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Stylized story

Figure 1: (Efron 2008) n = 6033 genes, prostate cancer study
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Stylized story goes out-of-style

Figure 2: (Efron 2007) Left: n = 3226 genes, breast cancer study. Right:
n = 7680 genes, HIV study.

N(0, 1) appears inappropriate. N(�0.09, 1.552) and
N(�0.11, 0.752) appear more appropriate.
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Stylized story goes out of style

reasons for failure of theoretical null

Issues

Efron (2008) gives some reasons for failure of the theoretical null:

correlation among z-scores,

unobserved covariates,

among others
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Correlated z-Scores
one factor model

Chao Gao, Department of Statistics, Yale University c� July 25, 2023 1

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Cov(Xi, Xj) =

8
><

>:

1 i = j

⇢ i 6= j

sup
k✓k0s

Ekb✓ � ✓k2 . e�a✏̄est(p, s, �)
2

sup
k✓k0p

Ekb✓ � ✓k2 & a✏̄est(p, s, �)
2

1  s < p

a > 0

✏̄est(p, s, �)
2 = (1� �)s log

⇣ep
s

⌘
+ (1� � + �p)

✓̄

X̄

(Ip � p�11p1
T

p )✓

1  s  p

Chao Gao, Department of Statistics, Yale University c� July 25, 2023 1

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Cov(Xi, Xj) =

8
><

>:

1 i = j

⇢ i 6= j

sup
k✓k0s

Ekb✓ � ✓k2 . e�a✏̄est(p, s, �)
2

sup
k✓k0p

Ekb✓ � ✓k2 & a✏̄est(p, s, �)
2

1  s < p

a > 0

✏̄est(p, s, �)
2 = (1� �)s log

⇣ep
s

⌘
+ (1� � + �p)

✓̄

X̄

(Ip � p�11p1
T

p )✓

1  s  p

Chao Gao, Department of Statistics, Yale University c� July 25, 2023 1

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Cov(Xi, Xj) =

8
><

>:

1 i = j

⇢ i 6= j

sup
k✓k0s

Ekb✓ � ✓k2 . e�a✏̄est(p, s, �)
2

sup
k✓k0p

Ekb✓ � ✓k2 & a✏̄est(p, s, �)
2

1  s < p

a > 0

✏̄est(p, s, �)
2 = (1� �)s log

⇣ep
s

⌘
+ (1� � + �p)

✓̄

X̄

(Ip � p�11p1
T

p )✓

1  s  p

marginally

Chao Gao, Department of Statistics, Yale University c� July 25, 2023 1

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj |W
ind
⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Cov(Xi, Xj) =

8
><

>:

1 i = j

⇢ i 6= j

sup
k✓k0s

Ekb✓ � ✓k2 . e�a✏̄est(p, s, �)
2

sup
k✓k0p

Ekb✓ � ✓k2 & a✏̄est(p, s, �)
2

1  s < p

a > 0

✏̄est(p, s, �)
2 = (1� �)s log

⇣ep
s

⌘
+ (1� � + �p)

✓̄

X̄

(Ip � p�11p1
T

p )✓

conditionally

Chao Gao, Department of Statistics, Yale University c� July 25, 2023 1

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj |W
ind
⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Cov(Xi, Xj) =

8
><

>:

1 i = j

⇢ i 6= j

sup
k✓k0s

Ekb✓ � ✓k2 . e�a✏̄est(p, s, �)
2

sup
k✓k0p

Ekb✓ � ✓k2 & a✏̄est(p, s, �)
2

1  s < p

a > 0

✏̄est(p, s, �)
2 = (1� �)s log

⇣ep
s

⌘
+ (1� � + �p)

✓̄

X̄

(Ip � p�11p1
T

p )✓



Robust Estimation

frequentist

Efron
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Robust Estimation
Theorem. Under Huber’s setting 
  

or 

with                , sample median achieves 

                                                  . 
The rate is minimax optimal.
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The null distribution can be consistently estimated under 
Efron’s setting, even when the non-null proportion is constant.
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Proposition. When       , the following holds 
for arbitrary non-null effects, 

Characteristic Function
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Lower Bound

outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working

in the frequency domain is advantageous as it only involves optimization over the two-dimensional

variable ⇣. In contrast, typical ideas of fitting to outliers in the spatial domain (e.g. as in the mean

shift contamination literature discussed in Section 1.1) require optimization over a k-dimensional

variable.

