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The CCM models

e Continuum Calogero-Moser (CCM) equations:

.d )
ia=—q"'+ 2igC1(|q?)’

for g(t) in the Hardy space

12 = {fel? F(&)=0for& <0}

e Cauchy-Szegé projection C,:

Ch(€) = 110,00)(E)F(€)



Physical origins

e Focusing CCM: continuum limit of Calogero—Moser particle system
[Abanov—Bettelheim—Wiegmann ‘09]

x1(t) xp(t) solve CM: ﬁ_Z#
1(6) o B P ey

~ p(t,x) = Zé(x —x;(t)), v(t,x) solve Op+ (pv) =0

~  q(t,x) = ﬁeifx(v+”p) % solves focusing CCM



e Defocusing CCM: modulation theory for the setting of the
Benjamin—Ono equation [Pelinovsky '95]

u(t,x) = e 1q(t, x)et*9) 1 O(1) solves ILW

= q(t,x) solves Intermediate NLS
depth—o0 .
— q(t,x) solves defocusing CCM



Conserved quantities

e Mass:
M(q)=/|ql2dx

Momentum:

P(a)=/—iqq’ﬂF$!q!4 dx

Hamiltonian:

H(q) = é/\q’ﬂFti(!qF)\de

Completely integrable: infinite sequence of conserved quantities



Defocusing case

e Well-posedness in H® spaces on R and T: [Gérard—Lenzmann ‘22|
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e Scaling symmetry:

q(t,x) —  ax(t,x) = VAg(M\’t,Ax) for A >0

e Critical H® regularity is s =0



Theorem 1 (Killip-L.—Visan 23). Fix0<s<1. The
defocusing CCM equation is globally well-posed in H (R).
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e Analogous result on T already known [Badreddine 23]



Focusing case

e Well-posedness in H® spaces on R and T: [Gérard—Lenzmann '22]
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e Solitons:

q(t, x) = VAR(Ax + xp), R(x) =

o Mass is [|q]|% = ||R]|% = 2n for all A > 0



e N-soliton resembles N interacting solitons

L a(1)

q(t,x) = Zm

Jj=1

e The poles zj(t) € C_ solve a complexified CM particle system:
[Gérard—Lenzmann ‘22]

d2zj 8
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e Mass of an N-soliton is 27N



e N-solitons with N > 2 exhibit turbulent behavior:
1q(t)|lys ~ [t]*  as t — +oo

for any s > 0 [Gérard—Lenzmann ‘22]
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N-solitons with N > 2 exhibit turbulent behavior:
1q(t) [l s ~ [t[*  as t — oo

for any s > 0 [Gérard—Lenzmann '22]
Mass of an N-soliton is 27N

There exist solutions with mass 27 + ¢ that either exhibit similar
behavior, or blow up in finite time [Hogan—Kowalski ‘24|

There exist smooth solutions with mass 27 + € so that ||q(t)||
blows up in finite time [Kim—Kim—Kwon '24]



Theorem 2 (Killip-L.—Visan 23). Fix 0 < s < 1. The focusing
CCM equation is globally well-posed in the space

{qge Hi(R): ||q||7. < 2r}.
e Analogous result on T already known [Badreddine ‘23]

e There exist smooth solutions with mass 27 + € so that ||q(t)||
blows up in finite time [Kim—Kim—Kwon '24]



Equicontinuity

o F C Li is equicontinuous

< sup sup [|q(- +y) —q()2 =0 asd—0
qgeF |y|<d

o0

—  sup / G(6)Pde =0 as & — 0o
geF Jk

e At critical regularity,

Equicontinuity of orbits «~  No concentration in physical space

«~  No blowup



Theorem 3 (Defocusing case). If F C L% (R) is bounded and
equicontinuous, then the set of orbits
F*:={q(t) : q(0) € F, t e R}

for defocusing CCM is also bounded and equicontinuous.

Theorem 4 (Focusing case). If F C L2 (R) is equicontinuous
and

sup qll7= < 2,
qeF

then the set of orbits F* for focusing CCM is bounded and
equicontinuous.

e The constant 27 here is sharp



Lax pair

e Lax pair:
d

q(t) solves CCM  «— EL = [P, L],

L:=—id F qC.T, P:=... on L%

L is symmetric, P is antisymmetric

Formally,

d
U(t | —U=PU
(t) solves p”

= L(t) = U(t)L(0)U(t)" with U(t) unitary

So spectrum of L(t) is conserved



Proof of equicontinuity

Goal: If F C L2 is equicontinuous and

27w (focusing)
00

2
su <
P llallz: (defocusing)

qeF

then the set of orbits F* is also equicontinuous.

e The spectrum of
Lg:=—i0F qC4q on Li

is conserved in time (formally)



Proposition. The quantity
tr(Ry — Ro), where Ry = (Lg+ )71,

is finite for g € L2+. Moreover, it is conserved for HS° solutions.

e Expand as a series in q:

tr(Ry — Ro) = > _(£1)* tr { (RogC1.9) Ro}
>1

e The leading order term is

1 o0 |4 2
tr (RogC4qRo) = 27T/0 |2(—i§—)/|i d§



e Build a conserved quantity to estimate the high frequencies:

