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Polytopes tonic varieties and isoperimetric inequalities

Isoperimetric inequalities

Isoperimetric problem Determine the relations betweenthevolume

of a convex compact set K E IR and its boundary Ok

Take B B o 1 and K E IR with Surface K S Perimeter K L

Take t o a parameter

Surface K t B S Lt RE

Iso Inequality 12 417500






























































































Bonnesen theorem 19211

Take a convex compact set K in IR

R minimal rayofacendecircunscribingk

r maximal ray of
a cercle inscribed in k

t

Then 12 4 5 m R r

corollary The extremal case L 4 5 0 holds

if and only if R r that is K is a cercle






























































































Minkowski sum and mixed volumes

Take compact convex subsets kn K 12ª

Th Minkowski Steiner If Si Se o then

Vol s kn S Kz is a homogeneous polynomial of degree d in Si 52

d d i
roll sik Saka

Ee vi si S

Def vi rol ki K 3 mixed volumes

Rey Vd Vol K vo Vol Ka






























































































Generalized isoperimetric inequalities in
1122

Let K K E M be two compact convex subsets Then

vol S K Saka vo si 2 v1 51.52 V2 522

v2 vo vol kg

www
k Ka

kn 42

Theorem T Take r sup t the K modulo translations

R inf t I tha k 11 11

Then IR e
2
vi vi Nova






























































































The toricvariety determined by an integral polytope

Take k E IR an integral polytope
i e with vertex set

in the lattice 2ᵈ

The polytope K is determined and determines the

support function defined
on the dual rectorspace Ed

H Id IR

H n min u m

Meki

Take a fan subdividing Rd such

H is linear in restriction to the comes o






























































































For each o E I we have a finitely generated semigroup

En Ed which defines the affine normal toric variety

Xo Spec ón

The toric variety se
is obtained bygluing

the charts Xo where X Copen to if to
is a face of o

For each oe we have an integral rector Mo
Rd

such that H n u Mo for all a o

This determines an invertible sheaf L ow XL






























































































The space of global sections of L

H L has a basis in bijection with KM 2

In particular Xs L determines k and

dime 4º L a k A 2d






























































































The case oftwo integral polytopes

Take k and ka E IR two integral polytopes

with support functions He and Hz

Take Ir a fan such that for every EL

the restriction of the
to o is linear 1 1,2

Take 1 and La the invertible sheets defined
as

before from Her and Ha on XE






























































































The mixed degrees associated
with 4 and La

It Si Se IN then the support fouction of

Si kn 52h2 is also linear on each o E E

The associated invertible sheaf is Li LE

Then 21 2 Li a L dime 4º XE 4 a 4

is a polynomial of degree
de in si and se

2 Z 404 I 1 ri si Mi

Ni mixed degrees of 4 and La






























































































Mixed degrees versus mixed volumes

On the other hand vol si k S Kz is also oftheform

vol si K Saka vi si 52ª

Vi mixed volumes of Ks and ka

Thanks to theequality lily ha
n k n 2ª Vol k

it can be proven
that FÉIN






























































































Application of the HodgeIndexTheorem

Th T

In this situation the Hodge Index theorem implies that

rinzri.rissforzsist
with equality if and only if there exists as be IN

such that Li L






























































































Aleksandrov Fenchel Inequalities

Corollary IT

We get from the theorem the mixed volumes incipalities

CAF Vi 1 Vi Vi a for 2 i d

with equality if and only if there exists a b EN

such that a K b Kz modulo translation






























































































Extension to compact convex subsets

The set of compact convex
subsets of12ª is endowed with

the Hausdorff metric 8

81K K min E I kn Ka EB K2 kn EIB

The mixed volumes are continuous functions withrespect
thismetric

An approximation argument by integralpolytopes
with respect

to sufficiently fine lattices implies that the A F inequalities hold

for pairs K K of compact convex subsets of Rd






























































































Back to isoperimetric inequalities

Take k Rd a compact convex subset and Kj B Bla 1

In this case yuifvallokt
Rene We can reformulateCAF in the form

CAF it
Then

Ei
Thus

radireratQ






























































































The isoperimetric inequality in IR

Van vollok vo vol B va Vol K

Substituting in rad 1 No vat we get

vollohldzdd.vol.lk
d
val1B

Ifd 2 we recover the isoperimetric inequality

12 478






























































































Monomiales integral closure of ideals and multiplicities

Integral closure of ideals

Def Let A be a commutative ring and I A an ideal

he A s integral over I if one has

h s ar h en o with ai I

The set of elements of A which are integral over I
is an ideal I

The If A is an analytic algebra then

h E I if
and only if for all

local morphism y A Elt

me has tadtiuflad.lageIY






























































































The case of a monomial ideal of 04 1 __ Xd

I 1ª 1ª 641 monomial ideal 1 4 1 1

Set EII a 11 0

NCI convex hull of ELI

Newton polygonof
I

