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Aggregation-Diffusion Equations & Collective Behavior:

Analysis, Numerics and Applications
11.April 2024.

.
1 / 44



Random vs. deterministic quantization
From Xu, Korba, S. Accurate Quantization of Measures via Interacting
Particle-based Optimization, ICML 2022.

(a) i.i.d. sample (b) deterministic arrangement

Figure: Quantizing a Gaussian using 1024 particles.
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Measuring Quantization error

d´ a metric or general dissimilarity measure on PpRdq or its subset
[Wasserstein metric, MMD, KSD, ˚-discrepancy, etc.]

µ P PpRdq

Random quantization error

QRpn,dq “ Erdpµ, µnqs

where µn “
1
n

ř

i δxi and xi „ µ are i.i.d samples of µ.

Optimal quantization error

QOpn,dqq “ inf
tx1,...,xnu

dpµ, µnq

.
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Quantization error of optimal transport
Given µ, ν P PppRdq, transport plans, π are probability measures on
Rd ˆ Rd with first marginal µ and second marginal ν:

Πpµ, νq “ tπ P PpRd ˆ Rdq : πpAˆ Rdq “ µpAq, πpRd ˆ Aq “ νpAqu.

p-OT distance

dppµ, νq “

ˆ

inf
πPΠpµ,νq

ż

RdˆRd
|x ´ y |p dπpx , yq

˙
1
p

For µ with bounded support on a connected domain, with density bounded
from below (Ajtai, Komlos, Tusnady 1984, Talagrand and Yukic 1993)

QRpn, dpq À

$

’

&

’

%

n´1{2 if d “ 1

n´1{2plog nq
1
2 if d “ 2

n´1{d if d ě 3.

and
QOpn, dpq „ n´1{d

.
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Reproducing Kernel Hilbert Space (RKHS)

Definition. Hilbert space H is an RKHS if pointwise evaluation f ÞÑ f pxq is
a continuous operator.

Example: Sobolev space Hs for s ą d{2 is an RKHS.

For all x there exists φx P H such that xφx , f yH “ f pxq.
The associated kernel is K px , yq “ xφx , φyyH .
For f “

řn
i“1 aiφxi , xf , f y “

ř

i,j aiajK pxi , xjq ě 0. So K is positive
definite.
If the Hilbert space is translation invariant, K px , yq “ K px ´ yq

Conversely, any positive definite continuous kernel K px ´ yq defines
am RKHS, HK , functions f “ K ˚ θ P HK for θ finite measure and

}f }2HK
“

ĳ

K px ´ yqdθpxqdθpyq “
ż

1
pK pξq

|pf pξq|2dξ.

Examples: K pxq “ expp´|x |2q -Gaussian, K pxq “ expp´|x |q - Laplace.
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Maximum Mean Discrepancy (MMD)

Let HK be RKHS corresponding to a kernel K .

MMDHK pρ, πq “ sup
}φ}HKď1

ż

φ dρ´
ż

φ dπ

It is known that

MMD2
HK
pρ, πq “

ĳ

K px , yq dpρ´ πqpxq dpρ´ πqpyq

If K px , yq “ K px ´ yq then

MMD2
HK
pρ, πq “

ż

K ˚ ρ dρ´ 2
ż

K ˚ ρ dπ `
ż

K ˚ π dπ

For kernels K which decay at infinity and are strictly integrally positive
definite, MMDHK metrizes narrow convergence of measures. (see
Sriperumbudur 2016)

.
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Quantization in MMD
For a broad set of Kernels and ρ P PpRdq (see Sriperumbudur 2016)

QRpL,MMDq À
1
?

n

Theorem [Xu, Korba, S.]

Assume K px , yq “ K px ´ yq and pK pξq À p1` |ξ|2q´d{2, which holds for
Gaussian, a range of Matérn kernels and others.

Lebesgue measure on r0, 1sd .

QOpL,MMDq À
pln nqd´1

n
.

