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Solving = Classifying the initial series F(t, 1)
+ Computing a witness of this classification

(e.g. R €Q[z,t]st. R(F(t,1),t) =0)

Algebraic \
Rational Going back to our planar maps...
1i6t F(t,1) = 1+ 2t + 9t* + 54t + 378" + - - € Q[[t]]
1oaees annihilated by R = 27t2z% + (1 — 18t)z + 16t — 1 € Q|z, t]
(1—t)5 — (1+2t)% From R:
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3"(2n)!

» (Closed-form) a, = 2

12"
Vrns'

» (Asymptotics) a, ~ 2 when n — +o0.
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Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.
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Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.

Are 3-constellations of this shape? YES!
F(t,u) — F(t,1)
u—1
i F(t,u) — F(t,1) — (u—1)0.F(t, 1))
(v—1)

F(t,u) =1+ tu(F(t, u)® + (2F(t,u) + F(t,1))
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Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.

Are 3-constellations of this shape? YES! Theorem
_ Bousquet-Mélou, Jehanne '06
F(t,u) =1+ tu(F(t, u) + (2F (e, u) + F(z, 1)) FEW = A1) “3 ot [Bousa !
F(t,u) = F(t,1) — (u — 1)9,F(t,1) The unlqu.e so/utlo.n in Q[u][[t]]
+ w—1y of (DDE) is algebraic over Q(t, u).
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and ’s trick

Input: F(t,u) =1+ tu(F(t, u)® + (2F(t, u) + F(t,1)) ed=Fel) F“’“)*F“'”*";”"’"F“”),

u—1 (u—1)

Output: 81t°F(t,1)® — 9t(9t — 2)F(t,1)* + (27t> — 66t + 1)F(t,1) — 3t> + 47t — 1 =0.

4/11



and ’s trick

Input: F(t,u) =1+ tu(F(t, u)® + (2F(t, u) + F(t,1)) ed=Fel) F“’“)*F“'”*";”"’"F“”),

u—1 (u—1)

Output: 81t°F(t,1)® — 9t(9t — 2)F(t,1)* + (27t> — 66t + 1)F(t,1) — 3t> + 47t — 1 =0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t,u),u, F(t,1),0.F(t,1)) =0,

4/11



and ’s trick

Input: F(t,u) =1+ tu(F(t, u)® + (2F(t, u) + F(t,1)) ed=Fel) F“’“)*F“'”*";”"’"F“”),

u—1 (u—1)

Output: 81t°F(t,1)® — 9t(9t — 2)F(t,1)* + (27t> — 66t + 1)F(t,1) — 3t> + 47t — 1 =0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t,u),u, F(t,1),0.F(t,1)) =0,

e Consider

OuF(t,u)- O«P(F(t,u),u, F(t,1),0,F(t,1)) + 0uP(F(t,u), u, F(t,1),0,F(t,1)) =0,
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e Compute P € Q(t)[x, u, z0, z1] such that P(F(t,u),u, F(t,1),0.F(t,1)) =0,

e Consider
OuF (t,u) - O«P(F(t,u),u, F(t,1),0,F(t,1)) + 0,P(F(t,u),u, F(t,1),0,F(t,1)) =0,

e Show that there exist distinct Uy, U € |J @[[t%]] s.t. O«P(F(t,U), Ui, F(t,1),0,F(t,1)) =0,
d>1
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Input: F(t,u) =1+ tu(F(t, u)® + (2F(t, u) + F(t, 1)) EL=FEL F“’“)’F(t‘l”(”;”a“F(“)),

u—1 (u=1)

Output: 81t°F(t,1)® — 9t(9t — 2)F(t,1)* + (27t> — 66t + 1)F(t,1) — 3t> + 47t — 1 =0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t,u),u, F(t,1),0.F(t,1)) =0,

e Consider
OuF (t,u) - O«P(F(t,u),u, F(t,1),0,F(t,1)) + 0,P(F(t,u),u, F(t,1),0,F(t,1)) =0,

e Show that there exist distinct Ui, U> € |J @[[t%]] s.t. O«P(F(t, U;), U, F(t,1),0.F(t,1)) =0,
d>1

Let's do a break here... CZB
This problem is geometric!

