ENERGY-LEVEL CROSSING OF A MATRIX SCHRODINGER
OPERATOR AND SEMICLASSIAL RESONANCES

SETSURO FUJIIE

ABSTRACT. This short report is written for the mini-course in the conference Spectral Anal-
ysis for Quantum Hamitonians held on January 15-19, 2024 at CIRM, France, dedicated
to the memory of Georgi Raykov. This report is a partial review of the joint works [5]
and [6] with M. Assal (Santiago) and K. Higuchi (Ehime). These are continuation of the
works [13], [14], [15] which the author talked about in the conference Spectral Theory and
Mathematical Physics organized by Raikov et al., held in Santiago, Chile at the Pontifical
Catholic University of Chile in December 2018.
We consider a model of 2 x 2 matrix Schrédinger operator & in 1D;

(P RW
2= (i ')

where h > 0 is a small parameter, P; = —hQ% + Vj(z), j = 1,2 are scalar Schrédinger
operators, and W, W™ are a first order differential operator and its adjoint. Assume that,
near a fixed energy Ep € R, the classical trajectory I'; = pj_l(Eo) defined on the phase
space by the underlying classical Hamiltonian p;(z,¢) = &2 4 V;(z) is periodic for p; and
non-trapping for ps. It is then expected that & has resonances close to the eigenvalues of P;.
The imaginary part of resonances (called width) represents the reciprocal of the life span of
the system. It has been studied that, the width is exponentially small in A when the above
two trajectories are disjoint, whereas it is of polynomial order if they cross each other.

The mini-course is concerned with the latter case with a finite number of crossing points
I’y N 2. The order in h of the resonance width is governed by the microlocal structure of
solutions at each crossing point, or in other words, the ‘microlocal scattering matrix’, which
describes the ‘probability amplitude’ for particles to switch the trajectory from one to the
other.

In the first part, we see how the global problem of resonances is reduced to a microlocal
problem at crossing points, and in the second part, we focus on the study the asymptotic
formula of the microlocal scattering matrix.
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2 SETSURO FUJIIE
1. INTRODUCTION

Let P be the 1D scalar semiclassical Schrodinger operator

d
P:=(hD,)?>+V(z), Dy:=—i—,
(hDg)” + V() D

with a smooth potential V(z) € C*°(R). We assume that it has limits as © — +oo:

V(z) = Vi asz — t+oo.

We denote by p(x, £) the underlying classical Hamiltonian corresponding to the Schrodinger
operator P:
pla,€) = €+ V(z),
where the variable ¢ stands for the momentum. The classical motion is described by the
Hamitonian vector field
dp 0 Op 0 0 ,, 0
H=——-—“——=2—-V'(z)=.
v ocor awoe Por W
The energy p(z(t),£(t)) is invariant in time ¢ on the integral curve (z(t),£(t)) = exp tHp(zo, &o)
of H,, (we call it classical trajectory). In our 1D setting, the classical trajectory coincides with
the characteristic set

D(E) :=p ' (E) = {(z,&):p(x,€) = E}
We fix a real energy Ey € R and consider the following two types of potentials.

Simple well potential. = We say, in this mini-course, V is a simple well potential at
energy Fq if Vi, V_ > Ey and there exist ag < by such that
V(x) — E
@-F__ . vrer

(z — ao)(x — bo)
Remark that ap and by are simple zeros of V(z) — Ejy, called simple turning points. The
classical trajectory for a simple-well potential is a simple periodic curve.

The spectrum of P near Fy consists of (simple) eigenvalues. In the semiclassical limit
h — 40, they are approximated by the energies satisfying the so-called Bohr-Sommerfeld
quantization rule (see [25], [36], [39]):

(1.1) — AENh — 1,
Here A(FE) is the action integral

A(E) = /I‘(E) Edx.