Light-tailed probability measure on Rd .

QOpπ,MMDq À
pln nqp5d`1q{2

n
.

Open: Optimal rate on n. Dependance of constants on d .
.
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MMD gradient flows in Wasserstein Metric

Arbel, Korba, Salim, Gretton, ’19
For fixed µ consider MMDpρ, πq as a functional of ρ. More precisely let

Epρq “
1
2

ż

K ˚ ρ dρ´
ż

K ˚ π dρ

Note: total energy = interaction energy ` potential energy.

Gradient flow in Wasserstein metric

Btρ`∇ ¨ pρ∇K ˚ pπ ´ ρqq “ 0.

.
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MMD gradient flows: Discrete measures
For fixed ρn “

1
n

řn
i“1 δxi

Epρnq “
1

2n2

ÿ

i

ÿ

j

K pxi ´ xjq ´
1
n

ÿ

i

K ˚ πpxiq

Gradient flow in Wasserstein metric

Btρ`∇ ¨ pρ∇K ˚ pπ ´ ρqq “ 0.

Gradient flow for discrete measures: ρnptq “ 1
n

řn
i“1 δxiptq

9xi “ ∇K ˚ πpxiq ´
1
n

n
ÿ

i“1

∇K pxi ´ xjq

Note: We need to know π which is not available in sampling problems.
Open Problems

Does MMDpρptq, µq Ñ 0 as n Ñ8 if ρ is absolutely continuous wrt
Lebesgue measure? At what rate?
What is the limit of MMDpρnptq, µq as t Ñ8?
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MMD gradient flows: Discrete measures

Btρ`∇ ¨ pρ∇K ˚ pπ ´ ρqq “ 0.

Gradient flow for discrete measures: ρnptq “ 1
n

řn
i“1 δxiptq

9xi “ ∇K ˚ πpxiq ´
1
n

n
ÿ

i“1

∇K pxi ´ xjq

Open Problems
Does MMDpρptq, µq Ñ 0 as n Ñ8 if ρ is absolutely continuous wrt
Lebesgue measure? At what rate?
Boufadene, Vialard show that for K px , yq “ |x ´ y |´d`2 for d ě 3, C1

positive solutions on compact manifolds satisfy

W pµt , πq À e´λt .

What is the limit of MMDpρnptq, µq as t Ñ8?
Approaches for π „ e´U .

.
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Fokker–Planck equation
Consider Kullback-Leibler divergence, that is the relative entropy

KLpρq “

ż

ln
´ρ

π

¯

ρ dx .

Wasserstein gradient flow is given by Btρ “ ´∇ ¨ pρvq, where the vector
field v minimizes the Rayleigh functional

Rpvq “
1
2

gρpv , vq `
δKL

δρ
rvs “

1
2

ż

|v |2ρpxqdx ´
ż

pln ρ` Uq∇ ¨ pρvqdx

“
1
2

ż

|v |2ρpxqdx `∇ρ ¨ v `∇U ¨ vρdx

where π “ C expp´Uq. Minimizing over v gives v “ ´
´

∇ρ
ρ `∇U

¯

. Thus

Wasserstein gradient flow is the Fokker-Planck equation

Btρ “ ∇ ¨ p∇ρ` ρ∇Uq.

Q: Is there a related model where the velocity makes sense for particles?
.
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Blob model

KLpρq “

ż

ln
´ρ

π

¯

ρ dxKL-divergence

Btρ “ ∇ ¨ pρ∇pln ρ` UqqFokker-Planck equation

Q: Is there a related model where the velocity makes sense for particles?
A1: Blob model by Carrillo, Craig, and Patacchini, 2019: Regularize ρ in
the KL divergence, using a mollifier ηε.

Eεpρq “
ż

ln
´ρ ˚ ηε

π

¯

ρ dx .

Wasserstein gradient flow

Btρ “ ∇ ¨ pρ∇plnpρ ˚ ηεq ` Uqq.

Particle ODE give a true solution of the equation.