The optimality of ✓̂ is established by a matching minimax lower bound.
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upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via

a standard concentration argument. The lower bound argument then involves considering the testing
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there is hope for the above integral to be small. Thus, the idea is to pick Q0, Q1 such that both ✓
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Here, " = k
n . As usual in minimax lower bound arguments, the goal is to construct Q0 and Q1 such

that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns
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the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that
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outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working

in the frequency domain is advantageous as it only involves optimization over the two-dimensional

variable ⇣. In contrast, typical ideas of fitting to outliers in the spatial domain (e.g. as in the mean

shift contamination literature discussed in Section 1.1) require optimization over a k-dimensional

variable.

The optimality of ✓̂ is established by a matching minimax lower bound.
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from the inequality u/2  log(1+u)  u for u 2 (0, 1), and so the lower bound does indeed match the

upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via

a standard concentration argument. The lower bound argument then involves considering the testing
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iid⇠ (1� ")N(0, 1) + "(Q0 ⇤N(0, 1)),

H1 : X1, ..., Xn
iid⇠ (1� ")N(✓, 1) + "(Q1 ⇤N(0, 1)).

where Q0 and Q1 contamination distributions and ✓ 2 R a location parameter are all to be selected.

Here, " = k
n . As usual in minimax lower bound arguments, the goal is to construct Q0 and Q1 such

that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns

out a Fourier-based approach [5, 9, 15] yields a rate-optimal construction. Letting f0 and f1 denote

the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that

the characteristic functions of f0 and f1 agree on as wide an interval [�⌧, ⌧ ] as possible. As argued

in the literature [5, 9, 15], the �2-divergence admits a bound in terms of the Fourier transforms of

the marginal densities,
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If Q0, Q1, and ✓ are chosen such that the Fourier transforms match f̂1(t) = f̂0(t) on [�⌧, ⌧ ], then

there is hope for the above integral to be small. Thus, the idea is to pick Q0, Q1 such that both ✓

and ⌧ can be taken as large as possible while still ensuring the �2 divergence is small. It turns out

that the optimal choice of ⌧ in Theorem 1 is precisely the correct choice in the lower bound as well,

and essentially the optimal choice for the location parameter is ✓ ⇣ "
⌧ .
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outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working
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from the inequality u/2  log(1+u)  u for u 2 (0, 1), and so the lower bound does indeed match the

upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via

a standard concentration argument. The lower bound argument then involves considering the testing
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that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns

out a Fourier-based approach [5, 9, 15] yields a rate-optimal construction. Letting f0 and f1 denote

the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that

the characteristic functions of f0 and f1 agree on as wide an interval [�⌧, ⌧ ] as possible. As argued

in the literature [5, 9, 15], the �2-divergence admits a bound in terms of the Fourier transforms of

the marginal densities,

�2(f1 || f0) 
p
2⇡

1� "

1X

k=0

1
2kk!

Z
1

�1

���f̂ (k)
1

(t)� f̂ (k)
0

(t)
���
2

dt.

If Q0, Q1, and ✓ are chosen such that the Fourier transforms match f̂1(t) = f̂0(t) on [�⌧, ⌧ ], then
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Lower Bound

outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working

in the frequency domain is advantageous as it only involves optimization over the two-dimensional

variable ⇣. In contrast, typical ideas of fitting to outliers in the spatial domain (e.g. as in the mean

shift contamination literature discussed in Section 1.1) require optimization over a k-dimensional

variable.

The optimality of ✓̂ is established by a matching minimax lower bound.

Theorem 2. Suppose 1  k  n
2
� 6

p
n. There exist some universal constants C, c > 0 such that
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✓2R,

||�||0k
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from the inequality u/2  log(1+u)  u for u 2 (0, 1), and so the lower bound does indeed match the

upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via

a standard concentration argument. The lower bound argument then involves considering the testing

problem

H0 : X1, ..., Xn
iid⇠ (1� ")N(0, 1) + "(Q0 ⇤N(0, 1)),

H1 : X1, ..., Xn
iid⇠ (1� ")N(✓, 1) + "(Q1 ⇤N(0, 1)).

where Q0 and Q1 contamination distributions and ✓ 2 R a location parameter are all to be selected.