It is a smooth function of E with A’'(Ey) > 0. The condition (1.1) can be rewritten as
A(E) = (2k+ 1)wh, ke€Z,
and hence the eigenvalues near Ej is a sequence with interval ~ 27h/A’(Ey).
Non-trapping potential. We say (only in this mini-course) that V' is a non-trapping
potential at energy Ey if V_ < Eg < Vi and there exists ¢y € R such that
V(x) — Ey
T — ¢

>0 VzelR.
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Remark that ¢ is also a simple zero of V(x) — Ey. The classical trajectory for a non-trapping
potential is an unbounded curve, whose real part comes from —oo and goes back to —oo.

The spectrum of P near Ej consists of continuous spectrum. It is also known that there is
no resonance in a small complex neighborhood of Ey for A sufficiently small with imaginary
part of order 1 in the analytic potential case ([18]) and of order h|log k| in the C* case ([34]).

Matrix-valued potential. Now we consider a matrix Schrodinger operator

(P W
‘92_(hw* P2>’

with two scalar Schrodinger operators P; and P» on the diagonal. Such an operator appears
as the Born-Oppenheimer approximation of the molecule predissociation (see [26], [27], [28]).
We suppose here that P; has a simple-well potential and P» a non-trapping potential at a
fixed energy Ey. In this mini-course, we suppose for simplicity that the interaction W is just
a multiplication by a real-valued smooth function which is analytic in S

W =W*=r(x),

although it should be a first order differential operator in the application to the molecular
predissociation.

We assume that Vi(x), Va(z) and r(x) are all analytic in an angular domain . := {x €
C;|Rex| > R,|Imz| < c|Rez|} for some R,c > 0. Moreover, Vi(z), Vo(z) have limits as
Rex — +o00 in this domain:

Vi(x) — VjjE as Rex — +00 in .7,

and 7(x) is bounded there.

The operator & is self-adjoint in L?(R;C?) with domain H?(R;C?). One can define the
resonances of & in a sufficiently small complex neighborhood of Ejy, as the values E € C
such that the equation Zw = Fw has a non-trivial outgoing solution w. In our setting with
small enough h, this means that w(z) is decaying as @ — +oo and w(te) for small § > 0
is decaying as t — —oo. In particular, the imaginary part of each resonance is negative. We
denote Res(Z?) the set of resonances of .

In the trivial case where W = r(x) = 0, the spectrum of & near Ej is of course the union
of the spectrum of P; and P, i.e. the continuous spectrum with embedded eigenvalues.

In the general case, it is expected that the eigenvalues shift in the lower complex plane as
resonances (Fermi’s golden rule). The imaginary part of these resonances (resonance width),
interpreted as the reciprocal of the life time of the quantum particles, should be closely
related with the interaction between the two classical dynamics of P; and P,. Intuitively,
particles trapped in the periodic trajectory I'y may change the trajectory to I's thanks to
the interaction and escape to the infinity. We naturally expect that the ‘probability’ of this
change of trajectory from I'y to I's should determine the resonance width, and higher the
probability, wider the resonance width.

In the case where the two potentials have a gap inf,cg |[Vi(z) — Va(x)| > 0, then the two
trajectories I'1(Ey) and I'a(Ep) are disjoint. Even in this case, an exponentially small in A
interaction exists (called phase space tunneling), and it has been shown that the resonance
width is exponentially small (e.g.[7], [16], [17], [32], [35]).
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Yout

2. OUR PROBLEM AND RESULTS

We are interested in the case where
(21) Fl(Eo) N FQ(EO) #* 0.

This implies that the two potentials V; and V5 cross at least at one point. We assume without
loss of generality that this is the origin £ = 0. We suppose moreover that this is a finite order
contact: there exists n € N such that

(2.2) Vi) -vP0) =0 0<k<n-1),  V"0)-11"(0) £0.

Remark that the crossing of the potentials (2.2) does not imply the intersection of the classical
trajectories (2.1) depending on the energy Ey. In fact, if Ey is below the crossing level 0,
then I'1 (Ep) and I'a(Ep) are disjoint. Ashida [3] gave the exponentially small asymptotics of
the resonance width in such a case. The condition (2.1) implies that Ej is above the crossing
level (Ey > 0), or at the crossing level (Ey = 0).

