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Introduction



What we are doing

fi(Xas - 5 Xn, 2)

fn(Xas ..., Xn, 2)
polynomial system in K[ X, . . ., X5, 2]
z:={z,...,29},d =dim

projection to z-space dominant
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What we are doing

hy (X4, X2, . ., Xn, 2)
h2(x2’ e ’XI’H z)

fi(Xay ooy Xn, 2)

\
. 4
fm(X-l’---,Xnvz) hn(Xn,Z)
polynomial system in K[x, . .., Xn, 2] reduced LEX Grobner Basis
z:={z,...,z¢},d =dim inK(z) [x1, - ., %n ]

projection to z-space dominant
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What we are doing

hy (X4, X2, . ., Xn, 2)
h2(x2’ e ’XI’H z)

fi(Xay ooy Xn, 2)

fm(X-h---,Xnvz) hn(Xn,Z)
polynomial system in K[x, . .., Xn, 2] reduced LEX Grobner Basis
z:={z,...,z¢},d =dim inK(z) [x1, - ., %n ]

projection to z-space dominant

classically: computed using elimination orderings
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hi (X1, %2, 2) = X4 = G4(X2,2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |
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hi (X1, %2, 2) = X4 = G4(X2,2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

[ Shape position: ]Solutions parametrized by a hypersurface.
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T fi=-=fa=0

hi (X1, X2,2) = X1 — g1(X, 2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

z=a Z

[ Shape position: ]Solutions parametrized by a hypersurface.
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hi (X1, X2,2) = X1 — g1(X, 2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

z=a Z

[ Shape position: ]Solutions parametrized by a hypersurface.

{ Rational ]
Parametrization
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hi (X1, X2,2) = X1 — g1(X, 2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

z=a “

[ Shape position: ]Solutions parametrized by a hypersurface.

| Rational H triangular sets
Parametrization e.g. (HUBERT 03)
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hi (X1, X2,2) = X1 — g1(X, 2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

z=a “

[ Shape position: ]Solutions parametrized by a hypersurface.

geomee ';rlc(élej;l:mons ree triangular sets
g ' Parametrization e.g. (HUBERT 03)
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hi (X1, X2,2) = X1 — g1(X, 2)

hy (%3, 2)
reduced LEX GB in K(z) [ X4, X, |

z=a “

[ Shape position: ]Solutions parametrized by a hypersurface.

geom:tgrlc(;s;l:;tlons ree triangular sets
g ' Parametrization e.g. (HUBERT 03)

LECERF, SALVY 01)
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’ —
hh(y.2)x - g:1(v,2) =0 [ geometric resolution ]

y = Y aix; primitive element
hn(v,2)%n — gn(y,2) =0

hn, gi € R(z)[T], hy squarefree
hn(y,z) =0 n> gi ()[ ] n sq
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hh(y.2)x - g:1(v,2) =0 [ geometric resolution ]

y = Y aix; primitive element
hn(v,2)%n — gn(y,2) =0
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hn(y,z) =0 n> gi ()[ ] n sq
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® complexity: polynomial in some degree assoc. to system
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’ —
h(y.2)x — 6:(y.2) =0 [ geometric resolution ]

y = Y aix; primitive element
hn(v,2)%n — gn(y,2) =0

hn, gi € R(z)[T], hy squarefree
hn(yyz) =0 n> gi ()[ ] n sq

® e.g. (LECERF 00), (GIUSTI, LECERF, SALVY 01), (LECERF 03), (SCHOST 03)
® complexity: polynomial in some degree assoc. to system
® encoded in Noether position except for (SCHOST 03)

® Hensel lifting: “imitates” Newton iteration
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’ —
hy (v, )% —g:(y,2) =0 [ geometric resolution ]

y = Y a;x; primitive element
hy (v,2)xn — gn(y,2) =0

hn, gi € kR(z)[T], hn squarefree
hn(y,2) =0 n» gi (2)[T], hn sq

® e.g. (LECERF 00), (GIUSTI, LECERF, SALVY 01), (LECERF 03), (SCHOST 03)
® complexity: polynomial in some degree assoc. to system
® encoded in Noether position except for (SCHOST 03)