Here, " = k
n . As usual in minimax lower bound arguments, the goal is to construct Q0 and Q1 such

that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns

out a Fourier-based approach [5, 9, 15] yields a rate-optimal construction. Letting f0 and f1 denote

the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that

the characteristic functions of f0 and f1 agree on as wide an interval [�⌧, ⌧ ] as possible. As argued

in the literature [5, 9, 15], the �2-divergence admits a bound in terms of the Fourier transforms of

the marginal densities,
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If Q0, Q1, and ✓ are chosen such that the Fourier transforms match f̂1(t) = f̂0(t) on [�⌧, ⌧ ], then

there is hope for the above integral to be small. Thus, the idea is to pick Q0, Q1 such that both ✓

and ⌧ can be taken as large as possible while still ensuring the �2 divergence is small. It turns out

that the optimal choice of ⌧ in Theorem 1 is precisely the correct choice in the lower bound as well,

and essentially the optimal choice for the location parameter is ✓ ⇣ "
⌧ .

Let us elaborate by making some more technical remarks. The condition f̂0(t) = f̂1(t) implies

one should pick Q0 and Q1 such that
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Lower Bound

outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working

in the frequency domain is advantageous as it only involves optimization over the two-dimensional

variable ⇣. In contrast, typical ideas of fitting to outliers in the spatial domain (e.g. as in the mean

shift contamination literature discussed in Section 1.1) require optimization over a k-dimensional

variable.

The optimality of ✓̂ is established by a matching minimax lower bound.

Theorem 2. Suppose 1  k  n
2
� 6

p
n. There exist some universal constants C, c > 0 such that

inf
✓̂

sup
✓2R,

||�||0k

P✓,�

⇢
|✓̂ � ✓| > C · k

n
log�1/2

✓
1 +

k2(n� 2k)2

n3

◆�
� c.

Note that

k

n

r
log

⇣
1 + k2(n�2k)2

n3

⌘ ⇣

8
>><

>>:

1
p
n

if k 
p
n,

k

n

s

log

✓
1+

k2(n�2k)2

n3

◆ if
p
n < k < n

2
�

p
n.

from the inequality u/2  log(1+u)  u for u 2 (0, 1), and so the lower bound does indeed match the

upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via
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where Q0 and Q1 contamination distributions and ✓ 2 R a location parameter are all to be selected.

Here, " = k
n . As usual in minimax lower bound arguments, the goal is to construct Q0 and Q1 such

that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns

out a Fourier-based approach [5, 9, 15] yields a rate-optimal construction. Letting f0 and f1 denote

the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that

the characteristic functions of f0 and f1 agree on as wide an interval [�⌧, ⌧ ] as possible. As argued

in the literature [5, 9, 15], the �2-divergence admits a bound in terms of the Fourier transforms of
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Lower Bound

outliers avoids having to impose smoothness or decay conditions as in [5]. Futhermore, working

in the frequency domain is advantageous as it only involves optimization over the two-dimensional

variable ⇣. In contrast, typical ideas of fitting to outliers in the spatial domain (e.g. as in the mean

shift contamination literature discussed in Section 1.1) require optimization over a k-dimensional

variable.

The optimality of ✓̂ is established by a matching minimax lower bound.
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from the inequality u/2  log(1+u)  u for u 2 (0, 1), and so the lower bound does indeed match the

upper bound. The two-point testing argument is employed, which is typical in functional estimation

[30] (see also “the method fuzzy hypotheses” [53]).

The proof of Theorem 2 proceeds by first linking the model (1) to its mixture formulation (7) via

a standard concentration argument. The lower bound argument then involves considering the testing

problem

H0 : X1, ..., Xn
iid⇠ (1� ")N(0, 1) + "(Q0 ⇤N(0, 1)),

H1 : X1, ..., Xn
iid⇠ (1� ")N(✓, 1) + "(Q1 ⇤N(0, 1)).

where Q0 and Q1 contamination distributions and ✓ 2 R a location parameter are all to be selected.