Above the crossing level, I'1 (Ep) and I'y(Ep) intersect at two points (0, v/Ep) and (0, —/ Ep)
and the contact order m at these points are both n:

(2.3) HEp2(0,+/Ep) =0 (0<k<n—1), Hps(0,+/Ep) #0.

On the contrary, at the crossing level, I'1(Ey) and I'o(Ep) intersect at one point (0,0) and
the contact order m at this point is 2n:

(2.4) HEp(0,00=0 (0<k<2n—1), H2'py(0,0) # 0.

The following results describe the asymptotic distribution of resonances in a rectangular
complex neighborhood of Ey:

R =R(d1,02) = {E € C;ReFE € [EO — 01, B+ (51], —ImFE € [O, (52]}
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Let B, be the discrete set of approximated eigenvalues of P; in [Ey — 61, Ey + 1]:
(2.5) %h = %h(él) = {E S [Eo — (51, Eo + (51]; FE satisfies (1.1)} .
In what follows, the scales 1, do are

{ d, when Eg > 0,

01 = 02 = Lh

Lh#71,  when Ey =0,

for a small enough h-independent § > 0 and an arbitrary large fixed constant L.
Suppose that Vi and V5 cross only at = 0 below the level Ey:

{r € RiVi(e) = Va(e) < Bo} = {0},

and that the interaction does not vanish at x = 0: 7(0) # 0. Then we have the following
theorem (see [31] for the case where r(0) = 0).

Theorem 1. There exists a bijective map for sufficiently small h
zp By — Res(P)NR

and a non-negative smooth function D(E) = D(E;h) of E near Ey uniformly bounded with
respect to h > 0 small enough (explicitly given in Remark 2.1) such that, for any E € By,

(2.6) |2n(E) — E| = O(h+t),
(2.7) Im 2, (E) = —~D(E)hmit + O(h"),

uniformly as h — 0%, for some 0 < e < 1.

Remark 2.1. The coefficient D(E) is given by the following formulas. In the case Ey > 0,

(2.8) D(E) = 2T <Z i i) 2 (2(”@ 1>!> e i_,;g; r(0)2R? sin® <Séf) + 9) :

where v, = ‘/2(“) (0) — 1(n) (O)’ R=1,0= msgn v, when m is odd, and R = cos m,

0 = 0 when m is even. S(F) is the action of the directed cycle ~y:
c(E)

0
(2.9) S(E) ::/fd:L‘:?/(E)\/E—Vl(x)dac+2 ; VE - Va(x)de.

In the case Ey = 0, one has with m = 2n,

2 2
4 2 2n+1 E
(2.10) DE) = — (024, [ -y |, n=—"),
voqﬁn+1A/(E) Vo h2n+1

where A,, is a generalization of the Airy function (A1 = Ai)

(2.11) AN = 5 [ e <z /OW(A + 72)%) dn,

and v := /V{(0)V5(0) > 0, g, = |va|/(n!y/0).
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3. MICROLOCAL SCATTERING MATRIX

We now introduce a notion of microlocal solution. Let (xg,&y) be a point in the phase
space. We say that w € L?(R;C?) is microlocally zero and write

w=0at (1;0350)7

if there exists cutoff functions xi(x) € C§°(R) with xi(zo) # 0 and x2(§) € C§°(R) with
x2(&0) # 0 such that

x2(&)Fn(xa (z)w) = O(R).

Here Fj, is the semiclassical Fourier transform

(Frw)(E) :

—zx&/h )d.CL‘
\/7

We also say that w is a microlocal solution to the system (& — E)w = 0 at (xo,&p) if
(Z — F)w = 0 at (x0,&). It is well-known in the theory of semiclassical and microlocal
analysis (see for example [12], [33], [40]) that any locally normalized solution w to (& —E)w =
0 is microlocally supported on I'1 (F) UT'y(E), and that if w is microlocally zero at a point on
a connected component v of I'1 (E) Uy (E) \ I'1 (E) NT'y(E), then it is microlocally zero at
all the points on 7 (propagation of singularities). In our 1D setting, in particular, the space
of microlocal solutions on + is of dimension 1.

