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BACKGROUND



KLAZAR'S THEOREM

Bell numbers, B, := number of partitions of a set of cardinality n > 1

defined by 3., 2#t" := exp(e' — 1)

B(t) := 1+ Y > Bnt" = 1+ t + 2t + 563 + 15t% + 52t° + 203t® + 877t® + s140t” + 211475 + 15975t% + - - - € Z[[t]]
B (<) —tB() +

Theorem (Klazar 2003)

B(t) is differentially transcendental over the field of meromorphic functions at o, i.e. is not
solution of an algebraic differential equation with coefficients meromophic at o.

RMK. z(t) := I (1) " solution of z (m) = tz(t)

homogeneous eq. associated to B (%) = tB(t) +1




GENERAL RESULT ON D-TRANSCENDENCE (ADAMCZEWSKI-DREYFUS-
HARDOUIN, 2019)

Theorem (Adamczewski-Dreyfus-Hardouin, 2019)

Let f € C((t)) satisfy
aoy +aa7(y) + -+ +an7"(y) =0,

where «; € C(t) and 7 is one of the following operators:
m () = £ ()
m 7(f(t)) = f (qt) for some g € C*, not a root of unity;

m 7(f(t)) =f (t™) forsome m € Z-,.
Then either f € C(t) or it is D-transcendental over C(t).




CONJECTURE OF PAK-YELIUSSIZOV, 2018

Conjecture (Pak-Yeliussizov, 2018)
> n>0nt" D050 an;—"! € C[[t]] are D-algebraic over C(t)

= both are D-finite

[« both (an)n>o and (%)Do satisfiy a lin. recurrence with polynomial coeff. in n]




GENERATING SERIES COMING FROM
COMBINATORICS AND FUNCTIONAL EQUATIONS
A LA KLAZAR



BOREL TRANSFORM AND EGF

%0, : C[[t]] — C[t]]:
(Cnso9nt") == ps0 Inty

N

¢ (f)=g+=g

vf,g € C[[t]}:

Proposition (Bostan, D.V., Raschel)

Let f € CJ[[t]]. If Jao(t),...,ar(t), P(t) € C[t], sit.:
ao(€")f + a:(e")(f) + - + ar(e")(F)" = P(t),

then f satisfies a linear inhomog. 7-eq., with 7(t) := &5

(of order at most max;(deg a;), with coefficients in C[t] of degree at most max;(deg a;, deg P)).
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Example

B(t) OGF of Bell numbers

B(t) := exp(et — 1) EGF




polynomial P, (x) EGF > s Pa(X)%; a b
Bernoulli By(x) - exp (xt) 1+t - (Xt(ltt,):)z
Glaisher Up(x) s - exp (xt) 1+t (xt(ltt_):)z
Apostol-Bernoulli A" (x) —a - exp (xt) y(1+1) - (xt‘li?ﬁ)z
Imschenetsky S (x) L (exp(xt) — 1) 14t %
Euler E,(x) o - exp (xt) —(1+1) o,
Genocchi G, (x) 2 - exp (xt) —(1+1) (12+(::t()tt)
carlitz ¢ (x) T - exp (xt) 7(1+1) fon)C)
Fubini Fn(x) 1/(1=x(et=1) | &5-(1+1) ]
Bell-Touchard ¢,(x) exp (x(e' — 1)) Xt L
Mahler s, (x) exp (X(1+t —et)) X T
Toscano's actuarial a5 (x) | exp (—xet + 4t + ) ;‘Sftt_)ﬂ e

~T1(y)=ay+b




Theorem (Bostan, D.V.,Raschel)
Let a, b € C(t), with a # 0, and let w € C((t)) \ C(t) verify the difference equation

w (1—;) = aw + b. Then w is differentially transcendental over C({t}).

The proof relies on difference Galois theory.... Franke (1963), van der Put-Singer (1997)




AN EXAMPLE OF WALKS IN THE QUARTER PLANE

Walks in N2 starting at (0, 0), with steps S = {\, /", \.}

qs(i,j; n) = # walks of length n ending at (i,)); Qs(x,y;t) Z qs(i,j; MXyt" e Z[[x,y, 1]

ij,n=0

K(x,y,t)Q(x,y;t) = xy — tx*Q(x, 0; t) — ty>Q(0, y; t
t

K(x,y) = xy —t(y* + x°y* + x*), with t = ‘ 6(0,1/2)<:>V€(0,1)‘

Parametrization of K: <x0(s) = 022 y(s) = (1)5) (xi,(s) _ (s (s)),

V2241 vis2+q Y0

with Xo(S) = Xo(V3S)

For v € (0,1): Go(v2S) — Go(S) = (v:=1) ( v 2 4 1 >

Y S24+1  V2S2+ 1 VA2 41

= Q(x, 0, t) is D-transc (and also Q(0,y,t), Q(x,y,t)) forany t € (0,1/2).

