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What’s in This Talk?

• What is quantum nonlocality? The story behind the 2022 Nobel prize 
in physics. 

• The marginal problem in 1D and its applications in quantum 
information. 

• The 2D marginal problem: results, progress and open questions.
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The Nobel Prize in Physics 2022 was awarded jointly to Alain Aspect, John F. 
Clauser and Anton Zeilinger "for experiments with entangled photons, establishing 

the violation of Bell inequalities and pioneering quantum information science"

And the Award Goes To…
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And the Award Goes To…

The Nobel Prize in Physics 2022 was awarded jointly to Alain Aspect, John F. 
Clauser and Anton Zeilinger "for experiments with entangled photons, establishing 

the violation of Bell inequalities and pioneering quantum information science"
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What Are “Bell Inequalities”?

John S. BellAlbert Einstein John F. Clauser Alain Aspect Anton Zeilinger

EPR Paradox
Formalize LHV / Bell 

Inequality
1st Bell Test / CH-
CHSH Inequalities

1st Bell Test with 
Entangled Photons

Loophole-free Bell 
Test
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It all Began in 1935…

Albert Einstein

EPR Paradox
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What Is “Real”?

“Physical Reality”
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If you’re talking about what you can feel, smell, 
taste and see, then “real” is simply electrical signals 

interpreted by your brain.

What Is “Real”?
“Physical Reality”
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What Is “Real”?

The possibility of predicting its 
value with certainty, without disturbing 

the system.

Every element of the physical 
reality must have a counterpart in the 

physical theory.
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What Is “Real”?

1. Consider position and momentum:  and . 

2. In quantum mechanics, they correspond to operators  and . 

3. These operators do not commute: . 

4. Therefore the measurement of one precludes the knowledge of the other. 

5. Therefore they can not have simultaneous reality.

x p

X̂ ̂P

X̂ ̂P ≠ ̂PX̂

The EPR Argument
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What Is “Real”?

•Are wave functions real? 

•Even if they are real, how can we measure them? 

•If the wave function does not give a complete description of physical 
reality, what does? 

•What if there’s some “hidden variable”, which can not be experimentally 
revealed, but nevertheless dictates the outcomes of our experiments?

Something is missing…
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Think Outside the Box

•“Real job” is a particle physicist working at CERN. 

•Thinking about quantum foundations is his “secret 

hobby”. 

•Only a few close friends at CERN knew what he was 

doing. One of them is Reinhold Bertlmann, whose 

colorful socks were made famous by Bell. 

•Died from brain hemorrhaging in 1990, the year when 

he was considered for a Nobel prize. 

•Propose the first “Bell’s inequality” exactly 60 year ago!

Enter John Bell

John Bell
13



Think Outside the Box

Bell’s Insight

We need a theory-independent framework to compare quantum and classical physics.

1. Allow both quantum and classical physics to make predictions. 

2. General enough to incorporate “unknown variables”. 

3. Able to express the notions of “independence” and “disturbance”.

Use probability!
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Think Outside the BoxMorpheus Neo

P(a |m) P(b |n)

λ

m

a

n

bP(a, b |m, n) = ∫ P(a |m, λ)P(b |n, λ)P(λ) dλ

Local Hidden Variable Theory
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Think Outside the Box

P(a, b |m, n) = ∫ P(a |m, λ)P(b |n, λ)P(λ) dλ

Local Hidden Variable Theory

1. Physical reality means probability = 1. 

2. “No disturbance” guaranteed by special relativity. 

3. Hidden influence also can not travel faster than light. 

4. Predictions in LHV may differ from those made in quantum theory!
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Make It Testable

• Bell’s original formulation is not very experiment-friendly. 

• EPR and Bell all used the singlet as the quantum mechanical 

model. 

• To actually test LHV using quantum particles, Clauser had to 

invent new “inequalities”. 

• The most famous “Bell inequalities” are called CH and CHSH. 

• Clauser is the first “C” in both of them.

John Clauser, the capital C

John Clauser
17



Think Outside the BoxMorpheus Neo

P(a |m) P(b |n)

λ

m ∈ {0,1}

a ∈ {0,1}

n ∈ {0,1}

b ∈ {0,1}
P(a, b |m, n) = ∫ P(a |m, λ)P(b |n, λ)P(λ) dλ

Local Hidden Variable Theory
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Think Outside the Box

P(a, b |m, n) = ∫ P(a |m, λ)P(b |n, λ)P(λ) dλ

Local Hidden Variable Theory

P(00 |00) − P(00 |01) − P(00 |10) − P(11 |11) ≤ 0

E(mn) = P(00 |mn) + P(11 |mn) − P(01 |mn) − P(10 |mn)

−2 ≤ E(00) + E(01) + E(10) − E(11) ≤ 2

CH Inequality CHSH Inequality

19



Quantum Theory Is Incompatible With LHV

P(00 |00) − P(00 |01) − P(00 |10) − P(11 |11) ≤ 0

−2 ≤ E(00) + E(01) + E(10) − E(11) ≤ 2

CH Inequality

CHSH Inequality

In quantum theory

max
QM

(CHSH) = 2 2

For almost all pure states, the 
inequality > 0

In LHV theory
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That’s Fine

Fine’s Theorem

P(a |m) P(λ)

P(0 |0)
P(1 |0)

P(0 |1)

P(1 |1)

P(λ = 00)
P(λ = 01)
P(λ = 10)

P(λ = 11)

Bijective map between the values 
of the hidden variable and the local 

response functions

2 inputs/outputs 4 values (2 bits)

21
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That’s Fine

Fine’s Theorem

P(a |m)

P(0 |0)
P(1 |0)

P(0 |1)

P(1 |1)

P(λ = 00) P(λ = 01)
P(λ = 10) P(λ = 11)

= +
= +

P(λ = 00)
P(λ = 01)

P(λ = 10)
P(λ = 11)

= +
= +

The value of the bit

Which bit to look at
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That’s Fine

Fine’s Theorem

P(a, b |m, n)

= P(λN = 00)P(λM = 10) + P(λN = 00)P(λM = 11) + P(λN = 10)P(λM = 10) + P(λN = 10)P(λM = 11)

23

Local Hidden Variable models are convex polytopes!

P(1 |0)
P(0 |1)

P(λ = 10) P(λ = 11)= +
P(λ = 00) P(λ = 10)= +

P(01 |10) = PN(0 |1) ⋅ PM(1 |0)



The First Experimental Test

VOLUME 28, NUMBER 14 PHYSICAL REVIEW LETTERS 3 APRIL 1972
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following members of Group A at the Lawrence
Berkeley Laboratory for generously allowing him
to participate in the analysis of the K' exposure:
M. Alston-Ganjost, A. Barbaro-Galtieri, P. J.
Davis, S. M. Flatte, J. H. Friedman, G. R. Lynch,
M. J. Matison, J. J. Murray, M. S. Rabin, F. T.
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F1G. 4. (a) G& and (b) G3 as defined in the text.

The statistics on the eight-prong data are not
good but show characteristics similar to those
for six-prong.

%e present this dramatic behavior of the two
n 's as functions of their rapidity separation as a
challenge to any theory of inclusive reactions.

The author wishes to thank Richard Lander for
his support and encouragement. The author also
appreciates the many useful discussions with him,
David Pellett, and Philip Yager. He also benefit-
ted from stimulating conversations with William

*Work supported by the U. S. Atomic Energy Commis-
sion under Contract No. AT(04-8)-84 PA 191.

K. G. Wilson„Cornell University Report No. CLNS-
131, 1970 (to be published).

W. B. Fraser et al. , to be published.
H. D. I. Abarbanel, Phys. Rev. D 8, 2227 (1971).
R. C. Hwa, to be published.
D. Z. Freedman, C. E. Jones, F. E. Low, and J. E.