Let p € R, x R¢ be a crossing point p € I'1 (Ep) NT'2(Ep), and 2 a small neighborhood of p.
In the setting of the previous section, p = p4 = (0,+/Ep) or p_ := (0, —/Ey) when Ey > 0
and p = po := (0,0) when Ey = 0. But here we only assume the local crossing condition (2.2).

For each j = 1,2, let 'y?,’y? be respectively the incoming and outgoing component of

(T;(Eo) N Q) \ {p}. We can formally construct WKB solutions f7, ff, £, f2ﬁ to the system
Hw = Ew in the form

(3.1) £ =@t (g p).

J
—i/x,/E—vj(t)dt
0

where the sign + for the phase function ¢ is + [resp. —] if 77 is in the upper (§ > 0) [resp.
lower (§ < 0)] half plane of the phase space. The symbol o7 (z, h) is of the form

o= (). - ()

and each coefficient has a formal power series expansion in h

(3.2) o5 (k) = 0% (@)h!
=0

In particular, the leading terms are, with the notation 5 =3 —7,

S S r(x)
7400 =yt

The phase function ¢3(z) is given by

PN
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Let us take a resummation of the infinite series (3.2). Then the functions f? defined by
(3.1) are regarded as microlocal solutions on V5

(3.3) (Z—-E)f; =0 onn;, j=12, e=bht,
Moreover, fj' generates the one-dimensional vector space of the microlocal solutions on 'y;.

Theorem 2. For E € R and h small, there exists a 2 x 2 matriz T = T(E, h) such that if a
locally normalized vector-valued function w satisfies

(3.4) (Z -E)w=0 in Q)

(3.5) w=alfs onyl (=12, e=h.4),

then we have

() -nen ()

Moreover, T satisfies the asymptotic formulas

(3.7) T =1d — ihws (2 cg) + O(hi;;l), when Ey > 0 and p = py,
L1 (0 w 2=
(3.8) T =1d — ihm+T <w 0) + O(hm+1), when Ey >0 and p = p_,
) Lt (0 kK 2-e
(3.9) iT =1d — ihm+1 e 0] T O(hm+1),  when Ey =0 and p = py,
where w € C is given by
1
2m4+ D)\ m 1 m i m 42
1 = Uy | —————— E 2m+)TV [ ———— ,
(610 ey (1) o
¢ Ty S8n(va—v1) when m is odd,
(3.11) b =
cos [ when m is even.
2(m+1)

and k € R is given by
2
1 2n+1 E
2n+1 Qn
q An | — n n= :
VA " " Vo ’ h2n2+1
Remark 3.1. In terms of w and k, the coefficient D(E)of the resonance width in Theorem
1 are expressed as

(3.12) w() = 2270

2|wl? E
(3.13) D(E) = A|,c(u]|5) sin? (S;h) + arg w)
in the case Eg > 0 and
2
K
14 D(E) =
(3.14) B)= %5

in the case By = 0.
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4. LOCAL EXACT SOLUTIONS AND MICROLOCAL SCATTERING MATRIX

Let p be a crossing point in the phase space. Recall that p = (0,v/Ep) or (0, —/Ep) when
Ep > 0 and p = (0,0) when Ep = 0. In order to compute the microlocal scattering matrix 7T’
at p, we construct local exact solutions to the system (£ — E)w = 0 in a neighborhood I of
x=0.

We study this in this course only in the case Eg > 0. It is known that there exist exact
solutions ujc to the scalar Schrédinger equations (P; — E)u = 0 for each j = 1,2 characterized
by the semiclassical behavior in I, which is in the classically allowed region in the case Ey > 0:

£ (B - Vi(x)) 4exp< /Wdt)

o) — o — (Y —
W(uj,uj)—uj(uj)’—uj(uj)’——

<
(&

and
E.
Let K ]L and K jR be the operators acting on functions f in C5°(R) defined by

(41) K5 = g [ (@0 o) =5 @ ) S
(4.2 S I(uj(w)uj-—(y)—u;(x)u;(y)) Fw)dy.

