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Diffraction and spectra
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Diffraction and spectra

fS

tructure translation-bounded measure w
assumed ‘self-amenable’  (Hof 1995)

—_————

- ~ . w * W
Autocorrelation ~ =, = w®® := lim R *Wlg

R—00 VOI(BR)

Diffraction N = (/’f) op + (ﬁ) « T (:y\) ac (relative to A} )

® pp: Bragg peaks
® ac:. diffuse scattering (with RN density)

® sc. whatever remains ...
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Diffraction and spectra

fD

yhamical system T
(X,Z, ) with Z~{T"|nelZ}
~ Hilbert space H = L*(X, i)

~ unitary operator on H, (U,f)(z):= f(Tx)

Y spectrum of UT (Koopman, von Neumann, Halmos)

Extension analogous definition for other groups, e.g. R?

Spaces shifts, tilings, Delone sets, measures, ...

(Host 1986, Queffélec 1987, Pytheas Fogg 2002)
(Radin/Wolff 1992, Robinson 1996, Solomyak 1997)
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Diffraction and spectra

-

Theorem Let (X,R%, ;1) be an (ergodic) point set dynamical
system with diffraction 7. Then, 7 is pure point iff (X, R¢, ;1) has pure
point dynamical spectrum. The latter then is the group generated
by the support of 7, the so-called Fourier—Bohr spectrum of ~.

(Dworkin 1993, Hof 1995, Schlottmann 2000, Lee/Moody/Solomyak 2002, B/Lenz 2004,
Lenz/Strungaru 2009, Lenz/Moody 2012, ... )

Connection ACRY X={t+A:tcR}, (XRY )

FB coefficients «a,(k) := lim W > ey €2k

Eigenfunctions a,, (k) = e ?™*aq (k)| (zoforkeL®)

o |
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Pure point spectra

fP

oint measures 6,, J0q:=) g0z

AN

Poisson’s summation formula | §,. = dens(!") d,.

for lattice I, dual lattice 1™

Perfect crystals w = p*d,. (pfinite, I maximal)

—> 5 =dens(I') (u* i) * &y

2 | ~12
a

—> 7 = (dens(I")) dr.| pure point !!

L —> dynamical spectrum I, also pure point J
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Pure point spectra
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Model set

Diffraction

o

R4 T RIx R™

Pure point spectra

ﬂ—int Rm

dense
N 11 N N (Meyer 1972)
(L) <—— L — 7 (L)
i i (Moody 1997)
* 5 L*

(assumed regular)

A={x el . xreW}

with W C R™ compact, A\; (0W) =0

Y= rerelAk)|? 6| purepoint!l (=8

with L® = 7(L£*)

and amplitude A(k) = a, (k) = (\1/?)?(—812[//1)) Lo (—k*) J

(Fourier module of A: spectrum)
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Visible lattice points
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LTheorem PP dynamical spectrum, trivial top. point spectrum
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Properties

dens(V') = 6/7°

V' not Delone
V-V =277

pure point diffraction

weak model set
htop(V) > hp(V) =0

|
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Visible lattice points

-

Shift space X={t+V:tez?} (8 {0,1}#

Theorem (X, Z?)is a TDS, and X is hereditary, so every subset
of V is an element of X. Also, X = A, where A consists of all
U C Z? that miss at least one coset modulo pZ? for every prime p.

Entropy

hiop(X) = hpe(V) = dens(V) log(2) = &)

o
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Visible lattice points

/ B/Grimm/Warrington 1994
/

‘ Schroeder 1982, Mosseri 1992, B/Moody/Pleasants 2000, B/Huck 2013 \
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Visible lattice points

e ‘ e ‘ Properties

B e AL S ¥ ) ZQ_periodiC

D4-symmetric
GL(2, Z)-invariant

e o o

support of 7 :

e @ e @ S — (k¢ Q with

S e S e den(k) Square-free}:

S FB (dyn.) spectrum

| : | : ® intensity for k ¢ S

. R LS P . o 2
e @ e @ (5 Ly e
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Squarefree integers in Z[/2 ]
—

RPN V={(z,2') | # sq.-free}

T T Properties

o ® dens (V) _ 72T_11 _ dgns((f)ﬁ)

e e e e s el @V onot Delone

CEETIE e V-V = (V) =L

® pure point diffraction

RN e e Wil @ weak model set

AT T e hyon (V) > b (V) = 0

Theorem PP dynamical spectrum, ftrivial top. point spectrum
L (Cellarosi/Vinogradov 2013, B/Huck 2013) J
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Squarefree integers in Z[/2 ]

- °
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L*-periodic
Cy x Cy-symmetric
GL(2, Z)-invariant

support of 7 :

S ={k € QL* with
den(k) cube-free}:
FB (dyn.) spectrum
intensity for £k € S
with den(k) = ¢:

24 )2 1
) e g2

(B/Huck 2013)

_p6




CPS

WMS

Weak model sets

T 71-in‘c
G — GxXx H —]/m— H
U U U dense
(L) —— L —— 7 (L)
| |
L * \ L*

A={xeLlL|xzreW}

with W c H compact, ,(1W) > 0

-

G o-compact
H: comp. gen.

A:van Hove in G

max. density: dens(A) = dens(L) 6, (W)

— 1 AN AR* O (AN AR)
Tp = 1MMp—o0o QG(A”)

(exists )

(B/Huck/Strungaru 2015, Lenz/Spindeler/Strungaru 2020)
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Weak model sets

fDiffraction Y= rerol AK)|? 0k pure point !l (w=4,) T

with LV = 7T(£O) (annihilator of £ in dual CPS)

—

ampMude14M0::%dk):f%%%%1w(—kﬂ

Hull X, =G+ 4

with patch frequency measure u

1 is ergodic, A is generic for pu

Theorem (X ,, G, ;) has pure point dynamical spectrum: L

(Keller/Richard 2015, B/Huck/Strungaru 2015)

o |
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Topological invariants
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Visible lattice points (red dots) versus
square-free Gaussian integers (circles)
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Topological invariants

-

Systems (Xa,Z?) versus (Xy,Z?)

not measure-theor. isomorphic, by Halmos-von Neumann theorem

TOp. Invariants S = CentAut(X) (ZQ) Aut(X) = Homeo(X)

R = normAut(X)(ZQ)

Theorem Sy = Sc =7? together with

Ra=27Z*xDy| and |Ry =7Z*x GL(2,7Z)

Question General structure ?

o |
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Topological invariants

-

System (X,Z?) with X =72+ V5 and
Vo={m+nv2isk-free | mne€Z} anyk>2

Theorem S=7* and |R=8 xH| with

H~ O*x Gal(@(\/i)/(@) ~ (9 X D

(B/Bustos/Huck/Lemanczyk/Nickel 2020)

Extensions Gen. alg. number fields  (Gundlach/Kiiners 2024)

Topological entropy  log(2)/¢,- (k)

Further invariants  (B/B/N 2023, Gundlach/Kliiners 2024)

o |
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Outlook

Connections with almost periodicity
Compute dynamical spectra
General algebraic number fields
General B-free systems for d > 1
Efficient topological invariants
Systems with mixed spectrum
Consider all invariant measures
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