® Hensel lifting: “imitates” Newton iteration
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’ —
hy (v, )% —g:(y,2) =0 [ geometric resolution ]

y = Y a;x; primitive element
hh(v,2)xn — gn(y,2) =0

hn, gi € kR(z)[T], hn squarefree
hn(y,2) =0 n» gi (2)[T], hn sq

® e.g. (LECERF 00), (GIUSTI, LECERF, SALVY 01), (LECERF 03), (SCHOST 03)
® complexity: polynomial in some degree assoc. to system
® encoded in Noether position except for (SCHOST 03)

® Hensel lifting: “imitates” Newton iteration

Key Difference:

For example: Computing Generic Fibers
~» Primary Decomposition
~» Computation of Whitney stratifications as in (HELMER 23)
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The Zero-dimensional Case

No parameters



no parameters, dim = o, finitely many solutions

fi(xas -+ 5 Xn)

fm (%5 - - Xn)
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no parameters, dim = o, finitely many solutions

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

fi(Xa, ..o xn) ‘ 91(X45 .-, Xn)

Buchberger, Fs, F5

fon (a5« Xn) 9r(X4, .., Xn)

DRL Grobner Basis

inK[x,....xn]
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no parameters, dim = o, finitely many solutions

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

fi(xas s Xn) ‘

Buchberger, Fs, F5

fm (%5 - - Xn)

(FAUGERE, GIANNI, LAZARD, MORA 93)
(FAUGERE, Mou 17)
(BERTHOMIEU, NEIGER, SAFEY EL DIN 22)

among others

g1(X1, .+ .5 Xn)
FGLM

9r(X4, .., Xn)

DRL Grobner Basis

inK[x,....xn]

ha (X1, X2, - . ., Xn)
ha (X2, Xn)

hn (xn)
reduced LEX Grobner Basis

inK[Xxq,...,%]
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no parameters, dim = o, finitely many solutions

(FAUGERE, GIANNI, LAZARD, MORA 93)
(FAUGERE, Mou 17)
(BERTHOMIEU, NEIGER, SAFEY EL DIN 22)

(BUCHBERGER 65) among others

(FAUGERE 99)
(FAUGERE 02)

fi(Xa, ..o xn) | Gg1(X15 -« -5 Xn) h1(X1,Xas - . .2 Xn)

Buchberger, Fs, F5 . FGLM ha (X2, ..., Xn)

fn (X1, - Xn) gr(X4, ..., Xn) hn (xn)
DRL Grobner Basis reduced LEX Grobner Basis

inK[Xxq,...,%] inK[xq,...,xn]
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Define I := {fi,...,fm) C K[x]. Assume dim(/) = o, i.e. finitely many

solutions. Recall:
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expression of any f € K[x]/! in staircase.
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Define I := {fi,...,fm) C K[x]. Assume dim(/) = o, i.e. finitely many

solutions. Recall:

Staircase:
Monomial basis of K[x]/I.

Normal Form:
expression of any f € K[x]/! in staircase.

linear relations
( DRL GB )—{ Staircase + NF's )—>{

between NF's
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Define I := {fi,...,fm) C K[x]. Assume dim(/) = o, i.e. finitely many

solutions. Recall:

Staircase:
Monomial basis of K[x]/I.

Normal Form:
expression of any f € K[x]/! in staircase.

linear relations
( DRL GB )—>{ Staircase + NF's )—>{

between NF's

FGLM: use this mechanism to get LEX GB!
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Define I := {fi,...,fm) C K[x]. Assume dim(/) = o, i.e. finitely many

solutions. Recall:

Staircase:
Monomial basis of K[x]/I.

Normal Form:
expression of any f € K[x]/! in staircase.

linear relations
( DRL GB )—>[ Staircase + NF's )—>{

between NF's

FGLM: use this mechanism to get LEX GB!

for example: h,(x,) ~ linear relation between NF's ofxﬁ, kR=o0,1,...

Computing Generic Fibers The Zero-dimensional Case 8/18



Our Algorithm

(Case z = {z})



with a parameter, dim =1

filxs .. %0, 2)

fm (X1s - - Xn, 2)
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with a parameter, dim =1

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

fi(xa, ...y Xn, 2) g1(X4, ..., Xn, 2)
Buchberger, F4, F5

fm (X1s - - Xn, 2) gr(X4, ..., Xn, 2)

DRL Grobner Basis

inK[xq,...,Xn,2]
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with a parameter, dim =1