As is well known, they satisfy
(Pj—E)K;f=f, (Pj—E)Kf=F

Using these operators, we construct exact solutions to the system by successive approxi-
mation. Let KJL and KJR be the operators

Kf =-hK]or(z), K'=-hK] or(z).

We suppose here that the smooth function r(z) has a compact support in I. Then K JL and
K JR are well defined for any smooth function without compact support.

We use the following lemma without proof.

Lemma 4.1. For S =L, R, we have

(4.3) K{ K5

By = O(hwi), HK§9K1 H — O(hwr).

This lemma implies that the infinite sums

00 00
Ty =) (KVKD) J5 =) (K5 KP)"
k=0 k=0

converge for sufficiently small % in the space B(C(I)) of bounded operators on C(I).
We then define 8 exact solutions: for S = L, R,

Jow wi 1
4.4 S = 12*%1 — 1 po———
(44 Y1 <K§J12w1> <K2Swf) +Ohm),
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(45) Wiy = (KS s ) - (KS F) o),

J21w2 w2

We easily see the asymptotic behavior of wﬁ 4 on the left of the origin I N {x < 0} and
that of wfi on the right of the origin I N {x > 0}. Let VJS,i be the eight portions of I';(Ejp)
in I x R¢ divided by crossing points:

Ve =Tj(Eo) N{(z,€) € I x Ryz < 0,+¢ > 0},
Y =Tj(Eo) N{(z,6) € I x Rz > 0,+¢ > 0},

Lemma 4.2. Modulo O(h), w£+ microlocally behaves like

L f1L7+ on ’yll:-ﬁ-’
(4.6) wy y = . . .
0 on vy _ Uy Uy _.
Similarly the other solutions w 'y and w . behave microlocally like
R R
Wk L n fix on v
. wiL = wiy =
Jt L L L Jt R R
0 onyzUng, Urse 0 onjE U, U

Proof. We only prove (4.6). Recall that, modulo (’)(hm%rl), we have
w£+ ="(uf ,K2u1)
and

Kjuf (z) =

[\3\@.

/ (0 () — g ) () () )
@ [l @y = S @) [ @t

—00 —0o0

[\J\N.

The last two integrals are oscillatory integral with integrand

_ r(y) o i . .
) B R E )} p<h/o(E Vi(t)® - (B = Va(t)) dt),

—~

uy (y)uf (y)r

r) <Z /y(E Vi(t)} + (B V(t))%dt>

1 T eXp | — — V1 — V9 .
(B —WVi(y))i(E - Va(y))s I Jo
The first integrand has a critical point at the crossing point y = 0 which is outside the

integration range, and the second one no critical point. Therefore, the integrals are both
O(h*°). This ends the proof. O

ug (y)u (y)r(y) =

The four solutions (wlLJr, w2L+, wl_ wl ) as well as the four solutions(w{l, w§+, wl_wl )

make two bases of exact solutions to the system Z2w = 0 in I. Therefore there exists a con-
stant 4 x 4 matrix A such that

L L L L R R R R
(4.8) (Wi 4, wy 4, wy s wy ) = (Wi, wy Wi, wy_)A.

According to the previous lemma, we find the following lemma:
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Lemma 4.3. The microlocal scattering matriz T at the crossing point (0,+/Ep) is the 2 X 2
block matrixz of A1 of
A Ag
A=
(A21 Ago
defined by (4.8)

We are now going to compute A at the principal level modulo O(hmiﬂ) in the semiclassical
limit. We rewrite the definition (4.8) of A in the form

(w1’+)’ (w2’+)’ (w1,—)/ (w2’_)’ (w1’+)’ (w2’+)’ (w1,—)/ (w2’_)’ ’

and look at this identity at # = 0. Here ’ stands for the derivative with respect to x. Notice
that the both sides are 4 x 4 matrices. The first column vector on the left hand side is

“(uf (0), (K5 uf)(0), (uf ) (0), (KFuf)'(0)).

