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An application of AD

del el x2):
z1l = X1xx2 + X2%%2
z2 = jnp.exp(-z1)
z3 = X1*k%2 + (x2-1)%%2

z4 = jnp.exp(-z3)
z5 = z24 - 72
return z5

q—

x1 = jax.random.uniform(key=key1l)
X2 = jax.random.uniform(key=key2)
d_f = jax.grad(f, (0, 1))

lr = 0.1

for i in range(10):
dx1, dx2 = d_f(x1, x2)
x1 —= 1lr *x dx1
x2 —= lr % dx2




An application of AD

Automatic differentiation
(AD)

def f(X1,x2): x1 = jax.random.uniform(key=key1l)

X2 = jax.random.uniform(key=key2)
d_f = jax.grad(f, (0, 1))
lr = 0.1
for i in range(10):
dx1, dx2 = d_f(x1, x2)
X1 —= 1lr x dx1
X2 == lr x dx2

z1l = X1xx2 + X2%%2

z2 = jnp.exp(-z1)

z3 = X1*k%2 + (x2-1)%%2
z4 = jnp.exp(-z3)

z5 = 24 - 72

return z5
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AD compositional

ograd(let y= G in H) » let y = grad(G) in grad(H)

h
* Make the chain rule compositional: R > > R > R

0(h ° g)(x) = dh(g(x)) - 0g(x)

* Propagating K’cangents :
D(F) == (x,x) = (F(x), 0(F)(x) - x)

PD(let y=G in H) 2~ let (v,9) = D(G) in D(H))
grad(F)(x) ~ ,(D(F)(x,1))
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“Tape” (as e.g. In Jax)

F(x1, x2):

2zl = x1 % x2
z2 = 71 %k z1
return z2

f J_prod(x1,x2):
return np.array([[x2,x1]])

T J_exp(yl,y2):
return np.array([[y2 * (yl %k (y2-1)),(yl %k y2) * np.log(yl)]l])

f J_diag_t(a):
return np.array([a[@]+a[1]])



“Tape” (as e.g. In Jax)

f DF_nonlin(x1, x2):
z1l = X1 x x2
jz1l = J_prod(x1,x2)
z2 = z1 *x z1
jz2 = J_exp(z1,z1)
return (z2, jzl1, jz2)

f DF_lin(dz2, jzl1, jz2):
dz1l = jz2.transpose() @ dz2

dz1l_dup = np.array([dz1[0]+dz1[1]])
dx = jzl.transpose() @ dzl_dup
return dx

- jax_grad_F(x1, x2):
(_, jz1, jz2) = DF_nonlin(x1, x2)
return DF_lin(np.array([[1]1]), jz1, jz2)
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Back-propagators (+ linear factoring)
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Back-propagators (+ linear factoring)
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D(g)(x,b) = (g(X), ¥ . (L ()" - 1))

grad(F)(x) :=1let (_,b) = §(F)(X, AX.X) in b(1)



Back-propagators (+ linear factoring)

aeT DF(X]-; X2' Xb):
2zl = x1 *x X2

zlb = lambda dzl1l: xb(J_prod(x1,x2).transpose() @ dzl)
22 = 21 *xx z1
z2b = lambda dz2: J_diag_t(z1b(J_exp(z1,z1).transpose() @ dz2))

return (z2, z2b)

def DF_opt(x1l, x2, xb):
2zl = x1 *x X2

zlb = lambda dzl: xb(J_prod(x1,x2).transpose() @ dzl)
z2 = 21 xx z1
z2b = lambda dz2: z1b(J_diag_t(J_exp(z1l,z1).transpose() @ dz2))

return (z2, z2b)

def bp_grad_F(x1, x2):
_, b = DF_opt(x1, x2, lambda dx:dx)
return b (np.array([[1]]))
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arad(F)(x) = let (_,d) = D(F)(x) in d(x.1)
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 Considered just basic control flows, work-in-progress...

« Specific constructions, not completely understood from a theoretical point of view

* eg. jax.cond, jax.switch, jax.loop,...

 Back-propagator (+ linear factoring)

- Simple "operator overloading"”
— — — — “— —
DA X B) := D(A) X D(B) A {(x, %) ifA=R DAxA.G) = 1D(x). D(G)
D(x?) =

(A :
<@(A = B) := §(A) N §(B) x?@  otherwise

D(GH) = D(G)D(H)

e CHAD (and/or) Dialectica

- "Grothendieck construction” (or Dialectica interpretation) on a linear logic

D (AXB) = D,(A) X Do(B) D,(AXB) = D,(A) X D(B)

DA = B) = D,(4) > DoB) X (DoB) = D,(4)  DyA = B) = 1T,(A) ® D(B)
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derivatives are a boolean values are
‘continuous’ notion ‘discrete’



AD may go wrong

epoch 0, x = 0.0 y = 0.00, dx = 4.18
epoch 1, x = -1.0 y = 5.00, dx = 10.00
epoch 2, x = -2.0 y = 20.00, dx = 10.00
epoch 3, x = -3.0 y = 45.00, dx = 10.00
epoch 4, x = -4.0 y = 80.00, dx = 10.00
epoch 5, x = -5.0 y = 125.00, dx = 10.00
epoch 6, X = -6.0 y = 180.00, dx = 10.00
epoch 7, x = =7.0 y = 245.00, dx = 10.00
epoch 8, x = -8.0 y = 320.00, dx = 10.00
epoch 9, x = -9.0 y = 405.00, dx = 10.00

def fake_p(x): X = jax.random.uniform(jax.random.PRNGKey(1))

def _g(x, n): d_fake_p = jax.grad(fake_p)
if x > 0: lr = 0.1
return ((x-n)*x2)/(2x1lr) for i in range(10):
elif x == 0: dx_fake = d_fake_p(x)
return x/lr+(n*x2)/(2%1r) x —= 1r * dx fake
else: _

return _g(x+1, n+1)
return _g(x,0) @ Alex Lew & Mathieu Huot (NeurlPS 2021)
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Indeed, this is a well-known problem:
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1976

return ((x=n)*x%x2)/(2%lr)

Permanent Link:
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Joss Theorem on PCF

There exists a family of not-identically zero maps All functions g are:
18;}ien» composition of functional symbols of PCF  continuous on their domain
and projections, s.t.: « if not-identically zero, g~1(0) is negligible

Fail(F) € () ¢7'(0)

ieN

Not too restrictive:
- satisfied by any analytic function
 (non-differentiable) functions definable within PCF, e.g.:

max(x,y) :=1f x <y then x elsey

reLU(x) ;= if x <0 then 0 else x
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