Young, Phys. Rev. Lett. 26, 1197 (1971).
C. K. De Tar, Phys. Rev. D 8, 128 (1971).

VA. Bassetto, M. Toner, and L. Sertorie, Nucl. Phys.
B34, 1 (1971).

8A. Mueller, Phys. Rev. D 4, 150 (1971).
W. Ko and B. L. Lander, Phys. Bev. Lett. 26, 1064

(1971}.
J. Erwin, W. Ko, R. L. Lander, D. K. Pellett, and

P. M. Yager, Phys. Rev. Lett. 27, 1534 (1971).
The correlation length of about 2 is even shorter

than the short-range Mueller-Begge-theoretical value
I.R. C. Arnold, ANL Report No. ANL-HKP 7189, 1971
(unpublished), and Ref. 5J. In that theory a correlation
length of 2 is only achieved for the center-center corre-
lation if the intercept of exotic trajectories (as the &—

channel has exotic quantum numbers) is —1 [W. Ko,
R. L. Lander, and C. Risk, Phys. Bev. Lett. 27, 1476
{1971)].The correlation length of 1 or 2 is usually pre-
dicted for fragment-center or fragment-fragment cor-
relations.

H. T. Nieh and J. M. Wang, to be published.

Experimental Test of Local Hidden-Variable Theories*

Stuart J. Freedman and John F. Clauser
Department of Physics and Lagerence Berkeley Laboratory, Unioersity of California, Berkeley, California 94720

(Received 4 February 1972)
We have measured the linear polarization correlation of the photons emitted in an atom-

ic cascade of calcium. It has been shown by a generalization of Bell's inequality that the
existence of local hidden variables imposes restrictions on this correlation in conflict
with the predictions of quantum mechanics. Our data, in agreement with quantum me-
chanics, violate these restrictions to high statistical accuracy, thus providing strong evi-
dence against local hidden-variable theories.

'Since quantum mechanics was first developed,
there have been repeated suggestions that its sta-
tistical features possibly might be described by
an underlying deterministic substructure. Such

features, then, arise because a quantum state
represents a statistical ensemble of "hidden-
variable states. " Proofs by von Neumann and
others, demonstrating the impossibility of a hid-
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den-variable substructure consistent with quantum
mechanics, rely on various assumptions concern-
ing the character of the hidden variables. ' Bell
has argued that these assumptions are unduly re-
strictive. However, by considering an idealized
case of two spatially separated but quantum-me-
chanically correlated systems, he was able to
show that any hidden-variable theory satisfying
only the natural assumption of "locality" also
leads to predictions ("Bell's inequality" ) in con-
flict with quantum mechanics. '

Bell's proof was extended to realizable systems
by Clauser, Horne, Shimony, and Holt, ' who also
pointed out that their generalization of Bell's in-
equality can be tested experimentally, thus test-
ing all local hidden-variable theories, but that
existing experimental results were insufficient
for this purpose. This Letter reports the results
of an experiment which are sufficiently precise
to rule out local hidden-variable theories with
high statistical accuracy

In the present work we measured the correla-
tion in linear polarization of two photons y, and
y, emitted in a J=0-J =1-J=0 atomic cascade.
The decaying atoms were viewed by two symmet-
rically placed optical systems, each consisting
of two lenses, a wavelength filter, a rotatable
and removable polarizer, and a single-photon de-
tector (see Fig. 1). The following quantities were
measured: R(q), the coincidence rate for two-
photon detection, as a function of the angle p be-
tween the planes of linear polarization defined by
the orientation of the inserted polarizers; R„ the
coincidence rate with polarizer 2 removed; R„
the coincidence rate with polarizer 1 removed4;
Ro, the coincidence rate with both polarizers re-

Ca-OVEN

moved. Quantum mechanics predicts that R(p)
and R, are related as follows":

R«)/RD =.(Eu'+ &.')(&u'+ E.')+ 4 (Eu'- '.')
while

x( — )E (0) o 2p, (la)

R,/RD=~(e„'+e '), (lb)

R,/RD =
2 (eu + e„'). (1c)

Here e„' (e ') is the transmittance of the ith po-
larizer for light polarized parallel (perpendicu-
lar) to the polarizer axis, and E,(8) is a function
of the half-angle 8 subtended by the primary 1ens-
es. It represents a depolarization due to noncol-
linearity of the two photons, and approaches unity
for infinitesimal detector solid angles. [For this
experiment, 8=30, and E,(30 ) =0.99.]

We make the following assumptions for any lo-
cal hidden-variable theory: (1) The two photons
propagate as separated localized particles. (2) A
binary selection process occurs for each photon
at each polarizer (transmission or no-transmis-
sion). This selection does not depend upon the
orientation of the distant polarizer.

In addition, we make the following assumption
to allow a comparison of the generalization of
Bell's inequality with out experiment: (3) All
photons incident on a detector have a probability
of detection that is independent of whether or not
the photon has passed through a polarizer. '

The above assumptions constrain the coinci-
dence rates by the following inequalities':

-1-Z(q)-O,
where

WP. M.2I

LENS

POLARIZER 2

ER I

POLARIZER I

LENS

IP. M. I I—
3R(q) R(3q ) R, +R,

=IIDISC.
I

C
I

DISC. I-- IAMPI-I

COINC. i=

P. H. A,

t

+DELAY' -' COINC.

TA.C. I-
I

' ' '
I

FIG. 1. Schematic diagram of apparatus and associat-
ed electronics. Scalers (not shown) monitored the out-
puts of the discriminators and coincidence circuits dur-
ing each 100-sec count period. The contents of the
scalers and the experimental configuration were record-
ed on paper tape and analyzed on an IBM 1620-II com-
puter.

~ = IR(22-,")/R, -R(67-,")/R, I- —,
' - 0, (3)

which does not involve B, or 8,.
The experimental arrangement was similar to

For sufficiently small detector solid angles and
highly efficient polarizers, these inequalities (2)
are not satisfied by the quantum-mechanical pre-
diction (1) for a range of values of y. Maximum
violations occur at y =22-,' ' [A(cp) & 0] and y =67&2'
[A(y) & -1]. At these angles of maximum viola-
tion, inequalities (2) can be combined into the
simpler and more convenient expression
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The Loopholes

• LHV assumes no 
communication 
between Morpheus 
and Neo. 

• The “ultimate 
physical bound” to 
enforce this is given 
by the speed of light. 

Locality Loophole Detection Loophole Memory Loophole Free-will Loophole

• Morpheus and Neo 
can cheat by 
refusing to give 
answers sometimes. 

• This will “bias” the 
inequality to show a 
violation.

• The experimental 
rounds are assumed 
to be i.i.d. 

• This is not a problem 
when the 
experiment is 
infinitely long, but is 
a problem with finite 
data.

• Morpheus and Neo 
can cheat if they 
have information 
about the inputs. 

• They can collude to 
produce outputs 
which violate the 
inequality. 

•Enforce physical 
separation on the 
order of dozens of 
meters.

•Detector efficiency 
must be sufficiently 
high: 

2 2 − 2 ≈ 82.84 %

• Use non-i.i.d. 
estimators and 
sophisticated 
statistical analysis.

• Fast switching of 
inputs with good 
random number 
generators.
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The Road to Loophole-Free Tests

Alain Aspect

VOLUME 49, NUMBER 2 PHYSICAL REVIEW LETTERS 12 JULY 1982

Experimental Realization of Einstein-Podolsky-Rosen-Bohm Gedankenexperiment:
A New Violation of Bell's Inequalities

Alain Aspect, Philippe Grangier, and Gdrard Roger
Institut d'Optique Theorique et Appliquee, Laboratoire associe au Centre 1VationaE de Ea Recherche Scientifique,

Universite Paris -8ud, F-9~406 Orsay, France
(Received 30 December 1981)

The linear-polarization correlation of pairs of photons emitted in a radiative cascade of
calcium has been measured. The new experimental scheme, using two-channel polarizers
(i.e., optical analogs of Stern-Gerlach filters) is a straightforward transposition of Ein-
stein-Podolsky-Rosen-Bohm gedankenexperiment. The present results, in excellent
agreement with the quantum mechanical predictions, lead to the greatest violation of gen-
eralized Bell's inequalities ever achieved.

