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Single index model as n/p →constant
iid observations (xi , yi )i=1,...,n with Gaussian feature vectors
xi ∼ N(0,Σ), Σ ∈ Rp×p and response yi

yi = F (xTi w ,Ui )

▶ F : R2 → R is an unknown deterministic function
▶ w ∈ Rp an unknown index, normalized with

Var[xTi w ] = ∥Σ1/2w∥2 = 1
▶ Ui is a latent variable independent of xi .

Examples

▶ Linear regression: F (v , u) = ∥Σ1/2β∗∥v + u for some
β∗ ∈ Rp, Ui ∼ N(0, σ2) and w = β∗/∥Σ1/2β∗∥.

▶ Logistic regression: F (v , u) = 1 if u ≤ 1/(1 + e−∥β∗∥v ) and 0
otherwise for some β∗ ∈ Rp, Ui ∼ Unif[0, 1] and
w = β∗/∥Σ1/2β∗∥.

▶ 1-bit compressed sensing with an ϵ-proportion of bits flipped:
F (v , u) = usign(v) for Ui ∈ {−1, 1} s.t. P(Ui = −1) = ε.
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Least-Squares!

β̂ = (XTX )−1XTy

When yi |xi is nonlinear
Examples:

▶ Logistic model E[yi |xi ] = ex
T
i w

1+e
x
T
i
w

▶ 1-bit compressed sensing

yi = ui sign(x
T
i w)

with ui random sign.

▶ Poisson model

Situation: Response yi is far from linear in xTi w



Least-Squares! β̂ = (XTX )−1XTy ; Σ = Ip and ∥w∥ = 1

â2 =
1

n
∥X β̂∥2 − p/n

n − p
∥y − X β̂∥2 estimates (wT β̂)2

QQplot
n − p

Ω
1/2
jj ∥y − X β̂∥

[
β̂j−±âwj

]
≈ N(0, 1)

{
shrinking adjustment â

variance adjustment

p
n = 0.8 Linear Logistic yi ∈ {0, 1} 1-bit yi ∈ {±1} Poisson

yi |xi yi ∼ N(xTi w , 0.5) E[yi |xi ] = ex
T
i w

1+e
x
T
i
w

yi = ui sign(x
T
i w) yi |xi ∼ Poisson(ex

T
i w )

â .999± .021 .407± .072 .475± .05 1.629± .163

wT β̂ .999± .027 −.413± .033 .483± .037 1.637± .141
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For 1-Bit compressed sensing, P(ui = −1) = 0.2 = 1− P(ui = 1)
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â2 =
1

n
∥X β̂∥2 − p/n

n − p
∥y − X β̂∥2 estimates (wT β̂)2

QQplot
n − p

Ω
1/2
jj ∥y − X β̂∥

[
β̂j−±âwj
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â .999± .021 .407± .072 .475± .05 1.629± .163

wT β̂ .999± .027 −.413± .033 .483± .037 1.637± .141

QQplot 4 3 2 1 0 1 2 3
Theoretical Quantiles

4

3

2

1

0

1

2

3

Sa
m

pl
e 

Qu
an

til
es

4 2 0 2 4
Theoretical Quantiles

4

2

0

2

4

Sa
m

pl
e 

Qu
an

til
es

4 3 2 1 0 1 2 3 4
Theoretical Quantiles

4

3

2

1

0

1

2

3

4

Sa
m

pl
e 

Qu
an

til
es

4 3 2 1 0 1 2 3 4
Theoretical Quantiles

4

3

2

1

0

1

2

3

4

Sa
m

pl
e 

Qu
an

til
es

For 1-Bit compressed sensing, P(ui = −1) = 0.2 = 1− P(ui = 1)



M-estimator

β̂ is a regularized M-estimator of the form

β̂(y ,X ) = argmin
b∈Rp

1

n

n∑

i=1

ℓyi
(
xTi b

)
+ g(b)

where

▶ g : Rp → R is a convex penalty function and for any y0 ∈ Y,

▶ the map ℓy0 : R → R, t 7→ ℓy0(t) is a convex loss function.

For a fixed y0, the derivatives of ℓy0 are denoted by ℓ′y0(t) and
ℓ′′y0(t) where these derivatives exist.