_ [Dreyfus-Hardouin-Raschel-Singer 2020, Bostan-DV-Raschel 2021]
7




.’\C«»K(X,y):xy—;(y2+x2y2+x2) ’t:1/2<:>v:1‘
1

K(x,y) = 5 (ix — iy + xy) (ix — iy — xy) = <x,y(x) = fix) € C(x)?

G:(x) := £Q(x,0, 1) verifies the functional equation

Gy (7(x)) = Ga(X) + 25, with 7(x) = 2

1+ix? 1+ix*

— Q(x,0,1/2) is D-transc (and also Q(0,y,1/2), Q(x,y,1/2)) is D-transc. over the
meromorphic functions at the origin.

Theorem (Bostan-DV-Raschel)

Q(x,0;+1/2) =2 3 (22"2 — 1)(_1)n

n>o

where (B,) = (1, =, 2.0, —3%, 0, 412, .. ) is the sequence of Bernoulli numbers.




ITERATIVE FUNCTIONAL EQUATIONS



(R) R(t) € C(t), R(0) =0, R'(0) € {0, 1, roots of unity},
but no iteration of R(t) is equal to the identity.

Theorem (DV-Fernandes-Mishna)

Let R(t) satisfy assumption (R). We suppose that there exist a, b € C(t), and f € C((t)) such
that f(R(t)) = a(t)f(t) + b(t). Then either f is f is D-transc. over C(t) or:

1. ifb=0,3N € Z, N > 1, such that fN € C(t);
2. ifa=1,feC(t);
3. in all the cases there exists a, 3 € C(t) such that f' = of + §.

)



A permutation o € &, is said to avoid the consecutive pattern 1423 if there is

no1<i<n-—g4suchthato(i) <o(i+4) <o(i+2) <o(i+3).

P(t) = EGF for permutations that avoid the consecutive pattern 1423 [OEISA201692]

P(t) = 2_1§(t) suchthat S(t)=S (w%rz) — [Elizalde and Noy, 2012]

S(t) has infinite number of singularities = not D-finite [Beaton, Conway and Guttmann, 2017]

Corollary

S(t) is D-transc. over C(t)

Question

The theorem above gives a potentially simpler path to establish that S(t) is not D-finite
(and indeed the even stronger conclusion that it is differentially transcendental) since you
would just need to show that S(t) is not solution of an inhomogeneous linear differential
equation of order 1.



COMPLETE {2, 3}-TREES

VANVANVANYANDZ N
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Figure: All complete {2, 3}-trees up to size 6

t, = # trees with n leaves ~ T(t) = 3,5, tat" OGS

~ T)=t+T(t?+8) T(t) =t+t + 3+ t* + 2t5 + 2t° + O(t7) (OEISA014535)

Corollary. T(t) is D-trasc. over C(t)

On easily proves that it cannot be rational!




So=__, lteration: __ N

So:, 5121 Szzﬁ 53:4& viﬁ

Figure: Initial iterates defining the Sierpinski graph.

Green function = probability generating function which describes the n-step displacement
starting and returning to a certain origin vertex

Green function G(t) for walks that return to their origin on the Sierpinski

graph satisfies the functional equation: [Grabner and Woess 1997]
t2 (24 t)(a—3t)
6 (43t) = Groe_p oW @

= D-transc. over C(t).



GALOIS THEORY OF FUNCTIONAL EQUATIONS



K of characteristic zero field + an automorphism 7 : K — K
C:=K :={f € K:7(f) = f} = algebraically closed field (=the “constants of the theory”)

EXAMPLE.
K =C((t) and r(f(1)) == f () .V f € C((1) = ()" = C

7(y) = Ay, where A € GL,(K)

RMK. y/ is a vector of unknowns and 7 acts on vectors (and later also on matrices)
componentwisely.



A Picard-Vessiot ring for 7(y) = Ay over K is a K-algebra R plus an

automorphism extending the action of 7:

1. Ris T-simple;

2. 3Y € GL,(R) sit. 7(Y) = AY and R = K[Y, det Y.

RMK. A Picard-Vessiot ring always exists.

EXAMPLE

Let a € K, a # 0 and R be the Picard-Vessiot ring of 7(y) = ay. Then there exists z € R such
that 7(z) = azand R = K[z,z].




‘

The Galois group G of 7(y) = Ay over K:

Aut”(R/K) = automorphisms of rings ¢ : R — R that commute with 7 and s.t. ¢ = id

©(Y) € GL,(R) solution of 7(y) = Ay.
T(Y"¢(Y)) = Y "¢(Y) and hence that Y~"¢(Y) € GL,(C).
~> a natural group morphism G — GL,(C).