The term K2 uj (0) is expressed in a linear combination of uj (0) and uy (0).

Rhat© =5 [ (@) ) w3 () @) ro)uf @dslas

0
=5 [ 00 0) i 0 W) rd ()

with

L A L U

ar =5 | w@u@riy)dy. a-=—5 [ uy(y)uy@)rydy.
Similarly, (KFu{)/(0) is written in linear combination of (u3)’(0) and (uz)'(0):

(K5ui) (0) = ef (ug)'(0) + ¢ (u3)'(0).
We define a matrix B by

ui (0) 0 uy (0) 0
B_ 0 uy (0) 0 uy (0)
(uy)'(0) 0 (u1)'(0) 0
0 (u3)'(0) 0 (uz)'(0)
Then
( wf-‘r wé:-‘r ’LU{:_ wi— ) ‘ —0 = B(I—l—CL)
(wiy) (wyy) (wf_) (wy_))" ’
Wi o wyy o wioo wy ) | B(I+CH)
((wﬂ)’ (i) (wi)y (wg ) )=~ ’

where C°, S = L, R is given by



RESONANCE ASYMPTOTICS WITH DEGENERATE CROSSINGS 11

where
i [0 i [0
o= | @, =5 [ wtwuiwrma.
i [0 i [0
ko= [ w i, b =5 [ s
i [0 i [0
iy =5 / _ W W)r(y)dy, =5 / N ul (Y)ug (v)r(y)dy,

and cfi is C]L ‘. with the lower endpoint of the integral replaced by +ooc.

1
Remark here that C*, C® are of O(hm+1). In fact, as in the proof of Lemma 4.2, the
entries 63-9 . are oscillatory integrals possibly with a critical point at the origin. The order
of this critical point is the contact order n = m of the two potentials, and hence by the

degenerate stationary phase method, we see that it is of order hﬁ.
Then we obtain, for A small enough,
A= (T +CH1+c0h)
=T+ CE— CR 4+ O(hmet)
0 cor 0 cyy
1 |ar O e O opai),

0 Co— 0 Cq_
Cl— 0 C3_ 0
where
=y [l e, e
=g [ @ @G, =3 [l wrwi
Cay = ;/_O; uy (Y)uy (y)r(y)dy, e =—3 /_Z up (y)uz (y)r(y)dy,
e = [ ur ) @)y, =5 [ ut e @)y

The semiclassical asymptotics of these entries is obtained by the stationary phase method
again as in the proof of of Lemma 4.2. The aniti-diagonal entries ci4, cot of the block Ajq,
which is the scattering matrix at the crossing point (0,+/Ejp), and c3_, c4— of the block Ago
have a degenerate stationary point at the origin, whereas those in the blocks Ao, As; have
no critical point.

More precisely, we have the following asymptotic formula, which gives Theorem 2.
Lemma 4.4.
(4.10) Cre = —iwh + O(ha1),  cyy = —iwhet + O(hiw),

where w is given in Theorem 2 by (3.10).
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5. FROM MICROLOCAL SCATTERING MATRIX TO RESONANCES

Suppose E is a resonance in R and w a corresponding resonant state:
Pw = Fw.

Recall that w is exponentially decaying as 2 — oo in our setting, and hence w € L?([zq, +00))
for any zp € R. We take z( such that xg < ag. Then {(z,&);z = z¢} intersects with I's(Ep)
at two points (zg, +&) with & = /Ey — Va(xg) > 0, and has no intersection with I';(Ep).
The point (zg,&p) is on the incoming classical trajectory =i, from infinity to a crossing point,
and (xg, —&p) is on the outgoing classical trajectory 7oyt from a crossing point to infinity.