Here, " = k
n . As usual in minimax lower bound arguments, the goal is to construct Q0 and Q1 such

that ✓ can be taken as large as possible while ensuring H0 and H1 cannot be distinguished. It turns

out a Fourier-based approach [5, 9, 15] yields a rate-optimal construction. Letting f0 and f1 denote

the marginal densities of H0 and H1 respectively, the parameters Q0, Q1, and ✓ are selected such that

the characteristic functions of f0 and f1 agree on as wide an interval [�⌧, ⌧ ] as possible. As argued

in the literature [5, 9, 15], the �2-divergence admits a bound in terms of the Fourier transforms of

the marginal densities,
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there is hope for the above integral to be small. Thus, the idea is to pick Q0, Q1 such that both ✓

and ⌧ can be taken as large as possible while still ensuring the �2 divergence is small. It turns out

that the optimal choice of ⌧ in Theorem 1 is precisely the correct choice in the lower bound as well,
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Let us elaborate by making some more technical remarks. The condition f̂0(t) = f̂1(t) implies

one should pick Q0 and Q1 such that

Q̂1(t)� Q̂0(t) =
1� "
"

(1� e�it✓).

Since " < 1

2
implies 1�"

" > 1, it is clear that this cannot hold for all t 2 (�1,1) since |Q̂1(t)�Q̂0(t)| 
2 because |Q̂1(t)|_ |Q̂0(t)|  1 by virtue of Q0 and Q1 being probability measures. An idea from the

9

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Gh(µ) = E bGh(µ) =
n� k

n
P (|N(✓ � µ, 1)|  h) +

1

n

X

j2H1

P (|N(⌘j � µ, 1)|  h)

=
n� 2k

n
P (|N(✓ � µ, 1)|  h)

+
1

n

X

j2H1

[P (|N(✓ � µ, 1)|  h) + P (|N(⌘j � µ, 1)|  h)]

=
n� 2k

n
P (|N(✓ � µ, 1)|  h) +

1

n
Jh(µ)

Xj ⇠

8
><

>:

N(✓, 1) j 2 H0

N(⌘j , 1) j 2 H1

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Gh(µ) = E bGh(µ) =
n� k

n
P (|N(✓ � µ, 1)|  h) +

1

n

X

j2H1

P (|N(⌘j � µ, 1)|  h)

=
n� 2k

n
P (|N(✓ � µ, 1)|  h)

+
1

n

X

j2H1

[P (|N(✓ � µ, 1)|  h) + P (|N(⌘j � µ, 1)|  h)]

=
n� 2k

n
P (|N(✓ � µ, 1)|  h) +

1

n
Jh(µ)

Xj ⇠

8
><

>:

N(✓, 1) j 2 H0

N(⌘j , 1) j 2 H1

Goal: find    for which there exist     and     such that

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

✓

Q0

Q1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

✓

Q0

Q1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

✓

Q0

Q1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

�2(p0kp1) . n�1

✓

Q0

Q1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

P (|N(✓ � µ⇤, 1)|  h)� P (|N(✓ � t, 1)|  h) & 1

|t� ✓| > Ch

|µ⇤ � ✓| < Ch

bGh(µ) =
1

n

nX

j=1

I{|Xj � µ|  h}

Fourier transform:

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

8
><

>:

Q0 = �✓

Q1 = �0

�2(p0kp1) 
p
2⇡

1� ✏

1X

k=0

1

2kk!

Z
|p̂(k)

1
(t)� p̂(k)

0
(t)|2dt

✏ =
1

2

�2(p0kp1) . n�1

�2(p0kp1) = 0

✓

Q0

Q1

= p0

= p1

bGh(µ
⇤)� bGh(t) > 0

Jh(µ
⇤)� Jh(t) � 0

| bGh(µ)�Gh(µ)| .
1p
n
e�h

2
/4

Gh(µ
⇤)�Gh(t) �

n� 2k

n

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

8
><

>:

Q0 = �✓

Q1 = �0

�2(p0kp1) 
p
2⇡

1� ✏

1X

k=0

1

2kk!