PACS numbers: 03.65.Bz, 35.80.+s

In the well-known Einstein-Podolsky-Rosen-
Bohm gedankenexperiment ' (Fig. 1), a, source
emits pairs of spin--, particles, in a singlet state
(or pairs of photons in a similar nonfactorizing
state). After the particles have separated, one
performs correlated measurements of their spin
components along arbitrary directions a and b.
Each measurement can yield two results, denoted

-2 «S «2,
where

S =E(a, b) —E(a,, b') +E(a', b) +E(a.', b')

(2)

involves four measurements in four various ori-
entations. On the other hand, for suitable sets
of orientations, 4 the quantum mechanical predic-
tions can reach the values S= ~2~2, in clear con-
tradiction with (2): Quantum mechanics cannot
be completed by an underlying structure such as
"realistic local theories. "

Several experiments with increasing accuracy
have been performed, and they clearly favor quan-
tum mechanics. "Unfortunately, none allowed a
direct test using inequalities (2), since none fol-
lowed the scheme of Fig. 1 closely enough. Some
experiments were performed with pairs of pho-

E(a,, b) =P„(a,b)+P (a, b) -P„(a,b) —P, (a, b)

is the correlation coefficient of the measurements
on the two particles. Bell' considered theories
explaining such correlations as due to common
properties of both particles of the same pair;
adding a locality assumption, he showed that they
are constrained by certain inequalities that are
not always obeyed by the predictions of quantum
mechanics. Such theories are called' "realistic
local theories" and they lead to the generalized
Bell's inequalities4

+1; for photons, a measurement along a yields
the result +1 if the polarization is found parallel
to a, and -1 if the polarization is found perpen-
dicular. For a singlet state, quantum mechanics
predicts some correlation between such meas-
urements on the two particles. I.et us denote by
P„(a,b) the probabilities of obtaining the result
+1 along a (particle 1) and +1 along b (particle 2).
The quantity

! tons (or of protons). But no efficient analyzers
are available at such energies, and the results
that would have been obtained with ideal polar-
izers are deduced indirectly from Compton scat-
tering experiments. The validity of such a pro-
cedure in the context of Bell's theorem has been
criticized. "

There are also experiments with pairs of low-
energy photons emitted in atomic radiative cas-
cades. True polarizers are available in the visi-
ble range. However, all previous experiments
involved single-channel analyzers, transmitting
one polarization (a or b) and blocking the orthog-

b

FIG. l. Einstein-Podolsky-Rosen-Bohm gedankenex
periment. Two-spin-2 particles (or photons) in a sing-
let state (or similar) separate. The spin components
(or linear polarizations) of 1 and 2 are measured along
a and b. Quantum mechanics predicts strong correla-
tions bebveen these measurements.

1982 The American Physical Society 91

• Fully optical. Uses entangled photons. 

• No locality loophole!
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The Road to Loophole-Free Tests

Anton Zeilinger LETTER
doi:10.1038/nature12012

Bell violation using entangled photons without the
fair-sampling assumption
Marissa Giustina1,2*, Alexandra Mech1,2*, Sven Ramelow1,2*, Bernhard Wittmann1,2*, Johannes Kofler1,3, Jörn Beyer4,
Adriana Lita5, Brice Calkins5, Thomas Gerrits5, Sae Woo Nam5, Rupert Ursin1 & Anton Zeilinger1,2

The violation of a Bell inequality is an experimental observation
that forces the abandonment of a local realistic viewpoint—
namely, one in which physical properties are (probabilistically)
defined before and independently of measurement, and in which
no physical influence can propagate faster than the speed of light1,2.
All such experimental violations require additional assumptions
depending on their specific construction, making them vulnerable
to so-called loopholes. Here we use entangled photons to violate a
Bell inequality while closing the fair-sampling loophole, that is,
without assuming that the sample of measured photons accurately
represents the entire ensemble3. To do this, we use the Eberhard
form of Bell’s inequality, which is not vulnerable to the fair-
sampling assumption and which allows a lower collection effi-
ciency than other forms4. Technical improvements of the photon
source5,6 and high-efficiency transition-edge sensors7 were cru-
cial for achieving a sufficiently high collection efficiency. Our
experiment makes the photon the first physical system for which
each of the main loopholes has been closed, albeit in different
experiments.
In 1935, Einstein, Podolsky and Rosen1 argued that quantum

mechanics is incomplete when assuming that no physical influence
can be faster than the speed of light and that the properties of physical
systems are elements of reality. They considered measurements on
spatially separated pairs of entangled particles. Measurement on one
particle of an entangled pair instantly projects the other particle onto a
well-defined state, independently of their spatial separation. In 1964,
Bell2 showed that no local realistic theory can reproduce all quantum
mechanical predictions for entangled states. His renowned Bell inequa-
lity proved that there is an upper limit to the strength of the observed
correlations predicted by local realistic theories. Quantum theory’s pre-
dictions violate this limit.
In a Bell experiment, one prepares pairs of entangled particles and

sends them to two observers, Alice and Bob, for measurement and
detection. Alice and Bob observe correlations between their results
that, for specific choices of their measurement settings, violate the
Bell inequality and hence force abandonment of local realism.
It is common that in an experiment, some particles emitted by the

source will not be detected3,8. In such a case, the subset of detected
particles might display correlations that violate the Bell inequality
although the entire ensemble can be described by a local realistic
theory. To achieve a conclusive Bell violation without assuming that
the detected particles are a ‘fair’ sample, a highly efficient experimental
set-up is necessary. This efficiency need not be perfect3.
Experimental limitations have made it necessary to assume fair

sampling in nearly every Bell experiment performed to date, with a
few exceptions9–13. In particular, owing to the lack of efficient sources
and detectors, this assumption has always been unavoidable in Bell
experiments on entangled photon pairs.

Since the first experimental Bell test14, a satisfactory laboratory
realization of the motivating gedankenexperiment has remained a
challenge15,16. The two other main assumptions include ‘‘locality’’17,18

and ‘‘freedom of choice’’19. Invoking any of these three assumptions
renders an experiment vulnerable to explanation by a local realistic
theory. The realization of an experiment that is free of all three
assumptions—a loophole-free Bell test—remains an important goal
for the physics community20. An important step has been the realiza-
tion of quantum steering experiments that have also addressed the
issue of loopholes21–23. Our experiment makes photons the first phy-
sical system for which all three assumptions have been successfully
addressed in a Bell test, albeit in different experiments.
In our experiment, we employ Eberhard’s inequality, a Bell inequa-

lity that inherently does not rely on the fair-sampling assumption4.
Our scheme is characterized by a number of technical improvements
over previous experiments. Each such improvement contributed cru-
cially to reaching the high collection efficiency and visibility necessary
for violating the inequality. Our source of photon pairs uses sponta-
neous parametric down-conversion in a Sagnac configuration, which
has proved to be efficient5,6. For photon detection, we use super-
conducting transition-edge sensors (TESs), which not only have a high
detection efficiency but are also intrinsically free of dark counts7. These
two characteristics are essential for an experiment in which no correc-
tion of count rates can be tolerated.
Eberhard’s inequality, whichwas proposed almost twodecades ago4,

is a Clauser–Horne-type Bell inequality24 that explicitly includes
undetected (inconclusive) events. Therefore, itsmere violation directly
implies that the fair-sampling loophole is closed. Also, the derivation
of Eberhard’s inequality includes pairs not detected on either side (and
can be generalized for those not even produced), which means that no
post-selection on the created pairs is necessary to violate the inequality.
Eberhard’s inequality requires the lowest known symmetric arm

efficiency for non-maximally entangled qubit states, namely g5 2/3<

*These authors contributed equally to this work.