▶ We never differentiate wrt y0! (y0 may be discrete)

Regime

n/p → δ (=constant)



Ridge Logistic regression; sigmoid σ(u) = 1/(1 + e−u)

β̂ = argmin
b∈Rp

1

n

n∑

i=1

(log(1 + ex
T
i b)− yix

T
i b) + λ∥b∥2/2

Define the adjustments r̂2, â2, v̂ by

▶ r̂2 =
∑n

i=1(yi − σ(xTi β̂))
2/n

▶ â2 = ∥β̂∥2 − p/n
(λ+v̂)2

r̂2 where

{
v̂ =

∑n
i=1 σ

′(xTi β̂)(1− σ′(xTi β̂)x
T
i Axi )

A = (
∑n

i=1 xiσ
′(xTi β̂)x

T
i )−1 (Hessian)

Approximately normal (e.g., for confidence intervals)

QQplot of Zj =
(p
n
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β̂ = argminb
1
n

∑n
i=1(log(1 + ex

T
i b)− yix

T
i b) + λ∥b∥2/2

▶ r̂2 =
∑n

i=1(yi − σ(xTi β̂))
2/n

▶ â2 = ∥β̂∥2 − p/n
(λ+v̂)2

r̂2 where
{
v̂ =

∑n
i=1 σ

′(xTi β̂)(1− σ′(xTi β̂)x
T
i Axi )

A = (
∑n

i=1 xiσ
′(xTi β̂)x

T
i )−1 (Here σ(t) = (1 + e−t)−1 sigmoid)

▶ Zj = r̂−1
√

p/n(v̂ + λ)(β̂j −±âwj)

λ 0.01 0.10 1.00

â2 0.630±0.167 0.170±0.039 0.016±0.003

a2∗ = (wT β̂)2 0.610±0.039 0.164±0.009 0.016±0.0009

Zj for j : wj = 0

Zj for j : wj ̸= 0



Logistic Lasso with q repeated measurements

∀i ∈ [n] observe (Y k
i )k=1,...,q iid P(Y k

i = 1|xi ) = sigmoid(xTi β
∗)

β̂ = minb
∑n

i=1

∑q
k=1

[
log(1 + ex

T
i b)− Y q

i x
T
i b

]
+ λ

√
n∥b∥1.

Estimate/maximize correlation ∥β̂∥−1β̂Tβ∗∥β̂∗∥−1 over λ

Define Vector ψ̂ ∈ Rn has components ψ̂i = −
∑q

k=1 ℓ
′(xTi β̂; Y k

i )

β̂Tβ∗

∥β̂∗∥
≈ â :=

(
v̂
n∥X β̂ − γ̂ψ̂∥2 + 1

n ψ̂
⊤X β̂ − γ̂ r̂2

)2
1
n2
∥Σ−1/2XT ψ̂∥2 + 2v̂

n ψ̂
TX β̂ + v̂2

n ∥X β̂ − γ̂ψ̂∥2 − p
n r̂

2
.

β̂Tβ∗
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Logistic Lasso with repeated measurements: β̂Tβ∗
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Literature on generalized linear models (linear, logistic, ...)
Regime:n/p → δ (=constant)

M-estimator with separable penalty

β̂(y ,X ) = argmin
b∈Rp

1

n

n∑

i=1

ℓyi
(
xTi b

)
+

1

p

p∑

j=1

f̃ (bj)

Informal result:
If X has iid N(0, 1p ) entries, Then the empirical distribution of

(β̂j)j=1,...,p is approx. the same as the empirical distribution of

prox
[
γ̄ f̃

](
c̄ β∗j + c̄ ′ Zj

)
, Zj ∼ N(0, 1)

for some constants γ̄, c̄ , c̄ ′ depending on δ = lim n
p , the penalty f̃ ,

the data-generating process and loss function.

Why find γ̄, c̄ , c̄ ′?

γ̄, c̄ , c̄ ′ characterize MSE 1
p∥β̂ − β∗∥2, correlation 1

p β̂
Tβ∗, etc

How to find γ̄, c̄ , c̄ ′?



Some literature in linear models

El Karoui et al (2013), Donoho and Montanari (2016)

β̂ = argminb∈Rp

∑n
i=1 L(yi − xTi b) for some convex L : R → R.

System of two equations

{
δ−1σ2 = E

[
(prox[γL](ε1 + σZ )− ε1 − σZ )2

]
,

1− δ−1 = E
[
prox[γL]′(ε1 + σZ )

]
,

with two unknowns (σ, γ), where Z ∼ N(0, 1) is independent of ε1.