.
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Blob model (cont.)
Blob model by Carrillo, Craig, and Patacchini, 2019:

Eεpρεq “
ż

ln
´ρε ˚ ηε

π

¯

ρε dx .

Wasserstein gradient flow

Btρε “ ∇ ¨ pρε∇plnpρε ˚ ηεq ` Uqq.

Particle ODE give a true solution of the equation.
Model introduces a bias. Let πε be a minimizer.
Lu, S., Wang, 2023 show d2pπ, πεq À ε.
Convergence of ρεptq Ñ ρptq as εÑ 0. [Carrillo, Craig, and
Patacchini; Craig, Jacobs, Topalova ]

Open problems/issues:
Convergence of ρεptq as t Ñ8.
Convergence of ρεp8q as εÑ 0.
Model is not viable in high dimensions.

.
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Birth-death dynamics
Hellinger distance

d2
Hpρ0, ρ1q “ inf

pρt ,ut q

ż 1

0

ż

Rd
u2

t dρt dt ,

where pρt , utq satisfies the equation Btρt “ ´ρtut . If measures ρ0, ρ1 ! λ
for some probability measure dλpxq, then

d2
Hpρ0, ρ1q “ 4

ż

Rd

˜

c

dρ1

dλ
´

c

dρ0

dλ

¸2

dλ.

Restricted to probability measures

dSHpρ0, ρ1q “ 4 arcsin
´dHpρ0, ρ1q

4

¯

.

Pure birth-death dynamics is the gradient flow of KL divergence wrt dSH .

Btρt “ ´ρt log
ρt

π
` ρt

ż

Rd
ρt log

ρt

π
dx .

.
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Birth-death dynamics - convergence as t Ñ 8.
Pure birth-death dynamics is the gradient flow of KL divergence wrt dSH .

Btρt “ ´ρt log
ρt

π
` ρt

ż

Rd
ρt log

ρt

π
dx .

Lu, Lu, Nolen and Lu, S., Wang establish
Theorem. If infxPΩ

ρ0pxq
πpxq ě e´M then

KLpρt |πq ď e´p2´3δqpt´t˚q KLpρ0|πq

for every δ P p0, 1{4q and all t ě t˚ :“ logpM{δ3q.

Regularization and particle based approximations:

Fεpρq “
ż

ρ logpKε ˚ ρq ´
ż

ρ log π “

ż

ρ logpKε ˚ ρq `
ż

ρV .

Btρ
ε “ ´ρε

„

log

ˆ

Kε ˚ ρ
ε

π

˙

` Kε ˚

ˆ

ρε

Kε ˚ ρε

˙

´

ż

log

ˆ

Kε ˚ ρ
ε

π

˙

ρε ´ 1


.

.
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Birth-death dynamics - convergence as εÑ 0.

Results for dynamics of positive measures on torus:

(i) Regularized flow is well posed up to time Tε Ñ8 as εÑ 0.

(ii) Solutions ρε Ñ ρ on finite time intervals.

(iii) If τε ă Tε and τε Ñ8 then ρεpτεq Ñ π.

Open problems:

(i) Long time existence of L1 solutions

(ii) Well posedness of measure-valued solutions

(iii) Convergence of particle-based schemes.

(iv) Adding diffusion

.
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Stein Variational Gradient Descent
Consider Kullback-Leibler divergence, that is the relative entropy

KLpρq “

ż

ln

ˆ

ρ

µ

˙

ρ dx .

Wasserstein gradient flow is given by Btρ “ ´∇ ¨ pρvq, where the vector
field v minimizes the Rayleigh functional

Rpvq “
1
2

gρpv , vq `
δKL

δρ
rvs “

1
2

ż

|v |2ρpxqdx ´
ż

pln ρ` Uq∇ ¨ pρvqdx

where µ “ C expp´Uq. Minimizing over v identifies the Wasserstein
gradient flow as the Fokker-Planck equation

Btρ “ ∇ ¨ p∇ρ` ρ∇Uq.