1Institute for QuantumOptics andQuantum Information (IQOQI), Austrian Academyof Sciences, Boltzmanngasse3, Vienna1090, Austria. 2QuantumOptics, QuantumNanophysics, Quantum Information,
University of Vienna, Faculty of Physics, Boltzmanngasse 5, Vienna 1090, Austria. 3Max Planck Institute of Quantum Optics (MPQ), Hans-Kopfermann-straße 1, 85748 Garching, Germany. 4Physikalisch-
Technische Bundesanstalt, Abbestraße 1, 10587 Berlin, Germany. 5National Institute of Standards and Technology (NIST), 325 Broadway, Boulder, Colorado 80305, USA.

Source
o
e

o
e

uu

α1

α β

α2 β1 β2

Figure 1 | Principle of the experiment. Violation of an Eberhard inequality
involves a source of polarization-entangled pairs as well as polarization
measurements. Each measurement device can rotate the photon’s polarization
according to one of two settings (a1, a2 and b1, b2) before projecting the photon
into the ‘ordinary’ (o) or ‘extraordinary’ (e) output of a polarizing beam splitter
and detecting it. All lost photons are also included in the derivation of the
inequality as ‘undetected’ (u) events. The different terms of the inequality
are photon counts recorded in the different settings.
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Violation of Bell’s Inequality under Strict Einstein Locality Conditions

Gregor Weihs, Thomas Jennewein, Christoph Simon, Harald Weinfurter, and Anton Zeilinger
Institut für Experimentalphysik, Universität Innsbruck, Technikerstraße 25, A-6020 Innsbruck, Austria

(Received 6 August 1998)
We observe strong violation of Bell’s inequality in an Einstein-Podolsky-Rosen-type experiment with

independent observers. Our experiment definitely implements the ideas behind the well-known work
by Aspect et al. We for the first time fully enforce the condition of locality, a central assumption in
the derivation of Bell’s theorem. The necessary spacelike separation of the observations is achieved
by sufficient physical distance between the measurement stations, by ultrafast and random setting of the
analyzers, and by completely independent data registration. [S0031-9007(98)07901-0]

PACS numbers: 03.65.Bz

The stronger-than-classical correlations between en-
tangled quantum systems, as first discovered by Ein-
stein, Podolsky, and Rosen (EPR) in 1935 [1], have
ever since occupied a central position in the discussions
of the foundations of quantum mechanics. After Bell’s
discovery [2] that EPR’s implication to explain the corre-
lations using hidden parameters would contradict the pre-
dictions of quantum physics, a number of experimental
tests have been performed [3–5]. All recent experiments
confirm the predictions of quantum mechanics. Yet, from
a strictly logical point of view, they don’t succeed in rul-
ing out a local realistic explanation completely, because of
two essential loopholes. The first loophole builds on the
fact that all experiments so far detect only a small subset
of all pairs created [6]. It is therefore necessary to as-
sume that the pairs registered are a fair sample of all pairs
emitted. In principle this could be wrong and once the
apparatus is sufficiently refined the experimental observa-
tions will contradict quantum mechanics. Yet we agree
with Bell [7] that “. . . it is hard for me to believe that
quantum mechanics works so nicely for inefficient practi-
cal set-ups and is yet going to fail badly when sufficient
refinements are made. Of more importance, in my opin-
ion, is the complete absence of the vital time factor in
existing experiments. The analyzers are not rotated dur-
ing the flight of the particles.”

This is the second loophole which so far has only been
encountered in an experiment by Aspect et al. [4] where

the directions of polarization analysis were switched after
the photons left the source. Aspect et al., however, used
periodic sinusoidal switching, which is predictable into
the future. Thus communication slower than the speed
of light, or even at the speed of light [8], could in
principle explain the results obtained. Therefore this
second loophole is still open.

The assumption of locality in the derivation of Bell’s
theorem requires that the individual measurement pro-
cesses of the two observers are spacelike separated
(Fig. 1). We define an individual measurement to last
from the first point in time which can influence the choice
of the analyzer setting until the final registration of the
photon. Such an individual measurement then has to be
so quick that it is impossible for any information about it
to travel via any (possibly unknown) channel to the other
observer before he, in turn, finishes his measurement [9].
Selection of an analyzer direction has to be completely un-
predictable, which necessitates a physical random number
generator. A pseudo-random-number generator cannot be
used, since its state at any time is predetermined. Further-
more, to achieve complete independence of both observ-
ers, one should avoid any common context as would be
conventional registration of coincidences as in all previous
experiments [10]. Rather the individual events should
be registered on both sides independently and compared
only after the measurements are finished. This requires
independent and highly accurate time bases on both sides.
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Bell’s theorem shows that local realistic theories place strong re-
strictions on observable correlations between different systems,
giving rise to Bell’s inequality which can be violated in experiments
using entangled quantum states. Bell’s theorem is based on the
assumptions of realism, locality, and the freedom to choose
betweenmeasurement settings. In experimental tests, “loopholes”
arise which allow observed violations to still be explained by local
realistic theories. Violating Bell’s inequality while simultaneously
closing all such loopholes is one of the most significant still open
challenges in fundamental physics today. In this paper, we present
an experiment that violates Bell’s inequality while simultaneously
closing the locality loophole and addressing the freedom-of-choice
loophole, also closing the latter within a reasonable set of assump-
tions. We also explain that the locality and freedom-of-choice loop-
holes can be closed only within nondeterminism, i.e., in the context
of stochastic local realism.

Quantum entanglement, a concept which was first discussed by
Einstein et al. (1) and by Schrödinger (2), is the key ingre-

dient for violating Bell’s inequality (3) in a test of local realism.
One way of describing a Bell test is as follows. Two observers,
Alice and Bob, receive (entangled) particles emitted by some
source; they each choose a measurement setting, a and b, respec-
tively, and then record their measurement outcome values, A
and B. Although many Bell tests have been performed to date
(4–16), only the locality loophole (7, 13) (i.e., the possibility that
the outcome on one side is causally influenced by the setting
choice or outcome on the other side) and the fair-sampling or
detection loophole (14, 16) (i.e., the possibility that only a non-
representative subensemble of particles is measured) have been
closed individually. A loophole-free test has not been performed
yet and is therefore in the focus of numerous experimental and
theoretical efforts worldwide (17–21). The freedom-of-choice
loophole (i.e., the possibility that the settings are not chosen in-
dependently from the properties of the particle pair) has been
widely neglected and has not been addressed by any experiment
to date. However, we believe that a definitive Bell test must
close all loopholes (17). Otherwise, the measured data can still
be explained in terms of local realism. In this work, we present
an experiment which simultaneously closes the locality and the
freedom-of-choice loophole. To understand more precisely what
is required to implement a loophole-free Bell test, we now discuss
Bell’s assumptions in detail.

Realism is a world view “according to which external reality is
assumed to exist and have definite properties, whether or not they
are observed by someone” (22). Locality is the concept that, if
“two systems no longer interact, no real change can take place
in the second system in consequence of anything that may be
done to the first system” (1) .The common assumption of local
realism [or “local causality” (3)] implies that the conditional joint
probability for Alice’s and Bob’s outcomes, which can depend on
the setting values of both observers and on a set of (shared) “hid-
den variables” λ, factorizes into probabilities that only depend
on the local settings and λ, i.e., pðA;Bja;b;λÞ ¼ pðAja;λÞpðBjb;λÞ.
Hidden variable models are called stochastic if only the outcome
probabilities are specified, and they are called deterministic if
every individual outcome value is explicitly determined with

probability zero or one. Mathematically, stochastic hidden vari-
able theories (23, 24) can be seen as mixtures of deterministic
theories (25).