If X has iid entries then ∥β̂∥2 →P σ2

Also, asymptotic normality results for β̂j

Similar work for the Lasso and X with iid N(0, 1) entries

(Bayati and Montanari 2011)



Logistic Regression (Sur and Candes 2018)
▶ Logistic model, ρ′(u) = 1/(1 + e−u) is the sigmoid
▶ β∗ iid entries with law β and E[β2] = κ2

▶ xi ∼ N(0, 1p Ip) (Σ = 1
p Ip)

▶ n, p → ∞ with n/p → δ.

System with three unknowns σ, α, γ





δ−1σ2 = 2E
[
ρ′(−κZ1)

(
γρ′(prox[γρ](καZ1 + σZ2))

)2]
,

0 = 2E
[
ρ′(−κZ1)Z1γρ

′(prox[γρ](καZ1 + σZ2))
]
,

1− δ−1 = 2E
[
ρ′(−κZ1)prox[γρ]

′(καZ1 + σZ2)
]
.

With (ᾱ, σ̄, γ̄) denoting the solution

1

p

p∑

j=1

ϕ
(
β̂j − ᾱβ∗j , β

∗
j

)
→P E

[
ϕ
(
σ̄Z , β

)]

where Z ∼ N(0, 1) is independent of β,



Logistic loss+penalty g(b) =
∑p

j=1
f̃ (bj)
p (Salehi et al 2019)

▶ Logistic model

▶ β∗ iid entries with law β and E[β2] = κ2

▶ xi ∼ N(0, 1p Ip) (Σ = 1
p Ip)

System with six unknowns (α, σ, γ, θ, τ, r),





κ2α = E
[
βprox[στ f̃ (·)](στ(θβ + δ−1/2rZ ))

]
,

√
δrγ = E

[
Zprox[στ f̃ (·)](στ(θβ + δ−1/2rZ ))

]
,

κ2α2 + σ2 = E
[
{prox[στ f̃ (·)](στ(θβ + δ−1/2rZ ))}2

]
,

r2γ2 = 2E
[
ρ′(−κZ1)(καZ1 + σZ2 − prox[γρ](καZ1 + σZ2))

2
]
,

−θγ = 2E
[
ρ′′(−κZ1)prox[γρ](καZ1 + σZ2)

]
,

1− γ/(στ) = 2E
[
ρ′(−κZ1)prox[γρ]

′(καZ1 + σZ2)
]



Logistic loss+penalty g(b) =
∑p

j=1
f̃ (bj)
p (Salehi et al 2019)

▶ Logistic model

▶ β∗ iid entries with law β and E[β2] = κ2

▶ xi ∼ N(0, 1p Ip) (Σ = 1
p Ip)

▶ n, p → ∞ with n/p → δ.

System with six unknowns (α, σ, γ, θ, τ, r),

If unique solution (ᾱ, σ̄, γ̄, θ̄, τ̄ , r̄) then for any locally Lipschitz Φ

1

p

p∑

j=1

Φ
(
β̂j , β

∗
j

)
→P E

[
Φ
(
prox[σ̄τ̄ f̃ (·)]

(
σ̄τ̄(θ̄β + δ−1/2r̄Z )

)
, β

)]

See Loureiro et al. (2021) for a unifying theory. Informally:

β̂j ≈ prox[σ̄τ̄ f̃ (·)]
(
σ̄τ̄(θ̄β∗j + δ−1/2r̄Zj)

)
, [where Zj ∼ N(0, 1)]



A peek at the results (informal)



Single index model

iid (xi , yi )i=1,...,n with Gaussian xi ∼ N(0,Σ), Σ ∈ Rp×p and

yi = F (xTi w ,Ui ), Var[xTi w ] = ∥Σ1/2w∥2 = 1.

M-estimator (in this slide, with separable penalty)

β̂(y ,X ) = argminb∈Rp
1
n

∑n
i=1 ℓyi

(
xTi b

)
+ 1

p

∑p
j=1 f̃ (bj)

Result: empirical distribution (β̂j)j=1,...,p well-approximated as

β̂j ≈ prox
[1
v̂
f̃
](

±wj
t̂

v̂
+

1√
δ

r̂

v̂
Zj

)
, where Zj ∼ N(0, 1)

▶ ±wj the j-th entry of the index w up to an unidentifiable ±.

▶ (v̂ , t̂, r̂) are observable scalars

▶ Why find (v̂ , t̂, r̂)? Confidence interval, M̂SE , ̂correlation

▶ How to find (v̂ , t̂, r̂)?



