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Multi-particle system

Begin with the Schrodinger operator
N
V4 1
H - (—Ak—>+ D
k=1 X 1<) 1 = ]
= <j<k<N
Here X = (x1, x2, ..., xn),

Xj € R3, j=1,2,... N, are coordinates of “electrons”,

A

X=X, x), X = (x1, %2, ..., xn-1),
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Multi-particle system

Begin with the Schrodinger operator

N
4 1
H— A -2 D ——
( : X>+ Xj — Xkl

k=1 1<j<k<N
Here X = (x1, x2, ..., xn),
Xj € R3,j=1,2,..., N, are coordinates of “electrons”,

X = (X7X), X = (X1,X2, N ,XNfl),
Z > 0 is the “nuclear” charge.
The underlying space is L*(R3"),
H is self-adjoint on H*(R3N).
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Multi-particle system

Begin with the Schrodinger operator

N
Z 1
H= (—Ak—>—|— Z 7|Xj—xk|.

|| :
k=1 1<j<k<N
Here X = (x1, x2, ..., xn),
Xj € R3,j=1,2,..., N, are coordinates of “electrons”,

X = (X7X), X = (X1,X2, N ,XNfl),

Z > 0 is the “nuclear” charge.

The underlying space is L*(R3"),

H is self-adjoint on H*(R3N).

Let ¢ € L?(R3N) be an eigenfunction of H:

Hy = Eip,

with some E € R.
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Density matrix
Define the one-particle density matrix:

1) = [HER UKy dR.
and the one-particle kinetic energy density matrix:

(%) = / V(Ko x) - V(K. y) dX.

R3N—3
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Density matrix
Define the one-particle density matrix:

1) = [HER UKy dR.
and the one-particle kinetic energy density matrix:
ren)= [ VR ,u(k.y) dk
R3N-3

Let I', T be the operators with kernel ~(x, y).
Represent: [ = W*W, where W : L*(R3) — L?(R3V3) is given by

(Vu)(X) = . WX, x)u(x)dx,
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Density matrix
Define the one-particle density matrix:

1) = [HER UKy dR.
and the one-particle kinetic energy density matrix:
ren)= [ VR ,u(k.y) dk
R3N-3

Let I', T be the operators with kernel ~(x, y).
Represent: [ = W*W, where W : L*(R3) — L?(R3V3) is given by

(Wu)(X) = [ (X, x)u(x)dx,
R3
and T = V*V, where V : L>(R3)  L*(R3N=3,C3) is given by

(Vu)(X) = / V(X x)u(x)dx.
R:‘i

Since ¥,V € L2(R3"), the operators W,V are Hilbert-Schmidt, and hence I

and T are trace class: ||[[|; = [|V]3, || T|l1 = [[V]3.
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What was known: Friesecke (2003): I has infinite rank,
Cioslowski(2020) for N = 2: \(T) ~ k=8/37
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What was known: Friesecke (2003): I has infinite rank,
Cioslowski(2020) for N = 2: \(T) ~ k=8/37

Plan:
1. Spectral estimates for the operator I

2. Spectral asymptotics for I
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Asymptotics
Suppose that [1/(X)| < e *IXl 3 >0, X € R3N: Agmon(1982),
Froese-Herbst(1982) and many others.
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Asymptotics

Suppose that [1/(X)| < e *IXl 3 >0, X € R3N: Agmon(1982),
Froese-Herbst(1982) and many others.

Leth: (X17X2,...,)971’)9+1’...,XN71),j:1727...7N_1, SO)A(:()?J',XJ'),
X:()?J"vax)-

Theorem. Let H(x) = $¢(x, x), for N = 2, and
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Asymptotics

Suppose that [1/(X)| < e *IXl 3 >0, X € R3N: Agmon(1982),
Froese-Herbst(1982) and many others. A R

Let )(1 = (X17X2,...,)971’)9+1’...,XN71),j =12,....N—1,s0 X = ()<J,XJ),
X = ()?J"vax)-

Theorem. Let H(x) = $¢(x, x), for N = 2, and

N—1
1 -
H(x)—[ / | (Xj,x,x)2dXJ} , for N>3.
4 ‘= R3N—6
Define
1/92 5/4 4
A:< > |H(x)|7 dx, B=— [ H(x)dx
3 T R3 37T R3
Then

lim K%EA(T) = A%, lim K*A(T) = B2,
— 00

k—o0
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Remark

If 4 is antisymmetric (i.e. for spinless fermions), then A = 0.