In an experiment, the locality loophole arises when Alice’s
measurement result can in principle be causally influenced by
a physical (subluminal or luminal) signal from Bob’s measure-
ment event or Bob’s choice event, and vice versa. The best avail-
able way to close this loophole is to space-like separate every
measurement event on one side from both the measurement
[outcome independence (26)] and setting choice [setting inde-
pendence (26)] on the other side. Then, special relativity ensures
that no physical signals between the events, which can never pro-
pagate faster than the speed of light, can influence the observed
correlations. Experimentally, the locality loophole was addressed
by the pioneering work of Aspect et al. (7) (using periodic changes
of the analyzer settings while the photons were in flight) and
further tightened by Weihs et al. (13) (using random changes).

The freedom-of-choice assumption (24, 27, 28) is just as crucial
as realism and locality in the derivation of Bell’s theorem.
According to Bell, this “important hypothesis” (28) requires that
“the variables a and b can be considered as free or random” (28),
and if the setting choices “are truly free or random, they are not
influenced by the hidden variables. Then the resultant values for a
and b do not give any information about λ” (28). In other words,
the probability distribution of the hidden variables is therefore
independent of the setting choices: ρðλja;bÞ ¼ ρðλÞ for all settings
a and b. Without this independence, there is a loophole for local
realistic theories which has not been addressed by any experiment
to date. Indeed, even in the two “locality experiments” by Aspect
et al. (7) and Weihs et al. (13), freedom of choice was not guar-
anteed. In the former, the settings were applied deterministically
and periodically such that the actual setting choices occurred
much earlier in the backward light cones of the emission events
and could thus have been communicated to the hidden variables
created at the source. In the latter, the photons were transmitted
via optical fibers and random settings were chosen right before
the measurements in the future light cone of the emission and
could hence have been influenced by the hidden variables created
at the source at the time of emission of the entangled photons.
Therefore, those experiments did not attempt to close the free-
dom-of-choice loophole as no specific procedure ensured that the
settings were not influenced by the hidden variables or vice versa.
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Loophole-free Bell inequality violation using
electron spins separated by 1.3 kilometres
B. Hensen1,2, H. Bernien1,2{, A. E. Dréau1,2, A. Reiserer1,2, N. Kalb1,2, M. S. Blok1,2, J. Ruitenberg1,2, R. F. L. Vermeulen1,2,
R. N. Schouten1,2, C. Abellán3, W. Amaya3, V. Pruneri3,4, M. W. Mitchell3,4, M. Markham5, D. J. Twitchen5, D. Elkouss1,
S. Wehner1, T. H. Taminiau1,2 & R. Hanson1,2

More than 50 years ago1, John Bell proved that no theory of nature
that obeys locality and realism2 can reproduce all the predictions of
quantum theory: in any local-realist theory, the correlations
between outcomes of measurements on distant particles satisfy
an inequality that can be violated if the particles are entangled.
Numerous Bell inequality tests have been reported3–13; however,
all experiments reported so far required additional assump-
tions to obtain a contradiction with local realism, resulting in
‘loopholes’13–16. Here we report a Bell experiment that is free of
any such additional assumption and thus directly tests the principles
underlying Bell’s inequality. We use an event-ready scheme17–19 that
enables the generation of robust entanglement between distant
electron spins (estimated state fidelity of 0.926 0.03). Efficient
spin read-out avoids the fair-sampling assumption (detection
loophole14,15), while the use of fast random-basis selection and spin
read-out combined with a spatial separation of 1.3 kilometres
ensure the required locality conditions13. We performed 245 trials
that tested the CHSH–Bell inequality20 S# 2 and found
S5 2.426 0.20 (where S quantifies the correlation between mea-
surement outcomes). A null-hypothesis test yields a probability
of at most P5 0.039 that a local-realist model for space-like sepa-
rated sites could produce data with a violation at least as large as
we observe, even when allowing for memory16,21 in the devices.
Our data hence imply statistically significant rejection of the
local-realist null hypothesis. This conclusion may be further con-
solidated in future experiments; for instance, reaching a value of
P5 0.001 would require approximately 700 trials for an observed
S5 2.4. With improvements, our experiment could be used for
testing less-conventional theories, and for implementing device-
independent quantum-secure communication22 and randomness
certification23,24.
We consider a Bell test in the form proposed by Clauser, Horne,

Shimony and Holt (CHSH)20 (Fig. 1a). The test involves two boxes
labelled A and B. Each box accepts a binary input (0 or 1) and subse-
quently delivers a binary output (11 or 21). In each trial of the Bell
test, a random input bit is generated on each side and input to the
respective box. The random input bit triggers the box to produce an
output value that is recorded. The test concerns correlations between
the output values (labelled x and y for boxes A and B, respectively) and
the input bits (labelled a and b for A and B, respectively) generated
within the same trial.
The discovery made by Bell is that in any theory of physics that is

both local (physical influences do not propagate faster than light) and
realistic (physical properties are defined before, and independent of,
observation) these correlations are bounded more strongly than they
are in quantum theory. In particular, if the input bits can be considered
free random variables (condition of ‘free will’) and the boxes are

sufficiently separated such that locality prevents communication
between the boxes during a trial, then the following inequality holds
under local realism:

S~ x :yh i(0,0)z x :yh i(0,1)z x :yh i(1,0){ x :yh i(1,1)
!!!

!!!ƒ2 ð1Þ

where Æx ? yæ(a,b) denotes the expectation value of the product of x and y
for input bits a and b. (A mathematical formulation of the concepts
underlying Bell’s inequality is found in, for example, ref. 25.)
Quantum theory predicts that the Bell inequality can be significantly

violated in the following setting. We add one particle, for example an
electron, to each box. The spin degree of freedomof the electron forms
a two-level system with eigenstates j"æ and j#æ. For each trial, the two
spins are prepared into the entangled state jy{i~ j:;i{j;:ið Þ

" ffiffiffi
2

p
.

The spin in box A is then measured along direction Z (for input bit
a5 0) or X (for a5 1) and the spin in box B is measured along
{ZzXð Þ

" ffiffiffi
2

p
(for b5 0) or {Z{Xð Þ

" ffiffiffi
2

p
(for b5 1). If the mea-

surement outcomes are used as outputs of the boxes, then quantum
theory predicts a value of S~2

ffiffiffi
2

p
, which shows that the combination

of locality and realism is fundamentally incompatible with the predic-
tions of quantum mechanics.
Bell’s inequality provides a powerful recipe for probing fundamental

properties of nature: all local-realist theories that specify where and
when the free random input bits and the output values are generated
can be experimentally tested against it.
Violating Bell’s inequality with entangled particles poses two main

challenges: excluding any possible communication between the boxes
(locality loophole13) and guaranteeing efficient measurements (detec-
tion loophole14,15). First, if communication is possible, a box can in
principle respond using knowledge of both input settings, rendering
the Bell inequality invalid. The locality conditions thus require boxes A
and B and their respective free-input-bit generations to be separated in
such a way that signals travelling at the speed of light (the maximum
allowed under special relativity) cannot communicate the local input
setting of box A to box B, before the output value of box B has been
recorded, and vice versa. Second, disregarding trials in which a box
does not produce an output bit (that is, assuming fair sampling) would
allow the boxes to select trials on the basis of the input setting. The fair
sampling assumption thus opens a detection loophole14,15: the selected
subset of trials may show a violation even though the set of all trials
may not.
The locality loophole has been addressed with pairs of photons

separated over a large enough distance, in combination with fast set-
tings changes4 and later with settings determined by fast random
number generators5,9. However, these experiments left open the detec-
tion loophole, owing to imperfect detectors and inevitable photon loss
during the spatial distribution of entanglement. The detection loop-
hole has been closed in different experiments6–8,10–12, but these did not
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Strong Loophole-Free Test of Local Realism*
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We present a loophole-free violation of local realism using entangled photon pairs. We ensure that all
relevant events in our Bell test are spacelike separated by placing the parties far enough apart and by using
fast random number generators and high-speed polarization measurements. A high-quality polarization-
entangled source of photons, combined with high-efficiency, low-noise, single-photon detectors, allows us
to make measurements without requiring any fair-sampling assumptions. Using a hypothesis test, we
compute p values as small as 5.9 × 10−9 for our Bell violation while maintaining the spacelike separation
of our events. We estimate the degree to which a local realistic system could predict our measurement
choices. Accounting for this predictability, our smallest adjusted p value is 2.3 × 10−7. We therefore reject
the hypothesis that local realism governs our experiment.

