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Spacetime

Georges Seurat. A Sunday on La Grande Jatte — 1884. The Art Institute of Chicago. CCO Public Domain



Real SpeCtraI tn ple Connes 1995

o of a *-algebra

« / abimodule over &f

e D: o —> o, self-adjoint

o J: A — A antilinear Jl(a)* = ra)J

I >H I?’=1 DI’ = +TI'D odd/even

First order: [[D, l(a)],r(b)] =0 for a,b e A



KO dimension




Real spectral triples

M = Spin manifold (& commutative)
« ' = SM internal space (# finite-dimensional)

e M X FF = SM vacuum

Project: replace M with finite NC real spectral triple



Matrix Geometry JWB 2015

. of = M(n,R)or M(n/2,H)
e ¥ =CF® M(n,C) C*: Type (p,q) Clifford module
. la)(v®m) =v®am
+ Jv®@m) = (Cv) @ m*

«c V@ m) =(yv) @m

C* are global spinors



Dirac operator ., ciifford type

* 01 D=ilL, -]
« 1,00 D=1{H, -}
.(0’2) D=71®[L1,]+72®[L2,]

.(1’1) D=}/1®{H,}+}/2®[L,]

+ 200 D=y'®{H, - }+7" ®{H,, -}
+ 03 D={H - -}+7'Q[L, - 1+7"QIL,,-1+7° ®[Ls, - ]

etc.



Fuzzy sphere

As a matrix geometry
H =C?*Q® M(n,C)

dGP — }/ i ® [Li’ . ] 1 type (0,3) Grosse, Presnajder 1995

A = M(n, R) n odd
M(n/2,H) n even

KO s = 3. No chirality operator

Spectrum: cutoff S



DOUbled Sphere JWB 2015

H = C*Q® M(n,C)

(0 dor
57 \dgp O

o same
r— 1 O
(0 )
UDU™! = ( or )
Spectrum: cutoff doubled S2 0 —dgp



S p h e re S p i n O r b u n d I eS Grosse, Kliméik, PreSnajder 1996

(O : Hilbert space of 2 H.O.

N = afa, + a3 a, = a*a; , number operator

N = n defines V, C O, irrep of SU(2)

H=H K=V, QV,;,,®V,,,QV,

0 d
D = = a* -
(d* O) d=a*Qaq

¢« KOs =2
r— 1 O
0 —1 » Spectrum: cutoff S

J=1(CQ® C) * No algebra



Doubled spinor bundles

B al 0 0  dgp a 0\ 1
) ( 0 ﬁ-1> (dgp 0 ) <0 ﬁ) B

a. Vn ® Vn_|_1 69 Vn ® Vn—l —> Vn ® Vl ® Vn ﬁ similar

of = End(V,)



Fluctuation formula

K e d

d 0 d 0
— F+ JF+J1
(0 -a,)= (6 -ar.)

I B G 0 K®1)°\ 0 1®L

1V, 1 Q®V, - V.V ., 1d, | = di




Deformed fuzzy sphere

d=ay+ay' Q[L, - 1+ay*Q[Ly,-1+(1—a;—a)y’ ® [Ls, - ]

Global Maximum of Spectral Variance with Calculated a, for n=20
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Data visualisation by Qi Gong



Quantum gravity

Partition function for Euclidean QG + SM:

(f) = J e~ SV (D, ) dD dy
Deg&, yeX

For Lorentzian QG, rotate contour of integration in & @ C

GGI talk (YouTube) JWB: "The Euclidean contour rotation in quantum gravity"



Phase transition

S(D) = tr V(D)

V(D) = D* + g,D*?

V(1)

\‘\\ 15} f""
’/a /

Figure 11: The potential V = X 4 g% for g, = —1, —1.5, —2, —2.5, =3,
—3.5, —4, —4.5, —5. The lines are coloured from red (g, = —1) through to
yellow (g = —5).

Monte Carlo
Eigenvalue distribution

JWB + L. Glaser 2016



3d models

Numerical simulation of random Type (p,q) = (3,0):
3

Dirac operators D=1 [mo»'] + Z o; @ {m;,}
1

Thesis submitted to the University of Nottingham for the degree of

Doctor of Philosophy, March 2022.

Mauro D’Arcangelo
14302771

Supervised by

Type (p,q) = (0,3):
3

Sven Gnutzmann D e 1 ® {mo,.} _|_ Z O-l ® [ml’]

1

Decompose m, = t,1 + v,
with trv, =0



Independent (3,0) variables

Density of p?
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Figure 6.8: Monte Carlo history of ¢, ¢, and t3 in region II of the (3,0) model at
g = —6, n = 8. The solid orange sphere is a guide for the eyes.

2nd order transition to commutative phase



Type (0,3) 3

D=1 {mgy,}+ 0q & [Mg,]
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Fermion integration WE 2024

Start with (f, Z, 9, J, 1) with s = 4
Double to s = 2 spectral triple

H'=HDH (=K,DH)

o
D,:( IM),,ME(]:

ul D { e VDY) gy,
WEA
J/= O J ’ F,: F O
J 0 0 =1 o1,/2 4 2 2
= ¢/ det(D? + | u|)
A =



Applications

Integrating over 1 generation — Induced SM action

JWB 2011, Stephan ~2011

Or, integrate over RH neutrinos — Induced SM action

Alex Nagen PhD thesis 2025

Dirac ensembles

Khalkhali, Pagliaroli, Verhoeven 2024