If spin is present, consider N = 2. There are two possible pair configurations:
singlet and triplet.

Singlet: v is symmetric, thus A # 0.

Triplet: ¢ is antisymmetric and then A = 0. In this case \x < k=%
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Asymptotics

Since [ = W*W, T = V*V, we have A\, () = sk (W), A\ (T) = sk(V)? where
sk(G) = /M\(G*G) are singular values (or s-values) of G. Thus:

lim k*3 s (W) = A*3,  lim ks (V)= B.

k—o0 k—o0

The key fact: the decay rate of sy depends on the smoothness of .
We focus on the operator W only.
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Asymptotics

Since [ = W*W, T = V*V, we have A\, () = sk (W), A\ (T) = sk(V)? where
sk(G) = /M\(G*G) are singular values (or s-values) of G. Thus:

lim k*3 s (W) = A*3,  lim ks (V)= B.

k—o0 k—o0

The key fact: the decay rate of sy depends on the smoothness of .
We focus on the operator W only.

For simplicity: N = 2. Then if x, t are away from 0, then

P(t, x) ~ &(t, x) + |x — tlp(t, x),  with smooth ¢, .
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Proposition (M.Birman-M.Solomyak 1970-1977)

Let X,Y C RY,d > 1, be bounded Borel sets. Let T : L>(Y) — L*(X) be the
operator with kernel

T(xy) = p1(x)|x = y[*o(x, ¥)pa2(y),
where o > —d, p1 € L%(X), pa € L(Y), and ¢ € C°(X x Y). Then for
p~ =1+ ad ! we have

lim (kl/Psk(T))p:ua,d / lp1(x)B(x, x)p2(x)|P dx,

k—o0
XNy

with

1 [ F((d+a)/2)

P
(e - 9 07 2747"'7
Hood = T dj2+1) 7T°‘/2|r(—a/2)|:| o

and jto.g =0, a=0,2,4,....
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Proposition (M.Birman-M.Solomyak 1970-1977)

Let X,Y C RY,d > 1, be bounded Borel sets. Let T : L>(Y) — L*(X) be the
operator with kernel

T(xy) = p1(x)|x = y[*o(x, ¥)pa2(y),
where o > —d, p1 € L%(X), pa € L(Y), and ¢ € C°(X x Y). Then for
p~ =1+ ad ! we have

lim (kl/Psk(T))p:ua,d / lp1(x)B(x, x)p2(x)|P dx,

k—o0
XNy

with

1 [ F((d+a)/2)

P
(e - 9 07274""7
Hood = T dj2+1) 7T°‘/2|r(—a/2)|:| o

and jto.g =0, a=0,2,4,....
Remark: for & = 1,d = 3, we have 1/p = 4/3, as required:
iMoo k*/3s5, (W) = AY/3.
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Intuition

Consider the operator T on L*(T), T = R?/(277Z), with the kernel T(x — y),
where T is (277Z)9-periodic. Then the equation Tu = Au transforms into
Tnln = Ap, n € Z9. If T(x) = |[x|*¢(x), x € [0,27)9, then T, ~ [n|729, s0
)\k ~ kflfad’ll

A Sobolev (UCL) Regularity and the one-particle density matrix 15.01.24 9/20



Intuition

Consider the operator T on L*(T), T = R?/(277Z), with the kernel T(x — y),
where T is (277Z)9-periodic. Then the equation Tu = Au transforms into
Tnln = Ap, n € Z9. If T(x) = |[x|*¢(x), x € [0,27)9, then T, ~ [n|729, s0
)\k ~ kflfad’ll

For o = 1 we have A((T) ~ k=279 and A\, (T) ~ k=43 if d = 3.
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Intuition

Consider the operator T on L*(T), T = R?/(277Z), with the kernel T(x — y),
where T is (277Z)9-periodic. Then the equation Tu = Au transforms into
Tnln = Ap, n € Z9. If T(x) = |[x|*¢(x), x € [0,27)9, then T, ~ [n|729, s0
)\k ~ kflfad’ll

For o = 1 we have A((T) ~ k=279 and A\, (T) ~ k=43 if d = 3.

