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Complex reflection groups

Let h be a finite dimensional C–vector space.

Definition

A reflection is an element s ∈ GL(h), whose fixed point space is a
hyperplane, that is,

codim(ker(idh − s)) = 1.

A complex reflection group over h is a finite subgroup
W ⊆ GL(h), which is generated by reflections.

Classification (Shephard–Todd 1954)

G1 Sn: the symmetric groups

G2 Cm: the cyclic groups

G2 G(m, p, n): normal subgroups of Sn ≀ Cm with index p

G4 ... G37 exceptional groups
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Invariants

Let W ⊆ GL(h) be a finite group.
C[h] = Sym(h∗) is the coordinate ring of h.

Definition

A polynomial f ∈ C[h] is called invariant under W,
if f (s(x)) = f (x) for all s ∈ W, x ∈ h.
The ring of invariants is denoted by C[h]W .

C[h]W is the coordinate ring of the orbit space h/W.

Theorem (Shephard–Todd, Chevalley, Serre)

The following are equivalent:

W is a complex reflection group.

C[h]W is a polynomial algebra.

h/W is a smooth variety.
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A symplectic singularity is obtained
by replacing h with h⊕ h∗.
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Motivation from Physics

W. R. Hamilton
(1805-1865)

The Hamiltonian equations of motion for a
mechanical system with configuration space h
are deduced by studying energy functions on
the cotangent bundle h⊕ h∗.

When the system has symmetries, given by a
finite group W ⊆ GL(h), those can be
translated to h⊕ h∗ and exploited.

More motivations:
P. Etingof (2006) Lectures on Calogero–Moser systems. arXiv.
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Symplectic singularities

A. Beauville1

A symplectic form on h⊕ h∗ is defined by

ω((y , x), (x ′, y ′)) := x ′(y)− x(y ′).

W ↪→ GL(h⊕ h∗) has a diagonal action,
where the matrices are represented as

W ∋ s 7→
(
s 0
0 (st)−1

)
.

Lemma

The orbit space h⊕ h∗/W is not smooth (⇔ has a singularity).

(Indeed, suppose that W ⊆ GL(h⊕ h∗) is generated by reflections

Si =

(
si 0
0 (sti )

−1

)
. Then det(Si ) = 1, but the determinant of a

reflection is a non–trivial root of unity. Conclude with Theorem.)

1A. Beauville (2000) Symplectic singularities. Inv. Math. 139, 541–549
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Computing diagonal invariants

The coordinate ring C[h⊕ h∗]W of h⊕ h∗/W is not polynomial,
but one can still compute generators, see for example2.

From now on, we fix a basis {xj} for h and dual basis {yi} for h∗.

Example (for h)

Let a ∈ C with a2 + a+ 1 = 0, that is, a3 = 1. The exceptional
reflection group W = G4 has order 24 and is generated by

s1 =

(
a 0

−a− 1 1

)
and s2 =

(
1 a+ 1
0 a

)
.

The invariant ring C[x1, x2]W is polynomial with 2 generators.

2H. Derksen, G. Kemper (2002) Computational Invariant Theory. Springer.
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Computing diagonal invariants

Example (for h⊕ h∗)

With King’s algorithm in Oscar3, one obtains 8 fundamental
invariants for C[x1, x2, y1, y2]W :

f1 = x1 y1 + x2 y2

f2 = y1 y2 (y21 − y22 + (2 a + 1) y1 y2)

f3 = (x21 − x22 ) (x
2
1 − x22 + 4/3 (2 a + 1) x1 x2)

f4 = x1 y31 + x2 y32 − 3 (x2 y1 + x1 y2) + (2 a + 1) y1 y2 (x1 y1 − x2 y2) − (2 a + 1) (x1 y32 − x2 y31 )

f5 = x31 y1 + x32 y2 − 3 (x2 y1 + x1 y2) + (4 a + 2) x1 x2 (x1 y1 − x2 y2)

f6 = x61 + x62 + (4 a + 2) x1 x2 (x41 − x42 ) − 5 x21 x22 (x21 + x22 )

f7 = y61 + y62 + (4 a + 2) y1 y2 (y41 − y42 ) − 5 y21 y22 (y21 + y22 )

f8 = x31 y32 − x32 y31 − (2 a + 1) (x1 y1 − x2 y2) (x
2
1 y22 − x22 y21 )− (x1 y2 − x2 y1) (x

2
1 y21 + x22 y22 − 3 x1 x2 y1 y2).

The degrees of the fundamental invariants are

(1, 1), (0, 4), (4, 0), (1, 3), (3, 1), (0, 6), (6, 0), (3, 3).

3docs.oscar-system.org
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Computing diagonal invariants

...

Theorem (M, Thiel)

Let F be a set of fundamental invariants for C[h⊕ h∗]W . Then:
∀ f ∈ F with deg(f ) = (d , e), ∃ f̃ ∈ F with deg(f̃ ) = (e, d).
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Open questions

For fixed (d , e) ∈ N2, how many fundamental invariants with
bidegree (d , e) are there?

What properties do the symplectic singularities of the complex
reflection groups G1, . . . ,G37 have?

How to compute fundamental invariants for G30, . . . , G37?
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Deformations

“One can learn a lot about a mathematical object
by studying how it behaves under small deformations.”

B. Mazur

Definition

Let A,R be graded C–algebras and m be a maximal ideal in R.
An R–algebra Ã is called a deformation of A over R if A ∼= Ã/mÃ.

To learn more about X := h⊕ h∗/W, define the skew group ring
A := C[h⊕ h∗]⋊W with basis W and multiplication

(f1 s1) (f2 s2) = f1 f
s1
2 s1 s2.

(This is an infinite–dimensional noncommutative algebra.)

Lemma

Z (C[h⊕ h∗]⋊W) = C[h⊕ h∗]W =: R
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Deformations

PBW Theorem (Etingof–Ginzburg 2002)

Ã := C⟨h⊕h∗⟩⋊W/{[xi , xj ] = [yi , yj ] = 0, [yi , xj ] =
∑
s
ωs(yi , xj) s}

is a deformation of C[h⊕ h∗]⋊W for ωs(v ,w) := ω((v ,ρ∨s ),(ρs ,w))
ρ∨s (ρs)

.

Idea: Ã has a very nice basis, the PBW basis.
→ Compute the center Z (Ã) to derive R = Z (A) = C[h⊕ h∗]W .

Remark

Computing Z (A) = C[h⊕ h∗]W directly is inefficient with the
general tools of invariant theory (e.g., King’s algorithm).

Computing Z (Ã) on the other hand is possible thanks to work of
Levandovskyy, Shepler, Bonnafé, Thiel and implementations in
Singular (Letterplace, Plural) and Magma (Champ).
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Idea: Ã has a very nice basis, the PBW basis.
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Computing Z (Ã) on the other hand is possible thanks to work of
Levandovskyy, Shepler, Bonnafé, Thiel and implementations in
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Computations
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Computations
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Computations
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Computations

This means: X = h⊕ h∗/W has an isolated singularity at 0 ∈ C9.
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Thank You.

Merci.
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