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F : ℝd → ⋯ → ℝn g ℝm → ⋯ → ℝ

𝒟(g) : (ℝn → ℝm, )

𝒟1(g)(x) := g(x),

𝚐𝚛𝚊𝚍(F)(x) := 𝚕𝚎𝚝 (_, d) = 𝒟(F)(x) 𝚒𝚗 d(x,1)

CHAD
𝒟(g) ≃ (x, ·y) ↦ (g(x), 𝒥x(g)T ⋅ ·y)

≃ (x ↦ g(x), )(x, ·y) ↦ 𝒥x(g)T ⋅ ·y

!ℝn ⊗ ℝm ⊸ ℝn

𝒟2(g)(x, ·y) := 𝒥T
x(g) ⋅ ·y
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• eg. jax.cond, jax.switch, jax.loop,…

• Back-propagator (+ linear factoring)
• Simple "operator overloading"

𝒟(A ⇒ B) := 𝒟(A) ⇒ 𝒟(B)

𝒟(A × B) := 𝒟(A) × 𝒟(B)
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(x, ·x) if A = ℝn
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• CHAD (and/or) Dialectica
• "Grothendieck construction" (or Dialectica interpretation) on a linear logic

𝒟1(A ⇒ B) := 𝒟1(A) ⇒ 𝒟2(B) × (𝒟2(B) ⊸ 𝒟1(A)) 𝒟2(A ⇒ B) := !𝒟1(A) ⊗ 𝒟2(B)

𝒟1(A × B) := 𝒟1(A) × 𝒟2(B) 𝒟2(A × B) := !𝒟1(A) × 𝒟2(B)
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derivatives are a 
‘continuous’ notion

boolean values are 
‘discrete’
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Indeed, this is a well-known problem:

The set of errors 
is negligible
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All functions  are:

• continuous on their domain

• if not-identically zero,  is negligible

g

g−1(0)

Not too restrictive:

• satisfied by any analytic function

• (non-differentiable) functions definable within PCF, e.g.:


max(x, y) := 𝚒𝚏 x ≤ y 𝚝𝚑𝚎𝚗 x 𝚎𝚕𝚜𝚎 y

reLU(x) := 𝚒𝚏 x ≤ 0 𝚝𝚑𝚎𝚗 0 𝚎𝚕𝚜𝚎 x
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