B(k,q) := ||lq]|%> F 2rk tr(Ry — Ro)

e Quadratic term is

o0

2] = HQHB — 27K tr (ROqC+qR0) ; g_ﬁﬁﬁ(f)‘z d¢

e For F C L%r bounded,

F is equicontinuous

—

=

sup B[Z](/@, q) >0 ask— o0
qeF

sup B(k,q) = 0 as Kk — 0
qeF



Defocusing case

Ly =—i0+ qC47, qCiq >0

_ 11 _ 1 q¢.q 1
- tr { Lot~ L0+H} = ”{\/LOJm Lo+qCigtr \/Lo—Hﬁ}

1 qCiq 1
str { Vi+r Lotk \/L0+H}

= Bk q) > BBk, q)

X
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= 8Pk, q(t)) < B(r, q(t)) = B(r, q(0)) =3 0



Focusing case

Lg=—-i0— qC4q, qC4q < 2L




Explicit formula

Theorem 5 (Killip-L.-Visan 23). If ¢° € L3 (and ||¢°||3, < 27
in the focusing case), then the global solution g(t) to CCM satisfies

q(t,z) = %IJF{(X +2tLgo — z)_lqo} Vimz > 0.

Here, X is an extension of multiplication-by-x on L2 (R)

e I} is an extension of ¢ — [ qdx on L3 (R)

Cubic Szegé equation: |[Gérard—Grellier ‘15, Gérard—Pushnitski ‘24|

Benjamin—Ono equation: [Gérard ‘23]



Proof of well-posedness

Goal: If {q%}n>1 C S converges in L2 and

2w (focusing)
02
S <
:qu"HB { (defocusing)

then the solutions q(t) converge in C;([-T, T]; L%).

Steps:

1. The explicit formulas for g9 converge for fixed t, z
2. The solutions gn(t) converge weakly to q(t) in L2 for fixed t

3. The solutions g, (t) are precompact in Ci([—T, T]; L)



. The explicit formulas for g% converge for fixed t, z

The operator X + 2tLy = X — 2itd on L%r is maximally accretive
Ao := (X +2tLg — z)~1 is bounded L2 — L2 for Imz >0
Ag is also bounded Li — L% and L}r — Li, provided t # 0

The series

(X +2tly—2) = Ay + Ay 2tqCiG Ay +...

212 [24[1 — [ ]2

converges for fixed t, z



2. The solutions g (t) converge weakly to g(t) in L2 for fixed t

Fix t, and pass to any subsequence of {qn(t)}n>1

Conservation of mass = gn(t) — g(t) in LfL along a subsequence

Poisson integral formula: For Imz > 0,

Im z
qn(t, 2) :/Z|2q,,(t,x) dx

m|x —

So q(t, z) is given by the explicit formula for all Imz > 0

This does not depend on the subsequence



3. The solutions g, (t) are precompact in C¢([—T, T]; L)

e Equicontinuity in space: already have
e Equicontinuity in time:
lan(t +h) = an(t)ll iz < Al P<nGnll oo 2 + 211P>nanll i

e Tightness in space:

e For fixed b > 0, the functions x — qn(t, x + ib) are tight
o Poisson integral formula: g,(t, x + ib) = [e P19 q,](t, x)

o 19n(t)l2xor) < 1PNan(O)ll 2oy + 2 [ Ponan() 2



Dispersive decay

e Dispersive estimate for the free Schrodinger flow:

itA

_1
le"%qll e < 2172 [lall 2

Theorem 6 (Killip—L.—Visan ‘25+). There exists § > 0 so that
for any initial data q € L2 (R) satisfying
lalz <6 and qel,
the corresponding global solution g(t) of CCM satisfies
_1
la(t)l e < 1t

for all t # 0.



e Cubic NLS: Dispersive decay for...
e small g in HY! [Deift—Zhou ‘03, Kato—Pusateri ‘11]
e small g in Hats+ [Hayashi-Naumkin ‘98]

e small g in HO2F [Ifrim=Tataru ‘15]

e Benjamin-Ono: Dispersive decay fails for small g in L1 N L?



Proof sketch

e Explicit formula:

q(t,z) = %I_F{(X +2tlg — z)_lq} Vimz > 0.

e Free resolvent:
Ao = (X + 2tly — Z)fl
[(X + 2tL0)]7(€) = (0 + 2t)F(€) = " idg e ™ F(¢)

= Ay= e—itA(X _ Z)—leitA



I (Aof) = I [eT*8(X — 2) e ]
=1, [(X _ Z)—leitAf]
= 2mi[e"®f](2)
e Expand as a series in g:

q(t,z) = 55 1L [(X + 2tLg — 2) 7' q]

i

=271 I+ Aoq £ 5 1+ Ao2tqCiGAog + ...

27mi

= [e"q + €™ 2tqCiGAg + ...](2)



Ao := (X +2tLg — z)~* is bounded L3 — L3 for Imz >0
Ap is also bounded LilF — LY for t # 0:

-1
Mollys i S 1t
q(t,z) = [ B g + €™ 2tqC.G Ap q +}(z)
Lo LT Lo [T +— [ [

Poisson integral formula:

Im z .
(@)= [ e = G )l S I

7|x — z|?

Conclude: )
la(t.x + i)l S 1e177 Wb>0



Thank you!