4/11



(with

Geometric modelling of the problem

. . T2 . .
There exist 2 solutions (x,u) € Q(t) with u-coordinates to

P(x,u,F(t,1),0,F(t,1)) = 0,
KP(x,u,F(t,1),0,F(t,1)) =0, u#1,
9uP(x,u, F(t,1),0.,F(t,1)) = 0.
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Geometric modelling of the problem (with

. . T2 . .
There exist 2 solutions (x,u) € Q(t) with u-coordinates to

P(X, u, F(t7 1)7 aUF(tv 1)) = 0’
OxP(x,u, F(t,1),0,F(t,1)) =0, u#1,
OuP(x,u, F(t,1),0,F(t,1)) = 0.

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,

W := 71, (V(P,P,0,P) \ V(u—1))
7y (U, 20,21) € @3 — (20,21) € @27
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of the problem (with

There exist 2 solutions (x,u) € @2 with distinct u-coordinates to
P(x,u, F(t,1),0,F(t,1)) =0,
P(x,u,F(t,1),0,F(t,1)) =0, u#1,
OuP(x,u, F(t, 1), 04F(t, 1)) = 0.

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,
W = 7 (V(P,0xP,0,P) \ V(u—1))

7y : (u,20,21) € @3 — (20,21) € @27

Characterize with polynomial constraints

Foi={az € Q) | # 7 Maz) "W > 2}
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. . T2 . .- .
There exist 2 solutions (x,u) € Q(t) with distinct u-coordinates to

P(x,u,F(t,1),0,F(t,1)) = 0,
8XP(x7 u, F(t7 1)’ auF(t7 1)) = Oa u 7é 13
8P (x,u, F(t, 1), 0,F(t,1)) = 0.

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,

W = 1 (V(P,0,P,0,P) \ V(u— 1))

7y : (u,20,21) € @3 — (20,21) € @27

Characterize with polynomial constraints

Fr={o: € Q) | # 70 (ax) NW > 2} # T ()W = 2
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Solving a toy example...

u

Input: F(t, U) -1 + t(UF(t7 Ll) + F(t,u)*F(t,Oz)fuauF(t,O)>’ k=2
Output: t3F(t,0)* — F(t,0) +1=0.
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Solving a (with

u

Input: F(t,u) =1+ t( uF(t,u) + F("“FF(“OQ*“BHF(“O)), k=2
Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,
e Compute G, Grobner basis of (P,01P,0:P, m-u— 1) N Q(t)[u, z0, z1] for {u} > piex {20, 21 }:
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Input: F(t,u) =1+ t( uF(t,u) + F("“FF(“OQ*“BHF(“O)), k=2

u

Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,

e Compute G, Grobner basis of (P,01P,0:P,m-u— 1) N Q(t)[u, zo, z1] for {u} > piex {20, 21}:
Bo : Yo

51 - U+ 71
Bi : : s Bi € Q1) [0, 1] “At a € m,(V(G)) € Q(t),
3 U+ there exist two distinct solutions in u”

By: g :=0"+ B+ Y1
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Solving a toy example...

Input: F(t, U) -1 + t(UF(t7 Ll) + F(t,u)*F(t,Oz)fuauF(t,O)>’ k=2

u

Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,

e Compute G, of (P,O1P,0:P,m-u—1)NQ(t)[u, z0, z1] for {u} >plex {20, 21 }:
B[) 5 Yo
o @)k
B1: : % Bi € Q(t)[z0, z1] “At a € m,(V(G.)) € Q(t)’,
U+ there exist two distinct solutions in u”

By: g :=0"+ B+ Y1

At a € V(G NK][t, 29, z1]) fixed,
there exist two solutions in u
== 9 = 0 ( )
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Solving a toy example...
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Output: t3F(t,0)* — F(t,0) +1=0.

Input: F(t,u) =1+ t( uF(t,u) + F(f’“FF(f»Og*“@uF(“O)), k=2

u

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,
e Compute G, of (P,O1P,0:P,m-u—1)NQ(t)[u, z0, z1] for {u} >plex {20, 21 }:

B[)Z Yo
cu+

B:: : %, Bi € Q(t)[20, 1] “At o € m,(V(GJ)) € Qt),

.u+
By: g :=0"+ B+ Y1

there exist two distinct solutions in u”

At a € V(G NK][t, 29, z1]) fixed,
there exist two solutions in u
== 9 = 0 ( )

[Extension theorem]
a e my(V(G))) = #0
Distinct solutions in u = #0 ( )
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: package presentation

@ ddesolver

» Maple package dedicated to solving discrete differential equations,

» Available in a ,

» Relies on evaluation—interpolation and fast multi-modular arithmetic,

» 4 implemented algorithms in a single function “annihilating_polynomial”,

» One of the algorithms uses the Maple package for guessing annihilating polynomials,

» Can be coupled with libraries for efficient Grobner bases computations like the C library
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: default procedure of

annihilating_polynomial

Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.
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Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.

