHDZvAAmK8XDg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKVJdFt24rGgf2IQymU7aoZMHMzdiCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywtr6yuFddLG5tb2zv67l5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8lfmdByokC4M7mETU8fEwYB4jGJTU1w9soI+Q3PK0Uju1fQwj103u05O+Xjar5hTGIrFyUkY5mn39yx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKeogH2qXSS6QOpcayUgeGFQlUAxlT9PZFgX8qJ76rO7EQ572Xif14vBu/CSVgQxUADMlvkxdyA0MjSMAZMUAJ8oggmgqlbDTLCAhNQmZVUCNb8y4ukXata9Wr95qzcuMzjKKJDdIQqyELnqIGuURO1EEEpekav6E170l60d+1j1lrQ8pl99Afa5w9TV5Y/</latexit>

Sl(2,Z)
Examples: 
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  Finiteness and volume growth

➡ Another conjecture:  Finiteness of amplitudes in quantum gravity
[Hamada,Montero,Vafa,Valenzuela ’21]

Conjecture: Volume of any geodesic ball in moduli space        should   
grow maximally like Euclidean space

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
 [Delgado,Heisteeg,Raman,Torres,Vafa ’24]

➡ Conjecture follows from tameness of embedding:
isometrically           ,[Nash]

<latexit sha1_base64="b8PBrjdAgPwZX/6ZuW8NJd9IYNI=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4kDIjUsVV0Y0bpYp9QGcsmTRtQzPJkGSUMvQn3Pgrblwo4lZw59+Ymc5CWw9cOJxzL/fe44eMKm3b31Zubn5hcSm/XFhZXVvfKG5uNZSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT94XniN++JVFTwWz0KiRegPqc9ipE2Uqd44Ib01A2QHmDE4ssxdAdCDCXtDzSSUjzA1PP9+GZ8d9UpluyynQLOEicjJZCh1il+uV2Bo4BwjRlSqu3YofZiJDXFjIwLbqRIiPAQ9UnbUI4Corw4/WoM94zShT0hTXENU/X3RIwCpUaBbzqTG9W0l4j/ee1I9068mPIw0oTjyaJexKAWMIkIdqkkWLORIQhLam6FeIAkwtoEWTAhONMvz5LGYdmplCvXR6XqWRZHHuyAXbAPHHAMquAC1EAdYPAInsEreLOerBfr3fqYtOasbGYb/IH1+QOAgp+u</latexit>

⇡ : M ,! RN
<latexit sha1_base64="aizk7nzQEoQgRozEIRwCztq1jno=">AAACEXicbVDLSsNAFJ3UV62vqEs3g6VQNyURqW6Eohs3QgX7gCaWyXTSDp1JwsxEKCG/4MZfceNCEbfu3Pk3TtosauuBgcM5c7nnHi9iVCrL+jEKK6tr6xvFzdLW9s7unrl/0JZhLDBp4ZCFoushSRgNSEtRxUg3EgRxj5GON77O/M4jEZKGwb2aRMTlaBhQn2KktNQ3qw5HaoQRS27Th8QRHBLupfASOhGd9076ZtmqWVPAZWLnpAxyNPvmtzMIccxJoDBDUvZsK1JugoSimJG05MSSRAiP0ZD0NA0QJ9JNphelsKKVAfRDoV+g4FSdn0gQl3KSJa1kGeWil4n/eb1Y+RduQoMoViTAs0V+zKAKYVYPHFBBsGITTRAWVGeFeIQEwkqXWNIl2IsnL5P2ac2u1+p3Z+XGVV5HERyBY1AFNjgHDXADmqAFMHgCL+ANvBvPxqvxYXzOvhaMfOYQ/IHx9QsGTp0k</latexit>

Memb = ⇡(M)

in preparation [TG,Prieto] 

   definable in o-minimal structure
<latexit sha1_base64="y9ikDCR8h4s0oIzfYpzUxmVHmLI=">AAAB/3icbVDLSgMxFM34rPU1KrhxEywFV2VGpLosunEjVLAP6Iwlk2ba0CQzJBmhjLPwV9y4UMStv+HOvzHTzkJbD1w4nHMvOTlBzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8lfudByIVjcSdnsTE52goaEgx0kbq24ceR3qEEUtvsvvUkxwSHmSwb1ecmjMFXCRuQSqgQLNvf3mDCCecCI0ZUqrnOrH2UyQ1xYxkZS9RJEZ4jIakZ6hAnCg/nebPYNUoAxhG0ozQcKr+vkgRV2qS56rmadW8l4v/eb1Ehxd+SkWcaCLw7KEwYVBHMC8DDqgkWLOJIQhLarJCPEISYW0qK5sS3PkvL5L2ac2t1+q3Z5XGZVFHCRyBY3ACXHAOGuAaNEELYPAInsEreLOerBfr3fqYrS5Zxc0B+APr8wf0XJYS</latexit>

