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1 Stirlingnumbers
k cyclepermutations in iink fignless Stirling of istkind
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Triangle recurrences
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Generating functions
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2 Algebras Hilbert
functions series

A A Azt with Ai AjcAigAt Ai
a gradedassociative k algebra

hasHilbert series
Likafield

HilbCAt ÉidmIItalledHisggy

9 Hill Iii man II Iie
E at

exterioralgebra xixj xjxi.to

e.g Hilb kly Yul t Ii MiYE En
Syria whereU spanky in
polynomialalgebra
commutative yiYFyjy





























































































Chik are also aHilbertfunction

fortwoalgebras A with HillsA Eican i t atleast lith it

A TITI.FI jen xijxin Xijxjktxintjk ieicjsken

Z's 2 EQ Zi z forit
configuration

viAngad
H confulft Tigaffants

groupcohomologyofpure
braidgroupPBn for Eighty

f OrlikSolomonalgebraoftypeAnbraidarrangement
or aeYIÉj a

AtÉÉÉFjj ii xp xijxik xijxjktx.sk ki ishen

H Conf Rd Ik for d 3,57 odd

I
FGkn gradedVarchenkoGelfandringoftypeAn braidarrangement





























































































Whydotheyhave HillsA t atleast Attnit Einenist

FCohen'sproofshows thesepresentations

Ak xijlieicj.sn xijXik XijXjktXikxjk ieicjsken

Kfi is jen x xijxik Xijxjktxiktjbkig.sken

keen bit.EE presentations

withinitialtermsunderlinedingreen giving

standardmonomial lkbases for A

squarefreeproducts of atmostonevariablefromthese
sets

712 713,723 714,729,734 XinYan Kin

Itt 11 27 fi 3t City 1 t





























































































Are the Stk also a Hilbertfunction

Yes
p.tk g nyt IiSG

Dtiin i ti Hilb Ait

where At is the Koszuldualalgebra

foreitherof thequadraticalgebras

A H Confuted 1

Air xijlieicjenfxijxik Xijxjktxiktjklieig.sken d 2,46
I
1k i isisen xit xijxik Xijxjktxik.tk isiajsken d 3 5 7





























































