We have
= {(Z = E)w, w) 12 (o, +o0))
= [hDaw|7 2y o0y = BN T2 (10 100y — B (W' (0), w(@0)).
Taking the imaginary part, one has
I - [[0]] 2y o0y = —h2(wh (@0)wr(@0) + wh(wo)wa(zo))-

Near x = xg, we are far from the crossing points and the turning points, and the WKB
expression is valid. Modulo O(h), the first component w; of w is 0, and the second component
wy is of outgoing WKB form with its derivative:

w2Na‘)‘ltlxp<_/ VE — Vit dy)

(B — Va(z))1
ﬂévaﬁaomxza Va(x)) 7 ex ( j/ \/E7V§dy>
for some constant agyut, which yields
wh(0)wa(E0) ~ laou®

The microlocal asymptotic behavior of w for x near x( is expressed as

(5-1) W = out four  ON Yout,
(5.2) w=0 on ip.

On the other hand, if w is normalized on any portion v; of I'; free from crossing point and
turning point as

(5.3) w=f, onm,
then it turns out (see [15] and [5]) that

10122 (a0 400y = 24 (E) + O(hS + het).
Thus we obtained a formula of the resonance width:

Lemma 5.1. Let aoyt be the constant determined by (5.1) for the resonant state w normalized
by (5.3). Then the resonance width is asymptotically given by

h‘aout|2

MAoutl” (g5 4 pmet)
2A,(E)+ (h3 + :

(5.4) ImE = —
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Thanks to Lemma 5.1, the study of resonance width is reduced to the computation of
the microlocal data ayy on the outgoing tail v,y of a resonant state w which is normalized
microlocally at a point on I'1 (Ep).

This is just an elementary computation using the microlocal scattering matrices. Let us
do it in the case Eg > 0. (I'1(Ep) UT'2(Ep)) \ (I'1(Eo) N I'2(Ep)) consists of 5 connected
components: two unbounded components vin, Yout € I'2(Fo) and three bounded components
Y45 71,0 C T'1(Eo) and vo C I'2(Ep). Here vy 4 starts from p_, and ;| starts from p .

We normalize w on 7y 4+ near py
w= firon g,
where fi 1 is the microlocal WKB solution whose phase is normalized at py, i.e. defined by
fri &dx for p € y14 near py.

Since w is a resonant state, it should be microlocally zero on 7i,. Then the two microlocal
data on the incoming trajectories are given near p,, and hence the microlocal scattering
matrix there gives the two microlocal data on the outgoing trajectories v; | and ~o:

w = t;rlflfi on 1,

w= t;rlf; on "o,
where tjk are the (j, k) entry of the microlocal scattering matrix 7" at p;. Remark that the
microlocal WKB solutions f; and f> are normalized at p..

Now we continue the microlocal WKB solutions ffr ! and f;r along 71, and 72 respectively.
The continuation is unique by the propagation of singularities and explicitly given again in
the WKB form near p_:

1 (P
w = t]; exp (h/ Edx — 22) fl,i on i,
Y1,
w= t;rl exp <lZ1 Edr — gz> fy on .
72
Here §i is the Maslov index counted at the turning points v1,, N {{ = 0} and v, N {{ = 0}.

Finally we go through the crossing point p_ using the microlocal scattering matrix at this
point. We then obtain

. _ i _ i
w=—i (tﬁtm exp (h/ {dw) + 3,5 €XP <h/ fdw)) fout  ON Yout,
Y1,4 2

that is,
ot 1 o i
Qout = —ztﬁt21 exp (h/ §dm> — zt%ﬁtm exp (h/ §da;) .
V1,4 Y2

1 1 1
Recall that t; = ty, = 1, t4; = —iwh™m+1, t;; = —iwhm+1 modulo O(hm+1), and that

/mgdx—/w cdz = A(E) — S(E).

This, together with the fact that E satisfies the Bohr-Sommerfeld quantization rule (1.1),
give the formula (3.13) of the resonance width in Remark 3.1.
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The formula (3.14) in the case Ey = 0 is obtained similarly, and we omit the proof.
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