Pathway to the estimates:
» Study regularity of .

» Estimates for s-values of integral operators via regularity of their kernels.
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Regularity of the eigenfunctions

» Since |x| ! is real analytic away from x = 0, the function 1) is real analytic
away from the coalescence points.

> T. Kato (1957): ¢ is Lipschitz.
» Fournais, T. and M. Hoffmann-Ostenhof, Sgrensen: 2006—2020.
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Regularity

Represent the solution ¢ of the equation —Avy + (V — E)yY = 0:
P(X) = eX)p(X), where

7 1
FO(X):*§Z|XJ|+Z Z |xj = Xkl
j=1 1<j<k<N

The function e’ is called the Jastrow factor. Important: V = AF; and
VFy € L¥(R3N):

~A¢p —2VFy-Vé— ([VF|? + E)p = 0.

Then ¢ is "smoother” than .
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Let

7Y 1
FIX)==5 2 Islcto)+ 5 D2 by —xlC0 —xe),
j=1

and ¢ € C°(R3), ¢(t) = 1,[t| < 1. Then
—A¢ —2VF -V + (V- AF —|VF|> - E)¢ =0.

Observe: VK(V — AF) € L*(R3V), k =0,1,..., and F,VF € L™(R3V).
Thus for any R > 0:

(WX + V(X)) S [o(X)] + [Ve(X)| S M19llzax,ry) S 1¥l2(x,R))-

Fournais, T. and M. Hoffmann-Ostenhof, Sgrensen.
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The coalescence set:

N—-1

Yy = {X:()A(,X) e RV ;x| H |x — x| :0},

k=1
I'he distance to X:
d()A( )—m'n{|l|— [, j=1,2 N—l}
,X) = mi X|, x—=xil, yJ=1,2,..., ,
\/§ b J
(S(X,X) = d()%,X) N 1.

A Sobolev (UCL) Regularity and the one-particle density matrix 15.01.24 13/20



The coalescence set:

N—-1

Yy = {X:()A(,X) e RV ;x| H |x — x| :0}.

k=1

The distance to 2_:

~ 1
d(X,x) = min{|x,|x—xj|, j=12...,N—15,
V2

6(X,x) == d(X,x) Al

Theorem. (Fournais—Sgrensen 2018) For all X € R3¥\ ¥ and any R > 0:
07 (X, %) S 6(X )l sxmys  Iml =1,
and hence,

07 (X, x)| < 5()%7X)1_|m|H¢||L2(B(X,R))a |m| > 1.
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The coalescence set:

N—-1

Yy = {X:()A(,X) e RV ;x| H |x — x| :0}.

k=1

The distance to 2_:

~ 1
d(X,x) = min{|x,|x—xj|, j=12...,N—15,
V2

6(X,x) == d(X,x) Al
Theorem. (Fournais—Sgrensen 2018) For all X € R3¥\ ¥ and any R > 0:
076X, )| S 86X ) [ 2aex ryys  Iml =1,
and hence,

07 (X, x)| < 5()%7X)1_|m|H¢||L2(B(X,R))a |m| > 1.

Need more smoothness!
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Indeeed, assume again N = 2 and represent

W(t,x) = e~ Z/AtHIXD) (¢(r,x) + %|t — x|o(t,x) + ... >
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Indeeed, assume again N = 2 and represent
1
B(t, x) = e~ /2O (¢(r,x) gl X0 x) + )

Recall from general theory: ¢ € W?2P where p < o< is arbitrary.
Represent ¢ = e ¢ where
2—1
F(X) =277 > Cg-x)in (B + ) S0es ().

m .
1<j<k<N

A Sobolev (UCL) Regularity and the one-particle density matrix 15.01.24 14 /20



Indeeed, assume again N = 2 and represent
1
B(t, x) = e~ /2O (¢(r,x) gl X0 x) + )

Recall from general theory: ¢ € W?2P where p < o< is arbitrary.
Represent ¢ = e ¢ where
2—1
F(X) =277 > Cg-x)in (B + ) S0es ().

m .
1<j<k<N

Proposition. [FH0S2005] ¢ € W**°(R3V) and for any R > 0 and r € (0, R):

IBllwe=(Bx.n S I1¥ll2x.R)-
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Observing that |07 F3(X,x)| < 1 for |m| < 2, we conclude that

|8)'<"¢()A<7X)\ < ||¢||L2(B(X7R))7 |m| = 2.