Z
|p̂(k)

1
(t)� p̂(k)

0
(t)|2dt

8
><

>:

p̂0(t) = e�t
2
/2(1� ✏+ ✏q̂0(t))

p̂1(t) = e�t
2
/2((1� ✏)e�i✓t + ✏q̂1(t))

✏ =
1

2

�2(p0kp1) . n�1

�2(p0kp1) = 0

✓

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

8
><

>:

Q0 = �✓

Q1 = �0

�2(p0kp1) 
p
2⇡

1� ✏

1X

k=0

1

2kk!

Z
|p̂(k)

1
(t)� p̂(k)

0
(t)|2dt

8
><

>:

p̂0(t) = e�t
2
/2(1� ✏+ ✏q̂0(t))

p̂1(t) = e�t
2
/2((1� ✏)e�i✓t + ✏q̂1(t))

✏ =
1

2

�2(p0kp1) . n�1

�2(p0kp1) = 0

take



Estimating VarianceChao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)



Estimating VarianceChao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

positive bias

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

[Comminges, Collier, Ndaoud & Tsybakov 21]



Estimating VarianceChao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

positive bias

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

Proposition. For any
       

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

⌧ > 0

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧



Estimating VarianceChao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

positive bias

Proposition. For any
       

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

⌧ > 0

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

⌧ > 0

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

b�2 = inf
t2[⌧,10⌧ ]

�2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4



Estimating VarianceChao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 26, 2023 1

Xj = ✓ + �j + �Zj ⇠ N(✓ + �j ,�
2)

k�k0 =
nX

j=1

I{�j 6= 0}  k

|O| = k = ✏n

(1� ✏)N(✓,�2) + ✏N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
N(0,�2) ⇤Q

9

10
N(✓,�2) +

1

10
Q

Xj ⇠ (1� ✏)N(✓,�2) + ✏Q

|b✓ � ✓|2 = OP

✓
1

n
+

k2

n2

◆

Xj ⇠

8
><

>:

N(0, 1) j 2 H0

N(⌘j , 1) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 H0

N(⌘j ,�
2) j 2 H1

Xj ⇠

8
><

>:

N(✓,�2) j 2 I

�⌘j j 2 O

Xj |W
ind⇠

8
><

>:

N(
p
⇢W, 1� ⇢) j 2 H0

N(
p
⇢W + ⌘j , 1� ⇢) j 2 H1

Xj = ⌘j +
p
⇢W +

p
1� ⇢Zj

⌘j = 0 for all j 2 H0

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

✓ ⇣ ✏/⌧

q̃1(t)� q̃0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

0 |t| > 2⌧

q̂1(t)� q̂0(t) =

8
>>>>><

>>>>>:

1� ✏

✏
(1� e�i✓t) |t|  ⌧

· · · ⌧ < |t|  2⌧

2✏(1� e�i✓t) |t| > 2⌧

q̂1(t)� q̂0(t) =
1� ✏

✏
(1� e�i✓t)

Chao Gao, Department of Statistics, Yale University c� July 27, 2023 1

⌧ > 0

sup
t2[⌧,10⌧ ]

1

k

X

j2H1

cos(t�j) � �1

5

������
1� 1

k

X

j2H1

eit�j

������

2

= 1 +

������
1

k

X

j2H1

eit�j

������

2

� 2

k

X

j2H1

cos(t�j)

 2

0

@1� 1

k

X

j2H1

cos(t�j)

1

A

bN(t) =

������
1

n

nX

j=1

eitXj

������

N(t) =

������
eit✓�

t2�2

2

0

@1� k

n
+

k

n

1

k

X

j2H1

eit�j

1

A

������

= e�
t2�2

2

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

�2 logN(t)

t2
= �2 � 2

t2
log

������
1� k

n

0

@1� 1

k

X

j2H1

eit�j

1

A

������

b�2 = �2 log bN(t)

t2

b�2 = inf
t2[⌧,10⌧ ]

�2 log bN(t)

t2

⌧2 ⇣ log
�
1 + n✏2(1� 2✏)2

�
= log

✓
1 +

k2(n� 2k)2

n3

◆

�2(p0kp1) 6= 0

�2(p0kp1) . (1� 2✏)2✏2e�⌧
2
/4

Theorem [Kotekal & G.]. Set                    . 
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Theorem [Kotekal & G.]. With both location 
and variance estimators,             achieves 
the following minimax rate 
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