3 Koszul algebras theirKoszulduals

DEFINITION A A Ao A At

a standardgraded
itinectedassociative 1kalgebra

means

A Gig I for a two sidedideal
I c ka xnfreeas It algebra which is homogeneous

tensoralgebraTV I IIIon V span x xn

where I TUMI





























































































Pitman A is a Kosalalgebra if thereexists a
free A resolution of k A

Ita Aso

havingall linearmaps

am a

A ka Xu I Kosal 7 I is quadratic

I Is
isgeneratedby I In TV





























































































THEOREMWhen A is Kostal its quadraticdualalgebraA
Priddy1970

defined by A
Iggy

J where J Ja
with

for spanLyn in Jj ICTVwith Cy Si VX

givesanexplicit linearfreeAresolutionofIkbuilt on AXA

AXA3 A 0 it Ax A A k o

now called Priddy'scomplex

COROLLARY Hills A t Hills A t 1 whenA is Kostal

i e Hilbl A t Hitft





























































































Moregenerally agroupGofgradedsymmetriesofA alsoacts on A

andhasvirtinatifittaracter identities recurrences

Hilbeg A t Hilbeg A E 1 in R G at
Tngoffhffesters

or equivalently

7 A CAI Aj Ai's this t I Ai in RG





























































































EXAMPLE

A Gagne
1km n

Effigy
is Kosal

is itsKoszuldualA

Iggy
1124

NITES where Ifc TV

andPriddy's complex sua Kosal complexresolvinglb over ly

o sNVASymA t Avxqfymft Vosymy Symft n ik to

XinX 7 YiXj YjXi





























































































Howtoprove analgebra A is Kosal

THEOREM When A is commutative or anticommutative
Ikari XI Aila xn I

IÉÉkÉÉFuse and I has aquadraticGrabner
basis forsome

monomial order on IkCx xn or likes n thenA is Koszul

e g A H ConfnIrd 1k is Kosal

Ak xijlieicjenfxijxik Xijxjktxiktjklkig.sken d 24,6

KE i is jen x xijxik Xijxjktxik.tk kicjeken d 3,517

A Kyi sign Yj The i nah Lij YikTimeigaen
is itsKoszuldual

whereCarb 91,8 ifLeger

REMARK Supersolvablehyperplanearrangements are lurkinghere





























































































COROLLARY A ItfConfaliRd7i1k7f

devenoroddhaveHilbCAt.t
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Topological
REMARK A H Conf pd 1k for d23

has

A I HSRConfulird Il

Y pp.tt
Studiede.g byCohen Gitter2002

whocalleditspresentation infinitesimalbraid relations

Yj The
0 for lijlnlk.to

YijYiktyjk
0 forkicjaken





























































































4 Representationtheory

A H Conf Dd 1k carry
actionsofthesymmetricgroupG on 12 in

What dothe G representations

onthegradedcomponentsofA A looklike

Canonedecomposethem
intothe

G irreduciblerepresentations

indexedbypartitions A Ap27e
of n

A H'ConfnRd Stirlingrepsof istkind have

generatingfunction
formulas involvingplethysms

Sundaram Welker1997

implemented in SAGE cocalcbyTKarn





























































































n 4 at at t Gt total repin

Ao A Az A ungraded

sp sp sp sp RLG
diff Sai

sp Sasa Sp regularrep

2copiesof
Sp Sp

designed
Sa

Sa sp MGH.GG

Spy Spy Spy
Spy spy





























































































Whatabout n 234
shik

AG for
Acn H'Confulird

dimAfny SC iti.n
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THEOREM ThetriangularStirlingrecurrences

Hmm'daÉm 25 ahh cut kn t ni cen ik

Sink Scat kn t k Slutsk

lift toshortexactsequencesofgradedG representations

describinghow AfD and Afr branch restrict fromGtoG

definingpermutation

repofG I

o Alan AG Ea XIE AGDH o
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This reflects a generalKoszulalgebrabranching relation

OROPOSITIONARS20237

on a
g Iconfird Hanford

GivenKoselalgebras BC A
withsymmetries H G En In
and a KH module U

one has a sequence of characteridentities in
R H

A IF Bi t Uxo Bit for A

I
forAA IF Bit to Al tf





























































































Representation Stability

DEFINITION AsequenceofG representations Vn n 42,3
hÉar2013 are calledrepresentation

stable if

some Naqand
partitions A 714 XH

multiplicities G Ca Ct

suchthat then one has ye f'ii
t yes

THEOREM Fixing220 Mildconffed ispepresentation
stable

hurtful
2013

Iterggggy The
abovestabilitystarts at n 3i for 23,57 odd

4i for d 2,46 even





























































































THEOREM
Assuming AM z

are Kosal then
CARLA

Acn
a tep

stablepast n c i samefor Aln In1,2

Coronary ForAcn H Conf.GR
A

the Afn arerep stablepast n 3i for 1 3,57 odd
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THEOREM
CARS20234

Hilbeg
H'Confn Ird t isdivisibleby att ford 24,6 even

because multiplicationby xtxat.tk makes
H'confused A

a Gequivariantexact cochaincomplex

on It H It It so

Yuzvinsky2001

Hib A t isdivisibleby attt ford 24,6 even

becausemultiplication on therightbyYtyat yn

givesGequivariantinjectivemaps

A s Ai At





























































































Permutationrepresentations

The G representations on Ai Hildconfurd are

notpermutationrepresentations

But whend2,46 even

A turnedoutbepermutation
representationssurprisingly

often

for i o e and I a permrepfor I 2

for n 7,23,4 5

butfailedfor ng with
3

a

checkedwithTKarn's
BurnsideSolver

Wereallydon'tunderstandwhy





























































































Thanks for your attention
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