Liu, Wang (2016) introduced Stein Variational Gradient Descent:
gpv , vq “ }v}2HK

, that is gradient descent vector minimizes

Rpvq “
1
2
}v}2HK

`
δKL

δρ
rvs.

.
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Stein Variational Gradient Descent
Consider Kullback-Leibler divergence, that is the relative entropy

KLpρq “

ż

ln

ˆ

ρ

µ

˙

ρdx .

For Stein Variational Gradient Descent gpv , vq “ }v}2HK
that is gradient

descent vector minimizes

Rpvq “
1
2
}v}2HK

`
δKL

δρ
rvs

which, for µ „ e´U leads to

(SVGD) Btρ “ ∇ ¨ pp∇K ˚ ρ` K ˚ pρ∇Uqqρq

Note that the equation makes sense for discrete measures ρ “ µn

(SVGDn) 9xi “ ´
1
n

n
ÿ

j“1

∇K pxi ´ xjq ´
1
n

n
ÿ

j“1

K pxi ´ xjq∇Upxjq.

.
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Stein Variational Gradient Descent II

Lu, Lu, and Nolen
Theorem 1. For K smooth and ρ0 smooth with KLpρ0q ă 8 the solution of
(SVGD) satisfies

ρptq Ñ π weakly ast Ñ8.

There is no rate known. Linearization (Duncan, Nüsken, Szpruch)
indicates that the convergence is not exponential.

Theorem 2. For K smooth if ρnp0q Ñ ρp0q in d2 then for all t ą 0

ρnptq Ñ ρptq as n Ñ8.

.
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Numerical Quantization Errors

2D 3D 4D

Figure: Quantization rates of the algorithms at study when π “ N p0, 1
d Idq.

MMD/KSD Descent use bandwidth 1; SVGD use Laplace kernel; NSVGD use
Laplace kernel with adaptive choice of bandwidth.
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More Numerical quantization Errors

d Eval. SVGD NSVGD MMD-lbfgs KSD-lbfgs KH SP

2
KSD -0.98 -0.94 -1.48 -1.46 -0.84 -0.77
MMD -1.04 -1.00 -1.60 -1.54 -0.93 -0.77

3
KSD -0.91 -0.81 -1.38 -1.44 -0.84 -0.78
MMD -0.96 -0.91 -1.51 -1.49 -0.92 -0.75

4
KSD -0.91 -0.81 -1.35 -1.39 -0.89 –
MMD -0.94 -0.89 -1.46 -1.40 -0.95 –

8
KSD -0.84 -0.80 -1.14 -1.16 – –
MMD -0.77 -0.90 -1.25 -1.13 – –

Table: Slopes for the quantization measured in KSD/MMD, for the different
algorithms at study and several dimensions d .
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Final States

(a) SVGD Gaussian (b) NSVGD Laplace

(c) MMD-lbfgs (d) i.i.d.
.
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Testing with different bandwidths

Figure: Changing the bandwidth in MMD evaluation metric when, in 2D. From
Left to Right: (evaluation) MMD bandwidth = 1, 0.7, 0.3.

.
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Radon transform

Radon Transform

For θ P Sd´1 and p P R

Rf pθ, pq “ pf pθ, pq :“

ż

θK
f ppθ ` yθq dyθ,

.
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Sliced Wasserstein distance

Radon Transform

For θ P Sd´1 and p P R

Rf pθ, pq “ pf pθ, pq :“

ż

θK
f ppθ ` yθq dyθ,

Sliced Wasserstein distance

For µ, ν P P2pRdq

SW 2pµ, σq “ ´

ż

Sd´1
W 2pPθ# µ,P

θ
# σq dθ “ ´

ż

Sd´1
W 2ppµθ, pσθq dθ,

where Pθpxq “ px ¨ θqθ.

Bonnotte ’13 (on bounded domains) and Bayraktar and Guo ’21 on Rd

show that W and SW induce the same topology on P2.