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

f1(X1s .23 X, 2) g1(Xqy ..., Xn, 2) hy (X1, %2, - - - Xn, 2)
Buchberger, Fs, F5 . this work ha (X2, ..., Xn,2)
fmn (%1, -, Xn, 2) 9r (X1, .. .1 Xn, 2) B (Xn» 2)
DRL Grobner Basis reduced LEX Grobner Basis
inK[x;,...,xn,2] inK(z)[x,...,xn]
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with a parameter, dim = 1

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

fi(Xas .o Xn, 2) g1(Xqy ..., Xn, 2) ha(X1,Xa, - . . »Xn, 2)

Buchberger, F4, 5 . this work ha (X2, . .- Xn,2)

fm (X1s - - Xn, 2) gr(X4, ..., Xn, 2) hp (xn, 2)
DRL Grobner Basis reduced LEX Grobner Basis

inK[x,...,xn, 2] inK(z)[xq, ..., %n]
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with a parameter, dim = 1

(BUCHBERGER 65)
(FAUGERE 99)
(FAUGERE 02)

fi(Xas .o Xn, 2) g1(Xqy ..., Xn, 2) ha(X1,Xa, - . . »Xn, 2)

Buchberger, F4, 5 . this work ha (X2, . .- Xn,2)

fm (X1s - - Xn, 2) gr(X4, ..., Xn, 2) hp (xn, 2)
DRL Grobner Basis reduced LEX Grobner Basis

inK[x,...,xn, 2] inK(z)[xq, ..., %n]

(PAUER 92), (ARNOLD 03), (WINKLER 88), (SCHOST, ST-PIERRE 23)
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Choose randomz = a

U

o-dim. systemfy,...,.fm =0,z—a=0
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G-

hi(X1, %2, . . ., Xn—1, Q)
ha (X2, ..., Xn—1,0)

Run FGLM to obtain

Choose randomz = a

U

o-dim. systemfy,...,.fm =0,z—a=0

( using DRL GB j he(xn—1,a)
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G-

hi(X1, %2, . . ., Xn—1, Q)
ha (X2, ..., Xn—1,0)

Run FGLM to obtain

Choose randomz = a

U

o-dim. systemfy,...,.fm =0,z—a=0

( using DRL GB j he(xn—1,a)

using “FGLM mechanism”
with DRL GB of

(freosfm, (2= 0)%)

Lifting step:

Lift modulo fy, . . ., fm, (z — a)?
by finding relations in staircase of
(fis- s fms (2= a)?).

U

hi,....h¢ mod (z—a)?
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Run FGLM to obtain

G-

hq(X1,X2, ..., Xp—1,0
Choose randomz = a 10, n-1,)
ha (X2, ..., Xn—1,0)
u
o-dim. systemfy,...,.fm =0,z—a=0
( using DRL GB j he(xn—1,a)
using “FGLM mechanism”
with DRL GB of
(f1s- - fm, (2 = @)?)
3
[ 4 ( further lifts ) .
Lifting step:
Probabilistic termination using Padé Lift modulo fi, . . ., fm, (z — a)?
approximation by finding relations in staircase of
U (oo fms (2= a)?).
h1v U
hi,....h¢ mod (z—a)?
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.l Theorem !

(FAUGERE, GIANNI, LAZARD, MORA 93):

dim o, degree D system in K[x,, ..., X,]

0(nD3) arit. ops.

Computing Generic Fibers Our Algorithm 12 /18



.l Theorem !

(FAUGERE, GIANNI, LAZARD, MORA 93):

dim o, degree D system in K[x,, ..., X,]

0(nD3) arit. ops.

.l Theorem !

(BERTHOMIEU, M. 24):
generic system f;, ..., f, of degree D in K[x,
LEX GB of gen. fiber in K(2) [x4, . . ., X,]

& = degree of rational fraction coefficients

0 (&(n —1)D3) arit. ops.

ey Xn, 2]

using quadratic lifting

\.

LEX GB of gen. fiber

to precision &

Computing Generic Fibers Our Algorithm

12/18



Given: DRLGB for f,, ..., fi.
Need (for lifting steps): DRLGB's for f;,...,fm,z—aand fi,...,fm, (z—a)?...
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Need (for lifting steps): DRLGB's for f;,...,fm,z—aand fi,...,fm, (z—a)?...

N

[ staircase for fi, . . ., fn, (z — @)® = “truncated” staircase of f,, . . ., f» ]

U

[ lifting step: linear algebra with low displacement rank ]

(BOSTAN, JEANNEROD, MOUILLERON, SCHOST 17)
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Given: DRLGB for f,, ..., fi.