Memb
<latexit sha1_base64="Dn6NVW6vLw6qLFDKwgt/E68eNhU="></latexit>

Vol(BN (r) \Memb)  C rdim(M)

[Yomdin,Comte]
implies

<latexit sha1_base64="5xHkQIMoctweN698kNDutpERyIg="></latexit>

Vol(Memb
D )  CDdim(M)

➡ Tameness of Riemannian manifold is weaker than o-minimality of  
isometric embedding  
quantum gravity: moduli spaces admit a tame isometric embedding 
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Thanks!



  Some examples

➡ #complexity is minimal (F,D) needed to define the function➡ #complexity is minimal (F,D) needed to define the function

➡ exponential function:     
<latexit sha1_base64="wpZqd57pJQeDCVDGc7rojfpcN7M=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2ls120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGiu18CGj5GnSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m507IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k76XCEzYmwJZYrbWwkbUkWZsQkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAIMRPMMrvDmJ8+K8Ox/z1hUnnzmCP3A+fwAyd49/</latexit>

eax
<latexit sha1_base64="JPPWzILLDU5jS9XXO7B4qo1kGmc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahhVKSItWLUFTEYwX7AWkom+22XbrJht2JUEJ/hhcPinj113jz37htc9DWBwOP92aYmedHgmuw7W8rs7a+sbmV3c7t7O7tH+QPj1paxoqyJpVCqo5PNBM8ZE3gIFgnUowEvmBtf3wz89tPTGkuw0eYRMwLyDDkA04JGMkt3pVvS1fFarla6uULdsWeA68SJyUFlKLRy391+5LGAQuBCqK169gReAlRwKlg01w31iwidEyGzDU0JAHTXjI/eYrPjNLHA6lMhYDn6u+JhARaTwLfdAYERnrZm4n/eW4Mg0sv4WEUAwvpYtEgFhgknv2P+1wxCmJiCKGKm1sxHRFFKJiUciYEZ/nlVdKqVpxapfZwXqhfp3Fk0Qk6RUXkoAtUR/eogZqIIome0St6s8B6sd6tj0VrxkpnjtEfWJ8/8KaPGA==</latexit>

(F,D) = (2, 2)

➡ fewnomials:     
<latexit sha1_base64="wWLy6L/wkX/y18hhJWHldcgh06w=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahhVKSItWLUFTEYwX7AW0om822XbrZhN2NUEL/hhcPinj1z3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHrVUGEtCmyTkoex4WFHOBG1qpjntRJLiwOO07Y1vZn77iUrFQvGoJxF1AzwUbMAI1kbqFe/Kt6WrolOu+qV+vmBX7DnQKnFSUoAUjX7+q+eHJA6o0IRjpbqOHWk3wVIzwuk014sVjTAZ4yHtGipwQJWbzG+eojOj+GgQSlNCo7n6eyLBgVKTwDOdAdYjtezNxP+8bqwHl27CRBRrKshi0SDmSIdoFgDymaRE84khmEhmbkVkhCUm2sSUMyE4yy+vkla14tQqtYfzQv06jSMLJ3AKRXDgAupwDw1oAoEInuEV3qzYerHerY9Fa8ZKZ47hD6zPH64Vj4U=</latexit>

(F,D) = (1, 2d)
<latexit sha1_base64="hmBTnbZi4TY435woZoUZkxiemiU=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJSqkui25cVrAXaNMymUzaoZNJmJmoJfQ93LhQxK3v4s63cdpmoa0/DHz85xzOmd+LOVPatr+t3Nr6xuZWfruws7u3f1A8PGqpKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvfzOrtByoVi8S9nsTUDfFQsIARrI3Vx+ipn1b86YVnwB8US3bZngutgpNBCTI1BsWvnh+RJKRCE46V6jp2rN0US80Ip9NCL1E0xmSMh7RrUOCQKjedXz1FZ8bxURBJ84RGc/f3RIpDpSahZzpDrEdquTYz/6t1Ex1cuSkTcaKpIItFQcKRjtAsAuQzSYnmEwOYSGZuRWSEJSbaBFUwITjLX16FVqXs1Mq1u2qpfp3FkYcTOIVzcOAS6nALDWgCAQnP8Apv1qP1Yr1bH4vWnJXNHMMfWZ8/eK2R3Q==</latexit>

