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Spacetime

Georges Seurat. A Sunday on La Grande Jatte — 1884. The Art Institute of Chicago. CC0 Public Domain



Real spectral triple

•  a -algebra


•  a bimodule over 


• , self-adjoint


•  antilinear


•

𝒜 *

ℋ 𝒜

D : 𝒜 → 𝒜

J : ℋ → ℋ

Γ : ℋ → ℋ, Γ2 = 1

First order:   [[D, l(a)], r(b)] = 0    for   a, b ∈ 𝒜

J l(a)* = r(a) J

Connes 1995

    odd/evenDΓ = ± ΓD



KO dimension

J2 = ± 1

S 0 1 2 3 4 5 6 7

+ + - - - - + +

+ - + + + - + +

+ + - + + + - +

±

±′ 

±′ ′ 

JD = ±′ DJ

JΓ = ±′ ′ ΓJ



Real spectral triples

• Spin manifold  (  commutative)


•  SM internal space  (  finite-dimensional)


• SM vacuum 

M = 𝒜

F = ℋ

M × F =

Project: replace M with finite NC real spectral triple



Matrix Geometry

• 


•                         : Type (p,q) Clifford module


• 


• 


•

𝒜 = M(n, ℝ) or M(n/2,ℍ)

ℋ = ℂk ⊗ M(n, ℂ) ℂk

l(a)(v ⊗ m) = v ⊗ am

J(v ⊗ m) = (Cv) ⊗ m*

Γ(v ⊗ m) = (γv) ⊗ m

 are global spinorsℂk

JWB 2015



Dirac operator

• (0,1)       


• (1,0)       


• (0,2)       


• (1,1)       


• (2,0)       


• (0,3)       


D = i [L, ⋅ ]

D = {H, ⋅ }

D = γ1 ⊗ [L1, ⋅ ] + γ2 ⊗ [L2, ⋅ ]

D = γ1 ⊗ {H, ⋅ } + γ2 ⊗ [L, ⋅ ]

D = γ1 ⊗ {H1, ⋅ } + γ2 ⊗ {H2, ⋅ }

D = {H, ⋅ } + γ1 ⊗ [L1, ⋅ ] + γ2 ⊗ [L2, ⋅ ] + γ3 ⊗ [L3, ⋅ ]

by Clifford type

etc.



Fuzzy sphere
As a matrix geometry

Grosse, Prešnajder 1995

ℋ = ℂ2 ⊗ M(n, ℂ)

                type (0,3)dGP = γi ⊗ [Li, ⋅ ] + 1

𝒜 = M(n, ℝ) n odd 
M(n/2,ℍ) n even

KO .   No chirality operator


Spectrum: cutoff 

s = 3

S2



Doubled sphere

ℋ = ℂ4 ⊗ M(n, ℂ)

DS = ( 0 dGP

dGP 0 )

Γ = (1 0
0 −1)

JWB 2015

KO .  


Spectrum: cutoff doubled 

s = 2

S2
UDSU−1 = (dGP 0

0 −dGP)

   same𝒜



Sphere spinor bundles
 :    Hilbert space of 2 H.O.𝒪

 , irrep of SU(2)N = n defines Vn ⊂ 𝒪

 , number operatorN = a*1 a1 + a*2 a2 = a*i ai

Grosse, Klimčík, Prešnajder 1996

ℋ = ℋL ⊕ ℋR = Vn ⊗ Vn+1 ⊕ Vn+1 ⊗ Vn

D = ( 0 d
d* 0) d = a*i ⊗ ai

Γ = (1 0
0 −1)

J = τ(C ⊗ C)

• KO 


• Spectrum: cutoff 


• No algebra

s = 2

S2



Doubled spinor bundles

D ⊕ −Dn−1 = ( 0 d* ⊕ −dn−1

d ⊕ −d*n−1 0 )
= (α−1 0

0 β−1) ( 0 dGP

dGP 0 ) (α 0
0 β) = UDSU−1

α : Vn ⊗ Vn+1 ⊕ Vn ⊗ Vn−1 → Vn ⊗ V1 ⊗ Vn   similarβ

𝒜 = End(Vn)



Fluctuation formula

Ki ∈ 𝒜

(d 0
0 −d*n−1) → (d 0

0 −d*n−1) + F + JF*J−1

F =
1

n + 1 [( d −ι
ι* d*n−1) (Ki ⊗ 1 0

0 Ki ⊗ 1), (1 ⊗ Li 0
0 1 ⊗ Li)]

,          ι : Vn−1 ⊗ Vn → Vn ⊗ Vn+1 ι dn−1 → d ι



Deformed fuzzy sphere

Data visualisation by Qi Gong

d = a0 + a1γ1 ⊗ [L1, ⋅ ] + a2γ2 ⊗ [L2, ⋅ ] + (1 − a1 − a2)γ3 ⊗ [L3, ⋅ ]

Spectral variance =


heat capacity of fermion



Quantum gravity

Partition function for Euclidean QG + SM:

Z( f ) = ∫D∈𝒢, ψ∈ℋ+

e−S(D)+i⟨Jψ,Dψ⟩ f(D, ψ) dD dψ

For Lorentzian QG, rotate contour of integration in 


GGI talk (YouTube) JWB: "The Euclidean contour rotation in quantum gravity"

𝒢 ⊗ ℂ











Fermion integration JWB 2024

Start with  with 


Double to  spectral triple





  , 








(𝒜, ℋ, 𝒟, J, Γ) s = 4

s = 2

ℋ′ = ℋ ⊕ ℋ ( = ℋ+ ⊕ ℋ−)

D′ = ( D μΓ
μΓ D ) μ ∈ ℂ

J′ = (0 J
J 0), Γ′ = (Γ 0

0 −Γ)
𝒜′ = 𝒜

 ∫ ψ∈ℋ+

ei⟨Jψ,Dψ⟩ dψ

= eiθID/2 4 det(D2 + |μ |2 )

Then

eiθ = iμ/ |μ |



Applications

Integrating over 1 generation  Induced SM action→

Or, integrate over RH neutrinos  Induced SM action
→

Dirac ensembles

JWB 2011, Stephan ~2011

Alex Nagen PhD thesis 2025

Khalkhali, Pagliaroli, Verhoeven 2024