.
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Particle approximation error of W and SW

d´ a metric or general dissimilarity measure on PpRdq or its subset
[Wasserstein metric, Sliced Wasserstein, MMD, etc.]

µ P P2pRdq

Random quantization error

QRpn,dq “ Erdpµ, µnqs

where µn “
1
n

ř

i δxi and xi „ µ are i.i.d samples of µ.

For µ with bounded support, with density bounded from below

QRpn,W q „

#

n´
1
2 plog nq

1
2 if d “ 2

n´
1
d if d ě 3.

QRpn,SW q „ n´
1
2 for all d .

.
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Background of Radon Transform

Rf pθ, pq “
ż

θK
f ppθ ` yθq dyθ, R˚gpxq “ qgpxq :“ ´

ż

Sd´1
gpθ, x ¨ θq dθ.

xRf , gyL2pPd q
“ xf ,R˚gyL2pRd q

Attenuated Sobolev Spaces

}f }2Hs
t pRd q

“

ż

Rd
|ξ|2tp1` |ξ|2qs´t |Fd f pξq|2 dy

Theorem (Sharafutdinov)

For s P R and t ą ´d
2 Radon transform is an isometry between Hs

t pRdq

and Hs`pd´1q{2
t`pd´1q{2 pPdq :

}f }Hs
t pRd q “ }Rf }

Hs`pd´1q{2
t`pd´1q{2 pPd q

.

Consequently }f }
H´pd´1q{2
´pd´1q{2 pR

d q
“ }Rf }L2pPd q

.

.
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Background of Radon Transform

Let Λ be given by

Λ “

#

p´iqd´1 Bd´1

Bpd´1 when d is odd

p´iqd´1Hp
Bd´1

Bpd´1 when d is even

where Hp is the Hilbert transform in p variable.

Inversion formula for the Radon transform: on SpRdq

f “ cdR˚ΛRf .

.
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Local geometry of Sliced Wasserstein distance

Metric derivative: Formally

SW 2pµt , µt`hq

h2 “ ´

ż

Sd´1

W 2ppµθt , pµ
θ
t`hq

h2 dθ hÑ0
ÝÝÝÑ ´

ż

Sd´1
|pµ1pθ, ¨q|2W dθ.

If Bµ` divpµvq “ 0 then Btpµ
θ ` divpppµ

θΠθ
µvq “ 0 and

|µ1|2SW ptq “ ´
ż

Sd´1
|pµ1pθ, ¨q|2W ptq dθ “

›

›

›

›

θ ¨
d yvtµt

dpµt

›

›

›

›

2

L2ppµt q

.

We define BSW pµ, Jq “
›

›

›
θ ¨ dpJ

dpµ

›

›

›

2

L2ppµ;Pd q
.

.
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Local geometry of Sliced Wasserstein distance

Recall |µ1|2SW ptq “ ´
ş

Sd´1 |pµ
1pθ, ¨q|2W ptq dθ. The geodesic must satisfy

pµθt “ rpµ
θ
0, pµ

θ
1st , where r ¨ , ¨ st is displacement interpolation in 1D.

However µt :“ R´1prpµθ0, pµ
θ
1stq may fail to be nonnegative!

pP2,SW q is not a geodesic length space.
Let `swpµ0, µ1q be the minimal length of curves connecting µ0, µ1.

If µt :“ 1
n

řn
i“1 δxiptq then

|µ1|2SW ptq “
1
n

n
ÿ

i“1

´

ż

Sd´1
|θ ¨ x 1i ptq|

2 dθ “
1
d
|µ1|2W ptq.

So when restricted do discrete measures `SW ,discrete “
1
d dW .

.
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Comparison of SW with negative Sobolev Spaces

Theorem

Let µ, ν, λ P Pac, 2pRdq. Assume 0 ă a ď b ă 8 such that

apλθ ď pµθ ď bpλθ and pνθ ď bpλθ for a.e. θ P Sd´1.