ax2d + bxd

alternative representation:
<latexit sha1_base64="ZQGAEu7V5zOrT2Xv3z71EnJLw1E=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZSkSHUjFN24rGAf0MQwmU7aoZNJmJlIS8jSjb/ixoUibv0Ed/6N0zYLbT1w4cw59zL3Hj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7ye+O0HIiSN+J0ax8QNUZ/TgGKktOSZh4Fnw0s4uk972akDA6+qX04gEE7tLB1lnlm2KtYUcJHYOSmDHA3P/HJ6EU5CwhVmSMqubcXKTZFQFDOSlZxEkhjhIeqTrqYchUS66fSQDB5rpQeDSOjiCk7V3xMpCqUch77uDJEayHlvIv7ndRMVXLgp5XGiCMezj4KEQRXBSSqwRwXBio01QVhQvSvEA6RTUDq7kg7Bnj95kbSqFbtWqd2eletXeRxFcACOwAmwwTmogxvQAE2AwSN4Bq/gzXgyXox342PWWjDymX3wB8bnDzhemD4=</latexit>

f1 = xd, f2 =
1

x

<latexit sha1_base64="PPW+gVf86tjM8ArXTI6YtgnM12I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahhVISlepFKCrisYL9gDSUzXbbLt1swu5GKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzPMjzpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULZ9rChngjY005y2I0lx4HPa8kc3U7/1RKVioXjU44h6AR4I1mcEayO5xbvybemqeFaulrr5gl2xZ0DLxElJAVLUu/mvTi8kcUCFJhwr5Tp2pL0ES80Ip5NcJ1Y0wmSEB9Q1VOCAKi+ZnTxBJ0bpoX4oTQmNZurviQQHSo0D33QGWA/VojcV//PcWPcvvYSJKNZUkPmifsyRDtH0f9RjkhLNx4ZgIpm5FZEhlphok1LOhOAsvrxMmqcVp1qpPpwXatdpHFk4gmMoggMXUIN7qEMDCITwDK/wZmnrxXq3PuatGSudOYQ/sD5/APhBjx0=</latexit>

(F,D) = (3, 6)

➡ trigonometric:     
<latexit sha1_base64="O0XWC82z4hDdJtlfISYGfbvR1/o=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUrGVGpLosunFZwT6gM5RMmmpoJhmSO9Iy9CPc+CtuXCji1oU7/8b0sdDqCRdOzrmX5J4wFtyA6345mYXFpeWV7GpubX1jcyu/vdMwKtGU1akSSrdCYpjgktWBg2CtWDMShYI1w/7l2G/eM224kjcwjFkQkVvJe5wSsFInf+QDG0BKlRkVpV8aHPrYnomm5Gh8aR/7MS/ZCjr5glt2J8B/iTcjBTRDrZP/9LuKJhGTQAUxpu25MQQp0cCpYKOcnxgWE9ont6xtqSQRM0E6WWqED6zSxT2lbUnAE/XnREoiY4ZRaDsjAndm3huL/3ntBHrnQcplnACTdPpQLxEYFB4nhLtcMwpiaAmhmtu/YnpHNKFgc8zZELz5lf+SxknZq5Qr16eF6sUsjizaQ/uoiDx0hqroCtVQHVH0gJ7QC3p1Hp1n5815n7ZmnNnMLvoF5+Mbj6Od4g==</latexit>

cos(nx) on [�⇡,⇡]
<latexit sha1_base64="PR4NWUFk4VbG3pez4npMfvvRaA8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvQYimJlupFKCrisYL9gDaUzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmeeGjEplWd9GamV1bX0jvZnZ2t7Z3cvuHzRkEAlM6jhggWi5SBJGOakrqhhphYIg32Wk6Q5vpn5zRISkAX9U45A4Pupz6lGMlJac/F3xtnCVPy+WT3mhm81ZJWsGc5nYCclBglo3+9XpBTjyCVeYISnbthUqJ0ZCUczIJNOJJAkRHqI+aWvKkU+kE8+OnpgnWumZXiB0cWXO1N8TMfKlHPuu7vSRGshFbyr+57Uj5V06MeVhpAjH80VexEwVmNMEzB4VBCs21gRhQfWtJh4ggbDSOWV0CPbiy8ukcVayK6XKQzlXvU7iSMMRHEMebLiAKtxDDeqA4Qme4RXejJHxYrwbH/PWlJHMHMIfGJ8/K+2PyA==</latexit>

(F,D) = (3, 4 + n)

Note: N to infinity limit 
decreases complexity

<latexit sha1_base64="yoYFl3ST+KuyeQnmuyniEAUjT+U="></latexit>

x2 =
1X

n=0

an cos(nx) ⇡
NX

n=0

an cos(nx)
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