Luis






























































































Then he 6414 is integral over I if for all

4 04 4 ELES Xi Kilt

arde hlX.lt Xultl min 4a La

where v1 va vi andy Tilt

corollary LEI supp h NCI

h ex

suppth LEN cato
EHI






























































































Monomial Briangan Skoda Theorem

Carathéodory theorem

Let E 12ª be a connected set anal be Como LE

then es en E E such that b E Cour es ed

We can deduce that

1 be NCI d.be ECI

2 by bde NII bit bd ECI

Corollary Monomial Briangon SkodaTh Id I

This is a particular case of a theorem of Briangon
Skoda

for ideals of Xd






























































































Multiplicities

Def

Let A be a local noetherian ring
and I a primary ideal

There exists a polynomial P QIE with deg Pn dim A d

of the form P It Et Et such that

PI S lg A
Is for 5770

ECI multiplicity of I

PEIH Hilbert Samuel polynomial of I






























































































Multiplicities

let I 1ª 1ª 64 1 Xd4 a monomial ideal

The following are equivalent

1 I is primary

e UCI Vol IR ECI 20

i

II.az

3
dime 0414 1

Rea dim 62 4 1
n of points ofintegral

coordinates in

12 1 ECI






























































































Rea Take an integer s 1

no of integral points of 12
ELIS

n of f integral points of
IR ELI

and then we can show that

slimy
E I N I

this

CLI d VINCI Vol 12 01 NII

covolume of NCI
in IR






























































































Corollary If In Iz are primary monomial ideals

IT Ir e In e In

Ir e Ir and ELI ella Ir Iz

Since NII NII and the equality of multiplicities

VINCI V NCI NII NCI I Ir

Ree This result is a particular case of Rees
theorem

for primary ideals in a certain class of local rings






























































































Mixed corolumes

If It Is are monomial ideals with finite coralumes

V NII VIN Ia

Then if si S E IR we have that

Si NII S N Ia is a homogeneous

polynomial in si se of degree de and

one can write

d
vol S N Ii S N Ia Ʃ wi s 52ª

i o

The wi are the mixed coralumes of NCI and NII






























































































Mixed multiplicities

If In I are two primary ideals of
a noetherian local

ring then we have

1 ei si siel II Ii a Ei

The ei are the mixed multiplicities of Ir Iz






























































































A Minkosnaytype inequality for themultiplicities
Theorem B Feissier Rees

Let A a formally equidimensional noetherian
local ring

of dimension d with infinite residue field
and In Iz primary ideals Then

a ei_ ti ei 2 2 i de

2 e I I e I e In

Equality in 1 holds if and only if

Lo

and if A is normal then IT IZ






























































































Remark The proof of the previous theorem involves a

reduction to the case of surface by using Bertini's theorem

the existence of resolution of singularities of surfaces by
Hironaka chan o and Abhyankar chan P and that byThunfords

theorem the intersection matrix of the exceptional divisor of a

resolution is negative definite

This latter fact may be seen as a local expression

of the Hodge index
theorem






























































































A Minkosnaytype inequality for the corolumes

Corollary If Ir Is are momonial primary ideals of 417 then

wi and then

Wi Wi Wi z 2 i d

Vol NCI NCI rol NII Vol NCI

with equality if and only if Ya YI
and a NII b N Ia






























































































A Minkosnaytype inequality for the coralumes

Case I E Xi X2 and Iz Xi X2

en EL Elementary Newton
tolygon FEI

N Ii
hit.EE

r
The inequality of the corollary becomes

Ee min Cli hi 1ª 2 vol NCI

with equality if and only if NCI un N Iz for some in






























































































Toric singularities and beyond

Taric geometry and
the Semple Nash modification

We proposed some material towards a general theory of toric
varieties

without the assumption of normality
This includes

Combinatorial description in term of a fan with

attached semigroups subject
to gluing

conditions

Geometrical description Good action of the
toras i e

take Sumihiro's theorem as an axiom

Blowing up of monomial ideals is
a toric may






























































































The Semple Nash modification in the toric case

The Semple Nashmodification of a equidimensional variety is a

canonical modification defined by taking the limits of tangents spaces

at uan singular points

Def Description of the Semple Nash modification in the toric case

over an alg closed field of
characteristic zero as the blowing up

of a monomial ideal called the logarithmicjacobian
ideal

Theorem local uniformization of any monomial valuation

of maximal rank dominating a pointof a toric variety

by SN modifications






























































































Overweighted deformationsofaffine
toric varieties and local uniformization

Teissier has developed toric geometry
methods in his

program of
local uniformization of valuations by

overweighted deformations of affine
tonic varieties

see the references below
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Thanks Bernard for sharing all these beautiful

mathematical paths full of inspiration an

perspectives with great energy
and enthusiasm





























































