Derivatives: for some matrix Â ∈ Rp×p, with ψ̂i = −ℓyi (xT
i β̂),

∂

∂xij
β̂(y ,X ) = Âej ψ̂i − ÂXTDei β̂j , D = diag(ℓ′′yi (x

T
i β̂))

Notation V = D −DXÂXTD (matrix n × n), d̂f = Tr[XÂXTD]

(v̂ , t̂, r̂) used to describe the empirical dist. of (β̂j)j=1,...,p

The three others γ̂, â2, σ̂2 for the empirical dist. of (xTi β̂)i=1,...,n.





v̂
def
= 1

n Tr[V ],

r̂
def
= ( 1n∥ψ̂∥

2)1/2 = ( 1n
∑n

i=1 ℓ
′
yi
(xTi β̂)

2)1/2,

t̂2
def
= 1

n2
∥Σ−1/2XT ψ̂∥2 + 2v̂

n ψ̂
TX β̂ + v̂2

n ∥X β̂ − γ̂ψ̂∥2 − p
n r̂

2,

γ̂
def
= d̂f

nv̂ = d̂f
Tr[V ] ,

â2
def
= t̂−2

(
v̂
n∥X β̂ − γ̂ψ̂∥2 + 1

n ψ̂
⊤X β̂ − γ̂ r̂2

)2
,

σ̂2
def
= 1

n∥X β̂ − γ̂ψ̂∥2 − â2.
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(v̂ , t̂, r̂) used to describe the empirical dist. of (β̂j)j=1,...,p

The three others γ̂, â2, σ̂2 for the empirical dist. of (xTi β̂)i=1,...,n.





v̂
def
= 1

n Tr[V ],

r̂
def
= ( 1n∥ψ̂∥

2)1/2 = ( 1n
∑n

i=1 ℓ
′
yi
(xTi β̂)

2)1/2,

t̂2
def
= 1

n2
∥Σ−1/2XT ψ̂∥2 + 2v̂

n ψ̂
TX β̂ + v̂2

n ∥X β̂ − γ̂ψ̂∥2 − p
n r̂

2,

γ̂
def
= d̂f

nv̂ = d̂f
Tr[V ] ,

â2
def
= t̂−2

(
v̂
n∥X β̂ − γ̂ψ̂∥2 + 1

n ψ̂
⊤X β̂ − γ̂ r̂2

)2
,

σ̂2
def
= 1

n∥X β̂ − γ̂ψ̂∥2 − â2.



Much simpler expressions for special cases

E.g., for unregularized M-estimation (g = 0):

∂

∂xij
β̂(y ,X ) = Âej ψ̂i−ÂXTDei β̂j , Â =

( n∑

i=1

xiℓ
′′
yi
(xTi β̂)x

T
i

)−1

v̂ =
1

n

n∑

i=1

ℓ′′yi (x
T
i β̂)

[
1−ℓ′′yi (x

T
i β̂)x

T
i Âxi

]
, r̂2 =

1

n

n∑

i=1

ℓ′yi (x
T
i β̂)

2

d̂f = p, γ̂ =
p/n

v̂
, â2 =

∥X β̂∥2

n
− p

n

(
1− p

n

) r̂2
v̂2

t̂2 = â2v̂2, σ̂2 =
p

n

( r̂

v̂

)2
.

Here, the fact that d̂f = p justifies the notation d̂f.



Much simpler expressions for special cases

E.g., for Least-Squares ℓyi (u) =
1
2
(u − yi)

2, penalty g = 0:

∂

∂xij
β̂(y ,X ) = Âej ψ̂i − ÂXTDei β̂j , Â =

(
XTX

)−1

v̂ = 1− p/n, r̂2 =
1

n
∥y − X β̂∥2

d̂f = p, γ̂ =
p/n

v̂
, â2 =

∥X β̂∥2

n
−p

n

(
1−p

n

)∥y − X β̂∥2/n
v̂2

t̂2 = â2v̂2, σ̂2 =
p

n

( r̂

v̂

)2
.

Here, the fact that d̂f = p justifies the notation d̂f.