DOI: 10.1103/PhysRevLett.115.250402 PACS numbers: 03.65.Ud, 42.50.Xa, 42.65.Lm

But if [a hidden variable theory] is local it will not agree
with quantum mechanics, and if it agrees with quantum
mechanics it will not be local. This is what the theorem
says. –JOHN STEWART BELL [1].

Quantum mechanics at its heart is a statistical theory. It
cannot, with certainty, predict the outcome of all single
events, but instead it predicts probabilities of outcomes.
This probabilistic nature of quantum theory is at odds with
the determinism inherent in Newtonian physics and rela-
tivity, where outcomes can be exactly predicted given
sufficient knowledge of a system. Einstein and others felt
that quantum mechanics was incomplete. Perhaps quantum

systems are controlled by variables, possibly hidden from
us [2], that determine the outcomes of measurements. If we
had direct access to these hidden variables, then the
outcomes of all measurements performed on quantum
systems could be predicted with certainty. The 1927
pilot-wave theory of de Broglie was a first attempt at
formulating a hidden variable theory of quantum physics
[3]; it was completed in 1952 by Bohm [4,5]. While the
pilot-wave theory can reproduce all of the predictions of
quantum mechanics, it has the curious feature that hidden
variables in one location can instantly change values
because of events happening in distant locations. This
seemingly violates the locality principle from relativity,
which says that objects cannot signal one another faster
than the speed of light. In 1935 the nonlocal feature of
quantum systems was popularized by Einstein, Podolsky,
and Rosen [6], and is something Einstein later referred to as
“spooky actions at a distance” [7]. But in 1964 Bell showed
that it is impossible to construct a hidden variable theory
that obeys locality and simultaneously reproduces all of the
predictions of quantum mechanics [8]. Bell’s theorem

*This work includes contributions of the National Institute of
Standards and Technology, which are not subject to U.S. copy-
right.
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Local realism is the worldview in which physical properties of objects exist independently of
measurement and where physical influences cannot travel faster than the speed of light. Bell’s theorem
states that this worldview is incompatible with the predictions of quantum mechanics, as is expressed in
Bell’s inequalities. Previous experiments convincingly supported the quantum predictions. Yet, every
experiment requires assumptions that provide loopholes for a local realist explanation. Here, we report a
Bell test that closes the most significant of these loopholes simultaneously. Using a well-optimized source
of entangled photons, rapid setting generation, and highly efficient superconducting detectors, we observe a
violation of a Bell inequality with high statistical significance. The purely statistical probability of our
results to occur under local realism does not exceed 3.74 × 10−31, corresponding to an 11.5 standard
deviation effect.

DOI: 10.1103/PhysRevLett.115.250401 PACS numbers: 03.65.Ud, 42.50.Xa

Einstein, Podolsky, and Rosen (EPR) argued that the
quantum mechanical wave function is an incomplete
description of physical reality [1]. They started their
discussion by noting that quantum mechanics predicts
perfect correlations between the outcomes of measurements
on two distant entangled particles. This is best discussed
considering Bohm’s example of two entangled spin-1=2
atoms [2,3], which are emitted from a single spin-0
molecule and distributed to two distant observers, now
commonly referred to as Alice and Bob. By angular
momentum conservation, the two spins are always found
to be opposite. Alice measures the spin of atom 1 in a freely
chosen direction. The result obtained allows her to predict
with certainty the outcome of Bob should he measure atom
2 along the same direction. Since Alice could have chosen
any possible direction and since there is no interaction
between Alice and Bob anymore, one may conclude that
the results of all possible measurements by Bob must have

been predetermined. However, these predeterminate values
did not enter the quantum mechanical description via the
wave function. This is the essence of the argument by EPR
that the quantum state is an incomplete description of
physical reality [1].
Bell’s theorem states that quantum mechanics is incom-

patible with local realism. He showed that if we assume, in
line with Einstein’s theory of relativity, that there are no
physical influences traveling faster than the speed of light
(the assumption of locality) and that objects have physical
properties independent of measurement (the assumption of
realism), then correlations in measurement outcomes from
two distant observers must necessarily obey an inequality
[4]. Quantum mechanics, however, predicts a violation of
the inequality for the results of certain measurements
on entangled particles. Thus, Bell’s inequality is a tool to
rule out philosophical standpoints based on experimental
results. Indeed, violations have been measured.
Do these experimental violations invalidate local real-

ism? That is not the only logical possibility. The exper-
imental tests of Bell’s inequality thus far required extra
assumptions, and therefore left open loopholes that still
allow, at least in principle, for a local realist explanation
of the measured data. (Note that empirically closing a
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Is the Necessary Condition Also Sufficient?

Local Translation Invariance (LTI)

P(A0, A1, A2)
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P(A0, A1)⌘
X

A2

P(A0, A1, A2) =
X

A0

P(A0, A1, A2)⌘ P(A1, A2)
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Local Translation Invariance (LTI)
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P(A0, A1, A2)P(A�1|A0, A1) = P(A0, A1, A2)
P(A�1, A0, A1)

P(A0, A1)
<latexit sha1_base64="iDjdms099LiRYk2i8e10/axJ1Wk="></latexit><latexit sha1_base64="iDjdms099LiRYk2i8e10/axJ1Wk="></latexit><latexit sha1_base64="iDjdms099LiRYk2i8e10/axJ1Wk="></latexit><latexit sha1_base64="iDjdms099LiRYk2i8e10/axJ1Wk="></latexit>

⌘ P(A0, A1, A2)P(A�1|A0, A1)
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Is the Necessary Condition Also Sufficient?
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Is the Necessary Condition Also Sufficient?

Yes!

51

LTI reduces a global property to a local one.



Is the Necessary Condition Also Sufficient?