THEOREM

1. G — GL,(C), ¢ — Y 'o(Y) is an injective group morphism.
2. tr.degg R = dim¢ G.

EXAMPLE. 7(y) = ay, a € K

Vo of G p(z) is another solution of 7(y) = ay: ¢(z) = c,z, for somec, € C= G C C*

z is transcendental /K if and only if G = C*.

Since the only algebraic subgroups of C* are the groups of roots of unity,
zis algebraic over K if and only if G is a group of roots of unity,

i.e., if and only if there exists a positive integer N s.t. zV € K.
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W) =ay+f,ab ek~ 1) = (3 1)7

Y = (é ‘:’) with 7(z) = azand 7(w) = aw + f

= R = K[z,z7",w] (Picard-Vessiot ring)

V¢ € G, therefore there exist ¢, d,, € C such that ¢(z) = c,zand p(w) = w +d,z

e 5)=le TG )
5::{(5 i’):c,deC,c#o}cGLz(C)

According to whether z and w are algebraically dependent or not, either G will be a proper
linear algebraic subgroup of G, or G = G.



R=R,® ---®R,is adirect sum of domains
L=L,&--- &L whereL; = Frac(R;) and 7(L;) = L;,,

LL = the total Picard-Vessiot ring of 7(y) = Ay

The action of the Galois group Aut” (R/K) naturally extends from R to L.

Porposition

L is uniquely determined (up to an isomorphism) by the following properties:
1. IL has no nilpotent elements and any non-zero divisor of LL is invertible.
2. L” =C.

3. 3Y € GL, (L) solution of 7(y¥) = Ay.

4. L is minimal with respect to the inclusion and the three previous properties.

Any 7-ring satisfying the 1,2, 3 above contains a copy of R.



F = {r-stablerings K C F C L, s.t. Vf € F is either a zero divisor or a unit in F}
VFe F,He:={p e G:o(f)=fforallf € F}.

G = {linear algebraic subgroups of G}
VHe G, LF ={f e L: o(f) =f forall p € H}

Theorem. The following two maps are each other’s inverses:

g —» F
H — 1M

m
1y

e

and

In particular, L = K if and only if H = G.



APPLICATION TO D-TRANSCENDENCE

There exists a derivation & on K commuting with 7.

EXAMPLE: for 7(f(t)) = f (;), we can take 0 := 25

Existence-definition of 9-Picard-Vessiot ring (Wibmer)

There exists a K-algebra R, equipped with an extension of 7 and of 9, preserving the
commutation, such that:

1. there exists Y € GL,(R) such that 7(Y) = AY;

2. R is generated over K by the entries of Y and all their derivatives;

v det(
3. Ris 7-simple.

Moreover, the total ring of fractions of R contains the total Picard-Vessiot ring L.



Applying 9" to the system 7(y) = Ay for any positive integer n, we can consider the
difference system:

A OA) - Z(A) Ry Zgn) Y
. : o
m(Y) = ° A ’ : Y, with solution 2 ar (Y) 7
Do o) (35n1)! (Y)
° ° 0 o 5(Y)




F will be a K-algebra s.t.

1. with no nilpotent elements;

2. any element is either a zero divisor, or invertible;
3. 7 and of @ on F, preserving the commutation;
4. FT =C

Let f € K, and let w € F be such that 7(w) = w + f. Then the following assertions are
equivalent:

1. w is differentially algebraic over K.

2. Jintegern >0, ao,...,a, € C(not all zero) and g € K sit.
aof + aid(f) + -+ + and"(f) = 7(9) — g.
3. Jintegern >0, ao,...,an € C(notall zero) st. g := 31 a;0'(w) € K.



We consider the OGF of the family of Bernoulli polynomials,

t(1+1t)

T(B):(1+t)'5—m,

B(x,t) := tB(x,t) ~ 7(B) = B — (m%tx)z

B is differentially transcendental over C(t), V x € C

By contradiction, 3n >, ao, ..., a, (not all zero) and g € C(t) such that

2
aob + a;d(b) + - - + apd"(b) = 7(g) — g, with 8 := 24 and b = (Hﬁ) .

k+2
(b) = (k+1)! () Vk=1
X # 1= the left-hand side of has a unique pole at t, = ;...

X = 1=, the left-hand side is a non-zero polynomial with no constant term... one shows
that g can only be a constant...



Let b and a be non-zero elements of K, and let us consider the difference equation
T(y) =ay + b.

Theorem

7(y) = ay + b, with a, b € K, such that a # 0,1 and b +# o.

Let F/K be a field extension such that there exists w € F \ K satisfying the equation
7(w) = aw + b.

Moreover, let F, be a K-algebra as above, such that there exists z € F, satisfying the
equation 7(z) = az.

If z is differentially transcendental over K, then w is differentially transcendental over K.



THANKS!
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