Need (for lifting steps): DRLGB's for f;,...,fm,z—aand fi,...,fm, (z—a)?...

N

[ staircase for fi, . . ., fn, (z — @)® = “truncated” staircase of f,, . . ., f» ]

U

[ lifting step: linear algebra with low displacement rank ]

(BOSTAN, JEANNEROD, MOUILLERON, SCHOST 17)

But: In more general case, needed DRL GB's are highly non-free, no nice

staircase structure...

Computing Generic Fibers Our Algorithm

13/18



Incorporating Tracers

(TRAVERSO 89)



Recall: We needed GB's forfi,...,fm,z—aand fy,...,fm, (z—a)’.
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F4 (FAUGERE 99) Tracer: Build and echolonize a series of matrices

[ “Learn” tracer T }— DRL GB over K[z]/(z—a) = K
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F1; (FAUGERE 99)

Tracer: Build and echolonize a series of matrices

( “Learn” tracer T }— DRL GB over K[z]/(z—a) = K

apply T, lift LU-factorizations

arithmetic only in K!

“DRL GB” over K[z]/(z — a)?
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F4 (FAUGERE 99) Tracer: Build and echolonize a series of matrices

( “Learn” tracer T }— DRL GB over K[z]/(z—a) = K

apply T, lift LU-factorizations | arithmetic only in K!

“DRL GB” over K[z]/(z — a)?

apply T, lift LU-factorizations | arithmetic only in K!

“DRL GB” over K[z]/(z — a)3
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F4 (FAUGERE 99) Tracer: Build and echolonize a series of matrices

( “Learn” tracer T k—— DRLGB overK[z]/(z — a) = K%, ..., he mod (z-a)

apply T, lift LU-factorizations | arithmetic only in K!
“DRL GB” overK[z]/(z—a)> — h,,...,h; mod (z—-a)?

apply T, lift LU-factorizations | arithmetic only in K!

“DRL GB” overK[z]/(z—a)} — h,,...,h mod (z—a)3
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( fonfn )

F (FAUGERE 99) Tracer: Build and echolonize a series of matrices

( “Learn” tracer T —— DRLGBoverK([z]/(z—a) = K%, ..., he mod (z-a)

apply T, lift LU-factorizations | arithmetic only in K!
“DRL GB” overK[z]/(z—a)> — h,,...,h; mod (z—-a)?

apply T, lift LU-factorizations | arithmetic only in K!

“DRL GB” over K[z]/(z—a)? — h,,...,h, mod (z - a)3

Computing Generic Fibers Incorporating Tracers 15/ 18



Some Preliminary Experiments &

Perspectives



Our Algorithm | msolve', using elim. orders
Polynomial System Timing (in s) Timing (in s)
ED(3,3) 12134 _
M2 152.81 6.54
M3 3Mm -
PS(2,10) 5.56 1251.94
PS(2,12) 12010 -
Sing(2,10) 3.04 4.25
S0S(6,4) 114.88 11366.36
S0S(6,5) 1201 -
RD(3) 3.31 oM
RD(4) 9.77 2872
RD(5) 385.31 2277.56

"(BERTHOMIEU, EDER, SAFEY EL DIN 21)
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Our Algorithm | msolve', using elim. orders
Polynomial System Timing (in s) Timing (in s)
ED(3,3) 121.34 -
M2 152.81 6.54
M3 3Mm -
PS(2,10) 5.56 1251.94
PS(2,12) 120.10 -
Sing(2,10) 3.04 4.25
S05(6,4) 114.88 11366.36
S0S(6,5) 12041 -
RD(3) 3.31 oM
RD(s) 9.77 28.72
RD(5) 385.31 2277.56

computes just hypersurface equation

"(BERTHOMIEU, EDER, SAFEY EL DIN 21)
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Perspectives:
® Investigate probability of success, maximal number of lifting steps? (SCHOST 03)
® Specialized variants of FGLM (FAUGERE, Mou 17), (NEIGER, SCHOST 20), (BERTHOMIEU, NEIGER,
SAFEY EL DIN 22)...
® Computing generic fibers of colon ideals following (BERTHOMIEU, EDER, SAFEY EL DIN 23)

® |mplementation in msolve (with tracers and structured linear algebra)!

Thank you!
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