(i) If λ is log-concave then `SW pµ, νq ď 2

c

b
a

SW pµ, νq.

(ii) Assume }pλθ}L8pPd q
ď Cλ. Then

c

1
bCλ

}µ´ ν} 9H´pd`1q{2pRd q
ď SW pµ, νq.

If further µ “ ν on a δ strip of BΩ then
c

1
bCλ

}µ´ ν}
9H´
pd`1q

2
ď SW pµ, νq ď `SW pµ, νq ď

C
?

a
}µ´ ν}

9H´
pd`1q

2
.

.
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Quantization properties of `sw

Let f θ and F θ the density and the CDF of pµθ,

SJ2pµq “ ´

ż

Sd´1

ż

R

F θprqp1´ F θprqq
f θprq

dr dθ

Theorem

Assume pµθ ! L1 and SJ2pµq ă 8. Let µn “ 1
n

řn
i“1 δXi where Xi are i.i.d

samples of µ. Then

`swpµ
n, µq ď c

a

SJ2pµq
log n
?

n
with high probability.

.
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SW near particle measures; SW gradient flows

Lemma

Assume µ “
řn

i“1 miδyi . Let L “ mini‰j |yi ´ yj |, Then there exists C ą 0
only dependent on d such that if W8pµ, νq ă

L
2 then

0 ď
1
d

W 2
2 pµ, νq ´ SW 2

2 pµ, νq ď CnW8pµ, νqSW 2
2 pµ, νq.

”Gradient flows” in Sliced Wasserstein metric are high order
integro-differential equations

Gradient flows of Sliced Wasserstein metric with respect to
Wasserstein metric are of interest in generative sampling (Bonnotte
’13, Li, Moosmüller ’23, Tanguy, Flamary, Delon, ’23)

.
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Sliced Wasserstein quantization

Figure: Quantization measured in Sliced Wasserstein distance for µ “ N p0, 1
d Idq.

States are same as before. In practice, we use 50 random directions drawn
uniformly on Sd´1. Slopes of red lines are -0.71, -0.64, and -0.61 in 2,3, and 4D,
respectively.

Open Problem: Establish the optimal quantization rate in Sliced
Wasserstein metric. Theoretical prediction for grids n´

1
2´

1
2d .

.
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Radon-Wasserstain metric

Given unit vector θ let

gθpw ,wq “

#

ş

upx ¨ θqq2dρpxq if wθpxq “ θupθ ¨ xq

8 otherwise

Consider the Radon-Wasserstein metric g given by

gpv , vq “ inf

"
ż

Sd´1
gθpwθ,wθqdθ : vpxq “

ż

Sd´1
wθdSpθq

*

“ inf

"
ż

Sd´1
gθpwθ,wθqdθ : v “ ~R˚w

*

The resulting distance d satisfies dW ď d À dW . However the geodesics
often do not exist.

.
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Projected KL gradient flow
Consider π „ e´U . We want to determine the gradient flow of

Epρq “
ż

log
ρ

π
dρ

with respect to g. Given unit vector θ, for s P R Radon transform

Rθpsq “
ż

θK
f psθ ` yqdy

Gradient flow is given by

Btρ`∇ ¨ pρvq “ 0

v “ ´
ż

Sd´1
θ

ˆ

Bs lnpRθρq `
Rθpρ∇U ¨ θq

Rθρ

˙

px ¨ θqdθ

“ ´R˚∇ lnpRρq ` R˚
Rθpρ∇U ¨ θq

Rθρ

.
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Particle approximation of projected KL gradient flow
Gradient flow

Btρ`∇ ¨ pρvq “ 0

v “ ´
ż

Sd´1
θ

ˆ

Bs lnpRθρq `
Rθpρ∇U ¨ θq

Rθρ

˙

px ¨ θqdθ

Consider ρn “
1
n

řn
i“1 δxi . From Rθρn “

1
n

ř

i δxi ¨θ we approximate
projected density Rθρ using a 1D KDE. Accuracy does not decay with d !