P(A0, A1)⌘
X

A2

P(A0, A1, A2) =
X

A0

P(A0, A1, A2)⌘ P(A1, A2)
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Bonus

X

A0,A1,A2

P(A0, A1, A2) = 1
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It’s a convex polytope!
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Extreme Points of the LTI Polytope
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Extreme Points of the LTI Polytope
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Extreme Points of the LTI Polytope

P(A0 = 3, A1 = 4, A2 = 2) =
1
4
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P(A0 = 4, A1 = 2, A2 = 1) =
1
4
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P(A0 = 2, A1 = 1, A2 = 3) =
1
4
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P(A0 = 1, A1 = 3, A2 = 4) =
1
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Extreme Points of the Bell-LTI Polytope
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Extreme Points of the Bell-LTI Polytope

P(0|0)
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<latexit sha1_base64="34lQXAcP6HNAkAD4w81q6+eCe7U="></latexit><latexit sha1_base64="34lQXAcP6HNAkAD4w81q6+eCe7U="></latexit><latexit sha1_base64="34lQXAcP6HNAkAD4w81q6+eCe7U="></latexit><latexit sha1_base64="34lQXAcP6HNAkAD4w81q6+eCe7U="></latexit>

57



Extreme Points of the Bell-LTI Polytope

P(1|1)
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P(0|1)
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Facets of the Bell-LTI Polytope

−4E0 − 6E1 − 3E1,2
00 + 2E1,2

01 + 3E1,2
10 + 2E1,2

11 + 2E1,3
00 + E1,3

10 + E1,3
11 ≥ − 6

−2E0 − 4E1 − 2E1,2
00 + 2E1,2

01 + 2E1,2
10 + 2E1,2

11 + E1,3
00 + E1,3

11 ≥ − 4

1 2 3
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Contextuality of  Local 1D TI 
Local Hamiltonians

Bell Local

Bounded 
Interaction 

Distance

Ground State Energy of 
Quantum Hamiltonians
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From Contextuality Witnesses to GS Energy of Quantum Models

Characterization 
of LTI polytope

Contextuality 
witnesses 
(Classical 
Models)

Optimize 
Observables

Compute GS 
energy of 

quantum models

Linear 
Programming

Polytope 
computation SGD / PGD + SDP iMPS

If quantum GS energy < classical 
bound, then quantum model is 

contextual

Iterate
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• In 1D, the LTI condition is both necessary and sufficient for a 
distribution to have a TI extension. 

• The LTI condition allows a nice polytope characterization. 

• The extreme points of the LTI polytope can be visualized using 
Dominoes. 

• Classical TI/LTI behavior can be completely characterized using the 
Bell-LTI polytope.

What Have We Learned?
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Tiles and 2D Marginals
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=

LTI Condition in 2D

68



=

LTI Condition in 2D
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Local Translation Invariance in 2D

Necessary Sufficient

More on this later.
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Approximations of 2D TI Marginals
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Approximations of 2D TI Marginals
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Approximations of 2D TI Marginals
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Approximations of 2D TI Marginals

=
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Approximations of 2D TI Marginals
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Approximations of 2D TI Marginals

=
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• The 2D LTI condition is sufficient only when each site takes 2 values. 

• When each site takes 2 values, the marginals of the nearest and next-
to-nearest neighbor distributions can be characterized by projecting 
from the 2D LTI polytope. 

• If there is also a reflection symmetry, then the problem becomes 
essentially 1D.

Easy Scenarios In 2D
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Extreme Points of the 2D Binary LTI Polytope
C1 C2 C3

C4 C5 C6
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• The 2D Binary LTI polytope only has 13 vertices, which can be grouped 
into 6 classes. 

• If the each site takes 3 values, how many vertices will the polytope have? 

• HUNDREDS OF MILLIONS! 

• Can we say anything in this scenario? 

• Yes! If we only look at nearest neighbors. 

• This polytope only has 98 vertices, grouped into 10 classes.

Hard Scenarios In 2D
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Extreme Points of the 2D Ternary Nearest-Neighbor TI Marginals
C1 C2 C3 C4 C5

C9C8 C10C7C6
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We Have Seen the Easy, the Hard.
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No Scientologist was harmed during the completion of the following proofs.

88



Theorem Impossible 1: Computing the Average 
Energy per Site of an Arbitrary TI Hamiltonian 

With Only Nearest-Neighbor Interaction Is 
Undecidable.
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Aperiodic Tilings and Dynamical Systems

(−1,0)

(−1,1) (0,1)

(0,0)

ℛ1
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Aperiodic Tilings and Dynamical Systems

(−1,0)

(−1,1) (0,1)

(0,0)

ℛ1

(1,1)

(1,0)

ℛ2
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Aperiodic Tilings and Dynamical Systems

(−1,0)

(−1,1) (0,1)

(0,0)

ℛ1

(1,1)

(1,0)

ℛ2

(−
1
5

,
2
5

)

z̄
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Aperiodic Tilings and Dynamical Systems

(−1,0)

(−1,1) (0,1)

(0,0)

ℛ1

(1,1)

(1,0)

ℛ2

(−
1
5

,
2
5

)

z̄
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Aperiodic Tilings and Dynamical Systems

(−1,0)

(−1,1) (0,1)

(0,0)

ℛ1

(1,1)

(1,0)

ℛ2

(−
1
5

,
2
5

)

z̄

f(z̄) = M(z̄ − c) + c

M =
4
5 − 3

5
3
5

4
5

c =
1
5
1
5

∥z̄ − c∥2 ≤
2
5
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Aperiodic Tilings and Dynamical Systems

• The action of this dynamical system is to rotate a vector by an angle 
which is an irrational multiple of . 

• A vector which allows this dynamical system to continue forever is 
called an “immortal point”. 

• This system has an (uncountably) infinite number of immortal points. 

• However, all of them, together with the action of the dynamical 
system, can be simulated by a finite number of tiles.

2π

95



Aperiodic Tilings and Dynamical Systems

i

t

l r

b

rational rational

f(t) + l = b + r

corner

corner
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Aperiodic Tilings and Dynamical Systems

i

t

l r

b

i

t�1

l�1 r�1

b�1

i

t1

l1 r1

b1

i

t0

l0 r0

b0
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Aperiodic Tilings and Dynamical Systems

i

t0

l0 r0

b0

i

t�1

l�1 r�1

b�1

i

t1

l1 r1

b1

⟨t⟩ =
1
m

m

∑
k=1

tk

⟨b⟩ =
1
m

m

∑
k=1

bk

f(⟨t⟩) ≈ ⟨b⟩, m → ∞
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Aperiodic Tilings and Dynamical Systems

i

t0

l0 r0

b0

Ak(v̄) ≡ ⌊kv̄⌋ Bk(v̄) ≡ Ak(v̄) − Ak−1(v̄)

i

tk

lk rk

bk
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Bk(v̄)

Bk( f(v̄))

f(Ak−1(v̄)) − Ak−1( f(v̄)) + (k − 1)c f(Ak(v̄)) − Ak( f(v̄)) + kc

f(t) + l = b + r
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Aperiodic Tilings and Dynamical Systems

• The construction is similar to Kari, SOFSEM 2008, LNCS 4910 (2008). 

• The dynamical system can be simulated using 2947 tiles. 

• The number 2947 is not optimal and it may go down a lot with better 
construction. 

• Maybe it will go to 4. 

• We can define a set of 2D TI marginals implementing this tiling, and 
look at the shape of one of its linear projections.
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transcendental function
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Theorem Impossible 2: When the local 
dimension of each site is 2947, the set of 
2D TI marginals is not semi-algebraic.
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Progress and Open Questions

• Similar to the 1D case, we wish to characterize the set of Bell local 
Hamiltonians with local interactions in 2D. 

• Again, we need to use Fine’s theorem, so this problem reduces to 
finding an inner approximation of TI marginals with 4 values per site. 

• Again, we need to use tilings, but this time it’s corner tilings.
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The End Game: Characterization of 2D Local TI 
Hamiltonians

The Workflow

Take marginalsA B

C D

P(ABCD)

A B

P(AB)
A

C

P(AC)

And

Fine’s Theorem

! "

# $

! "

# $

And
Take expectations

The Bell 
polytope

 dimensional44 = 256

 dimensional2 * 42 = 32

 dimensional8  dimensional2 * 222 = 32104



The End Game: Characterization of 2D Local TI 
Hamiltonians

Linear Programming Technique

• After the projections , a LTI probability distribution ( ), denoted by , is projected to a 
-dimensional vector  in the LTI Bell polytope. Call these projections . 

1. Use random objective function  to solve the following linear program (LP) 

 

2. Solve the LP many times to get many points of  and denote this set by .  

3. Compute the polytope from  to get the vertices  and facets . Call the coefficient vector of the facets  and 
the bounds . 

4. Update . For each facet of , solve the same LPs by substituting  with . If the optimal value exceeds , 
add the corresponding  to . If no violation appears, go to step 5. Otherwise, go to step 3. 