Theorem. For all X € R3V\ ¥ and any R > 0:

076X, %) < 6(X > [0l sx my  Iml = 2.
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Observing that |07 F3(X,x)| < 1 for |m| < 2, we conclude that

07 (X, x)| < IVl 2Bex,r), Ml = 2.

Theorem. For all X € R3V\ ¥ and any R > 0:

076X, %) < 6(X > [0l sx my  Iml = 2.

Having obtained bounds for the derivatives of ¢ and ¢ can now proceed to
estimating singular values of the corresponding integral operators.
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The Besov and Nikol'skii spaces

For a function u = u(x), x € R?, and arbitrary / = 0,1,2, ..., define the finite
difference

I
AP u(x) = S0 (e + ),
h ; <J> J

and the LY-modulus of smoothness of order I:

wg/)(u; t) = sup HA%I)UHU, t>0.
[h|<t

We say that u belongs to the Besov space B; , (R), s >0, g € [1, 0], if for
some [/ > s we have

||u||B‘57’©o = ||u|||_q =+ ii[g t*swgl)(u; t) < 00.

Notation N§(RY) = B; , (R?), the Nikol'skii space.
Scale of spaces: B; (RY), 0 < r < oo.
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The Besov spaces

For a domain Q C RY the space N;(€) is defined as the restriction of N} (R“) to
Q. The corresponding norm of the function u € N7 () is defined as

HUHN;(Q) = inf ||g||Ng(Rd),
where the infimum is taken over all functions g € N§(R9) such that u = g for a.e.

x € Q. In other words, a function u belongs to N7 (€2) if it has an extension
g € N3 (RY).
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An example

Let u(x) = |x|*. If @« > —d/q, then w((,l)(u; t) St°, s=a+d/q, see
Birman-Solomyak(1977).
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An example

Let u(x) = |x|*. If @« > —d/q, then wgl)(u; t) St s=a+d/q, see
Birman-Solomyak(1977).
Let u € C(RY\ =), where = = {ay,as,...,an}, ak €ERY, k=1,2,..., N.
Denote

d(x) = dist(x, =) Al

and assume that for some a € R and some A > 0 we have

|8£u(x)|,SA(I—&—(S(X)O‘_‘J")7 forall x¢= and |j|=0,1,....

Lemma

Suppose that d > 2. If a > —d/q with some 1 < q < d, then for all xo € R? and
R > 0 the function u belongs to N;(B), B = B(xo, R), with s = o+ d/q.
Moreover, |\u||N3(B) < A where the implicit constant does not depend on xy and
the set =, but may depend on the radius R.
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Bounds for singular values of integral operators

Birman - Solomyak (1977). Let C = (0,1)¢.
Proposition

Assume that the kernel T(t,x),t € R!, x € X, is such that T(t, -) € N3(C) with
some s >0, for a.e. t € R'. Assume that b € LEC(R’) and that a € L"(C), where

r=2, if 2s>d,
r>2, if 2s=d,
r>ds~t, if 2s<d.

Then the operator Ty, with kernel b(t) T (t,x)a(x) satisfies the bound

1

5(Th) < k- [/ 1T( MR 1P | Tlallecey

under the assumption that the right-hand side is finite.
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Estimate for singular values of W

Study the singular values of bWa, where a = a(x), b = b(X), x € R}, X € R3V-3,
Let C, =[0,1)*+ n,n € Z3. Assume

—qxx|n 7 3
S(a) = [Z el ||a||ﬁz(en):| <o, g=1.

neZ?

Assume that b € L2 _(R3V3), so that

loc

mie)=| [ 1o

>
S
)
b
X
5)
Q
<
| I
NI
A
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Estimate for singular values of W

Study the singular values of bWa, where a = a(x), b = b(X), x € R}, X € R3V-3,
Let C, =[0,1)*+ n,n € Z3. Assume

S(a) = [Z e_cmln||a||ﬁz(en)} <00, q=-.

neZ?

Assume that b € L2 _(R3V3), so that

loc
%
M(b):[/ |b()A<)|2e_2”|X|d)A<} < o0.
R3N-3
Theorem.

s(bVa) < k=*3M(b)S(a), k=1,2,....
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