9xi “ ´

ż

Sd´1
θ

ˆ

Bs lnpK ˚ pRθρnqq `
K ˚ Rθpρn∇U ¨ θq

K ˚ Rθρn

˙

pxi ¨ θqdθ

We approximate the above by taking a random angle θ at each step

xip∆tq “ xip0q `∆t θ

ř

j K 1ppxj ´ xiq ¨ θq ` K ppxj ´ xiq ¨ θqDθUpxjq
ř

j K ppxj ´ xiq ¨ θq

For convergence, complexity of each step is O(n), up to logarithms!
.
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Observed speed of convergence

Figure: MMD and KSD convergence rates in 2D, using processor time. We run
SVGD with bandwidth 0.7 and sliced flow with bandwidth 0.3. There are 1024
particles. Above: Initial distribution is the uniform distribution in a ball, target is
Gaussian. Below: Initial distribution is a Gaussian centered at p0, 2q while target
distribution is a Gaussian mixture, centered at p1, 0q and p´1, 0q.

.
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Final States
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Figure: Sampling 2-dimension normal distribution, final states. From column 1 to
3: kernel bandwidth 0.1, 0.3 and 1. We ran algorithms for 50,000 steps, take
timestep 0.03. The number of particles is 1024.
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Approximation Error
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Figure: The target distribution is Gaussian. We note that sliced-KL flow does not
result in variance collapse. [Variance is approximated very well.]
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Projection based metric 2

Let HK be an RKHS on R. Given unit vector θ instead of

gθpw ,wq “

#

ş

upx ¨ θqq2dρpxq if wpxq “ θupθ ¨ xq

8 otherwise

consider

gθpw ,wq “

#

}u}2HK
if wpxq “ θupθ ¨ xq

8 otherwise.

Consider the sliced metric g given as

gpv , vq “ inf

"
ż

Sd´1
gθpwθ,wθqdθ : v “

ż

Sd´1
wθdSpθq

*

.
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Radon-Stein gradient flow („SVGD)

Full gradient flow is given by

Btρ`∇ ¨ pρvq “ 0

v “ ´
ż

Sd´1
θ
`

K 1 ˚ pRθρq ` K ˚ pRθpρ∇U ¨ θqq
˘

dθ
(RSVGD)

Consider ρn “
1
n

řn
i“1 δxi .

9xi “ ´

ż

Sd´1
θ

1
n

ÿ

j

`

K 1ppxj ´ xiq ¨ θq ` DθUpxjqK ppxj ´ xiq ¨ θq
˘

dθ

We approximate the above by taking a random angle θ at each step

xip∆tq “ xip0q `∆t θ
1
n

ÿ

j

`

K 1ppxj ´ xiq ¨ θq ` DθUpxjqK ppxj ´ xiq ¨ θq
˘
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Existence and convergence of Projected SVGD gradient
flow

„ Lu, Lu, Nolen

Assumption 1. K P C8pR,Rq is positive definite, integrable, even, and
K ,K 1,K 2 are bounded.
Assumption 2. U P C2pRdq is nonnegative, coercive, and satisfies
|∇U| ď Cp1` Uq and |D2U| ď Cp1` Uq.
Assumption 3.

ş

p1` Uqρ0dx ă 8.

Theorem [S. and Xu]

Under assumptions above (RSVGD) has a unique solution
ρ P Cpr0,8q,Pq.

Theorem [S. and Xu]

Under some mild further assumptions ρptq Ñ π weakly as t Ñ8.
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Open Problems

What is the optimal quantization error for MMD (for various kernels)?

What is a robust way to measure quantization error? [Remove
sensitivity to kernel width.]

Convergence properties of SVGD, especially for nonsmooth kernels

Well-posedness and convergence for Radon Wasserstein KL gradient
flow

Birth-death dynamics in high dimension

Quantitative information on convergence.
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