» with(ddesolver);
[annihilating_polynomial]

> P = (u(u—1)2+2u(u—1)x*—u(uzo—20—1)x—u(uzd +uzi — 28 + 20— 1)) t— (u—1)*x+(u—1)? :
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: default procedure of

annihilating_polynomial

Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.

» with(ddesolver);
[annihilating_polynomial]

> P = (u(u—1)2+2u(u—1)x*—u(uzo—20—1)x—u(uzd +uzi — 28 + 20— 1)) t— (u—1)*x+(u—1)? :
» annihilating_polynomial(P, 2, [x, zo, z1, t, u]);

(16tz5 — 8tzo + t — 16) - (81t°z3 — 81t°z5 + 27t°z + 18tz5 — 3t° — 66tz0 + 47t + 20 — 1)
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: options of annihilating_polynomial

annihilating_polynomial

Input:

» P e€Qx,z,...,2zk1,t,u]: polynomial associated to the “numerator DDE",

» k: order of the DDE,

> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!),

» algorithm: to choose between { “duplication”, “elimination”, “geometry”, “hybrid"” },

» variable: variable among t and z, on which to perform evaluation—interpolation.
Output:

» R € Q[t, zo] annihilating the univariate series associated to z in the DDE.
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: options of annihilating_polynomial

annihilating_polynomial

Input:

» P e€Qx,z,...,2zk1,t,u]: polynomial associated to the “numerator DDE",

» k: order of the DDE,

> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!),

» algorithm: to choose between { “duplication”, “elimination”, “geometry”, “hybrid"” },

» variable: variable among t and z, on which to perform evaluation—interpolation.
Output:

» R € Q[t, zo] annihilating the univariate series associated to z in the DDE.

annihilating_polynomial(P, 2, [x, zg, 21, t, u], “elimination’’ | t);

(16tz5 — 8tzg + t — 16) - (81t°z5 — 81t°z5 + 27’z + 18tz5 — 3t> — 661tz9 + 47t + 29 — 1)

» annihilating_polynomial(P, 2, [x, zg, z1, t, u], “hybrid"", t);

816275 — 81t%72 + 272z + 18tz — 3t% — 66tz + 47t + 29 — 1




Timings with

Data | 3] o] (7] (8]
k 2 3 3 4
variable 20 t F) t 20 t ) t
“duplication” 41m* 10m* 13h 27h (9] 00 o0 %)
“elimination” 1h20m* 4m* 2m20s 35m | Im 7m30s | 2d19h 2d
“geometry” 54m* 2m* X X X X X X
“hybrid” 00 1h42m 34s 2h41m
(deg;(R), deg,,(R)) (132,6) (5,16) (2,4) (3,9
» [3]: Enumeration of non-separable near-triangulations in which all intern vertices have degree at least 5,
» [6]: Enumeration of 3-Tamari lattices,
» [7]: Enumeration of 3-greedy Tamari intervals,
» [8]: Enumeration of 5-constellations.
» oo: computations did not finish within 5 days,
» x: algorithm not implemented for k > 2,
» -*: added the constraint (1 + t3)(1 — t3)t # 0.

Intel® Xeon(® Gold CPU 6246R v4 @ 3.40GHz, 1.5TB of RAM with 1 thread, Grébner bases computations run with msolve.
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» ddesolver: first Maple package dedicated to solving DDEs,

» Can be downloaded from the git repository,

v

Play with it and feel free to report any bug!

v

Having a hard computation even with this package? Email me!

https:/ /github.com/HNotarantonio/ddesolver
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» ddesolver: first Maple package dedicated to solving DDEs,

» Can be downloaded from the git repository,

v

Play with it and feel free to report any bug!

v

Having a hard computation even with this package? Email me!

https:/ /github.com/HNotarantonio/ddesolver

Want to know more?

» Fast Algorithms for Discrete Differential Equations (with Alin Bostan and Mohab Safey El Din)
» Effective algebraicity for solutions of systems of functional equations with one catalytic variable
(with Sergey Yurkevich)
» Systems of Discrete Differential Equations, Constructive Algebraicity of the Solutions
(with Sergey Yurkevich)
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