5. We get the LTI Bell polytope . 

M d = 4, K = 2 × 2 x 8
y M

c
Maxmize cTy

subject to Mx = y
x is 2 × 2-LTI 

y Sy

Sy V F ci
bi

Sy = V F c ci bi
y Sy

V 105



The End Game: Characterization of 2D Local TI 
Hamiltonians

LTI but not TI Vertices

• The LTI Bell polytope has 192 vertices.  

• Trying to tile the plane with these 192 vertices as corner tiles, we find only 128 
correspond to valid tilings, the remaining 64 vertices are essentially the same. 

• Computing the polytope  from the  vertices, we have an internal 
approximation.  has  facets, and we call the coefficient vectors  and bounds . 

• -LTI is not sufficient to characterize the TI Bell polytope.

ℰ1 128
ℰ1 808 fi bi

2 × 2
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The End Game: Characterization of 2D Local TI 
Hamiltonians

From 2X2 to 3X3 LTI Patch

• A LTI probability distribution ( ), denoted by  ( -dimensional), is projected to a -dimensional vector in the 
LTI Bell polytope. Call these projections . 

• Using   from  as the objective function in the following linear programming: 

 

If the optimal value exceeds , we check  using corner tiling. If it can tile the plane, we have a new valid vertex. 

• Using the above method, we find  new valid vertices. 

• Combined with the former  points, we have  valid vertices.

d = 4, K = 3 × 3 x 49 8
M

fi ℰ1

Maxmize fT
i y

subject to Mx = y
x is 3 × 3 LTI 

ci y

64

128 192
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The End Game: Characterization of 2D Local TI 
Hamiltonians

108

LTI is too weak to do the job!



The Search for Tighter Relaxations in 2D
Corner Tilings and Translation Invariance 

• Corner tile: a square with its four corners colored. 

•  For a given tile set, there are three possibilities: 

• Cannot tile a square of size  for some  

• Can tile a square of size  for some  with the same colors on the borders——
periodic tiling 

• Can tile the entire plane but cannot do it periodically——aperiodic tiling 

• There exist aperiodic tilings.  

• The corner tiling problem is undecidable. 
Ref: Lagae A, Kari J, Dutré P. Aperiodic Sets of Square Tiles with Colored Corners, Report CW 460, KU Leuven (2006)

n n
n n
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The Search for Tighter Relaxations in 2D
Corner Tilings and Translation Invariance 

• The simplest case: Each random variables at the region  takes value 
 with probability . 

These two probability distributions are clearly TI marginals. 

• What about other deterministic probability distributions? 

For instance:

K = 2 × 2
0(1) 1 0 0

0 0

1 1

1 1

1 0

0 1

1 1

0 1

0 1

0 1
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The Search for Tighter Relaxations in 2D
Corner Tilings and Translation Invariance 

• Taking           for example,  repeat this probability distribution all over the plane.1 0

0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

1 0
0 1

This probability 
distribution is 2-TI
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The Search for Tighter Relaxations in 2D
Corner Tilings and Translation Invariance 

• By summing over the four  distributions inside the  red box and 
taking the average, we get a  TI marginal.  

• Every periodic corner tiling corresponds to a TI marginal. Count the number 
of tiles:  

2 × 2 3 × 3
2 × 2

P(1001) = P(0110) = 2/4 = 1/2

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0

0 1

1 0
0 1

0 1
1 0

1 0
0 1

0 1
1 0

yellow 
green

0 →
1 →

Periodic corner tiling!
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The Search for Tighter Relaxations in 2D
Transducers

• How to efficiently tile a strip of height  

•  

• View a corner tile as a mapping ( ): 

• The mapping is to map left two colors to the right two colors.  

• The nodes are named by the colors from top to bottom. The left two colors of the tile are 
green and yellow, so the left node is . Same for the right node. 

Ref: E. Jeandel and M. Rao, an Aperiodic Set of 11 Wang Tiles, AiC (2021).

N

N = 1

green → 1, yellow → 0

10

10 01
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The Search for Tighter Relaxations in 2D
Transducers

•  

• Suppose we have two tiles 

• Construct a transducer, a directed graph using the nodes and edges 

• A tiling of height  is a biinfinite path on the transducer. The tiling exists if and only if there exists a cycle in 

the graph. 

• For this tiling to be periodic, we just need to check each node whether the first number equals the second 
number. For our example, it is not.

N = 1

N = 1

10 01 01 10

10 01

114



The Search for Tighter Relaxations in 2D
Transducers

•  

• Construct tiles of size  

• The bottom colors of the top tile must be identical to the top colors of the bottom tile. The nodes are 
named the same way before, except the overlapping colors are identified:  

• Construct the graph: 

• Check each node: the first number equals to the last number. We get a valid periodic tiling! 

• If  is not enough, we go to next height until we find periodic tilings, or find that there is no cycle 
in the graph.

N = 2
2 × 1

1001 → 101

N = 2

101 010 010 101

101 010
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The Search for Tighter Relaxations in 2D
Transducers

CONSTRUCT 
TRANSDUCER

CYCLES EXIST? TOP=BOTTOM?

NO VALID TILING!

Y

N

PERIODIC TILING!
Y

N

Compose to the next height
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The Search for Tighter Relaxations in 2D
Corner Tilings and Cycle Generators in 2 Colors

• Minimal cycle generator: a tile set that admits a valid tiling, but none of its subsets 
can. 

• There are  minimal cycle generators for  (  colors), corresponding to  TI 
vertices. 

• We compute the convex polytope from these  TI vertices, denoted by . 

• Comparing to the facet representation of ,  has 8 more linear inequalities. 

Ref: W.-G. Hu and S.-S. Lin, Nonemptiness Problems of Plane Square Tiling with Two Colors, Proc. Amer. Math. Soc. 139, 03 (2011).                                 

17 d = 2 2 17

17 𝒫mcg
2×2

𝒫LTI
2×2 𝒫mcg

2×2
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The Search for Tighter Relaxations in 2D
Corner Tilings and Cycle Generators in 2 Colors

• Minimal cycle generator: a tile set that admits a valid tiling, but none of its 
subsets can. 

• There are  minimal cycle generators for  (  colors), corresponding to  
TI vertices. 

• We compute the convex polytope from the  TI vertices, denoted by . 

• Comparing to the facet representation of ,  has 8 more linear 
inequalities. 

Ref: W.-G. Hu and S.-S. Lin, Nonemptiness Problems of Plane Square Tiling with Two Colors, Proc. Amer. Math. Soc. 139, 03 (2011).                                 

17 d = 2 2 17

17 𝒫mcg
2×2

𝒫LTI
2×2 𝒫mcg

2×2
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The Search for Tighter Relaxations in 2D
The Extra Facets for a Tighter Relaxation

             

P(ē1) − P(ē4) ≤ P(e2) + P(e3)
P(ē2) − P(ē3) ≤ P(e1) + P(e4)
P(ē3) − P(ē2) ≤ P(e1) + P(e4)
P(ē4) − P(ē1) ≤ P(e2) + P(e3)
P(ē1) ≤ P(ē2) + P(ē3) + P(ē4)
P(ē2) ≤ P(ē1) + P(ē3) + P(ē4)
P(ē3) ≤ P(ē1) + P(ē2) + P(ē4)
P(ē4) ≤ P(ē1) + P(ē2) + P(ē3)

1 0
0 0

0 1
0 0

0 0
0 1

0 0
1 0

e1 e2 e3 e4

0 1
1 1

ē1 ē2 ē3 ē4
1 0
1 1

1 1
0 1

1 1
1 0

• Can these facets be generalized to more than 2 colors? 
• Can we do it for 4 colors to use Fine’s Theorem?
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1D Classical+Quantum 1D Quantum
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