Theorem 4.1

Assumptions:

▶ xi ∼ N(0,Σ), condition number of Σ bounded by κ

▶ 1000 ≥ n/p ≥ δ

▶ penalty τ -strongly convex

▶ β̂
(d)
j = β̂j + Tr[V ]−1eTj Σ−1XT ψ̂, Ωjj = (Σ−1)jj

Then for all j = 1, ..., p, there exists Zj ∼ N(0, 1) such that

1

p

p∑

j=1

E
[( √

n

Ω
1/2
jj

( v̂
r̂
β̂
(d)
j − ±t̂

r̂
wj

)
− Zj

)2]
≤ C1(δ, τ, κ)√

p

where ± denotes an unidentifiable random sign.

▶ Consequence of Theorem 4.1: proximal representation for β̂

β̂j ≈ prox
[
1
v̂ f̃

](
±wj

t̂
v̂ + 1√

δ
r̂
v̂ Zj

)
for sep. penalty, Σ = 1

p Ip

▶ Theorem 4.3: Proximal representation for xTi β̂

▶ Theorem 4.4: correlation estimation â2 ≈ (wT β̂)2



Theorem 4.1

Assumptions:

▶ xi ∼ N(0,Σ), condition number of Σ bounded by κ

▶ 1000 ≥ n/p ≥ δ

▶ penalty τ -strongly convex

▶ β̂
(d)
j = β̂j + Tr[V ]−1eTj Σ−1XT ψ̂, Ωjj = (Σ−1)jj

Then for all j = 1, ..., p, there exists Zj ∼ N(0, 1) such that

1

p

p∑

j=1

E
[( √

n

Ω
1/2
jj

( v̂
r̂
β̂
(d)
j − ±t̂

r̂
wj

)
− Zj

)2]
≤ C2(δ, τ, κ)√

p

where ± denotes an unidentifiable random sign.

▶ Consequence of Theorem 4.1: proximal representation for β̂

β̂j ≈ prox
[
1
v̂ f̃

](
±wj

t̂
v̂ + 1√

δ
r̂
v̂ Zj

)
for sep. penalty, Σ = 1

p Ip

▶ Theorem 4.3: Proximal representation for xTi β̂

▶ Theorem 4.4: correlation estimation â2 ≈ (wT β̂)2



Take home

▶ Empirical distribution β̂j ≈ prox
[
1
v̂ f̃

](
±wj

t̂
v̂ + 1√

δ
r̂
v̂ Zj

)

and confidence intervals for the entries ±wj of the index w

▶ Data-driven parameters in the proximal representation can be
read in the derivatives of β̂(y ,X ) with respect to X ,

∂

∂xij
β̂(y ,X ) = Âej ψ̂i − ÂXTDei β̂j ,

v̂ = 1
n Tr[D −DXÂXTD] where D = diag(ℓ′′yi (x

T
i β̂)).

▶ Without solving the deterministic fixed-point equations
obtained by Approximate Message Passing or Gordon’s CGMT



Linear models: Estimating Generalization/param. tuning

β̂(y ,X ) = argmin
b∈Rp

1

n

n∑

i=1

ℓ(x⊤i b − yi ) + λ∥b∥1 + τ∥b∥2/2

Huber Loss ℓ(u) =
∫ |u|
0 min(1, t)dt with Elastic-Net penalty

Two tuning parameters (λ, τ) in the Elastic-Net penalty
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With d̂f = Tr[XÂXTD], v̂ = Tr[D]− d̂f/n, Theory gives approx.:

∥Σ1/2(β̂ − β∗)∥2 + ∥ε∥2

n
≈ 1

n

∥∥∥
(
y − X β̂

)
+

d̂f/n

v̂
ℓ′
(
y − X β̂

)∥∥∥
2



Linear models: Estimating Generalization/param. tuning

β̂(y ,X ) = argmin
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1

n
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i=1

ℓ(x⊤i b − yi ) + λ∥b∥1 + τ∥b∥2/2

Huber Loss ℓ(u) =
∫ |u|
0 min(1, t)dt with Elastic-Net penalty

Two tuning parameters (λ, τ) in the Elastic-Net penalty
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With d̂f = Tr[XÂXTD], v̂ = Tr[D]− d̂f/n, Theory gives approx.:

∥Σ1/2(β̂ − β∗)∥2 + ∥ε∥2

n
≈ 1

n

∥∥∥
(
y − X β̂

)
+

d̂f/n
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ℓ′
(
y − X β̂

)∥∥∥
2



K-Fold Cross-validation suffers sample-size bias

Figure 1 from
Consistent Risk Estima-
tion in Moderately High-
Dimensional Linear Re-
gression
by Xu, Maleki, Rad, Hsu
(arXiv:1902.01753)
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