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Online Stochastic Matching

oProblem statement: sequentially matching agents (supply resources, 
customer queries) in a graph with stochastic arrivals

o Expansive literature in computer science / operations research

• Online matching: Karp et al. [’90], Manshadi et al. [‘12], Jaillet and Lu [’14]…

• Control of matching queues: Gurvitch and Ward [‘14], Tsisiklis and Xu [‘17]…

o Overarching research objective: Dynamic market environments

• Dynamic arrivals

• Serial correlations
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Online Stochastic Matching

oOnline matching problem: sequentially matching supply (resources) with 
demand (customer queries) across a bipartite graph

oExpansive literature in computer science / operations research

• Online matching: KVV [’90], MGS [‘12], JL [’14], PPSW[‘21]…

• Matching queues: CK [‘09], GW [‘14], AAGK [‘17], TX [‘17]…

Optimization-based matching policies for dynamic processes

• Dynamic arrival/departure process

• Correlated arrival process
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Dynamic Stochastic Matching 
Under Limited Time

Joint work with Omer Saritaç (LBS) 



Role of “Timing” in Matching Platforms

o Matching markets are dynamic (= new agents enter or abandon the market)



Role of “Timing” in Matching Platforms

o Matching markets are dynamic (= new agents enter or abandon the market)

“Longer initial wait times enabled the 
app to make more efficient matches” 

E.g., Car-Pooling 1

1 Korolko et al. [‘19], HBS case study: The Launch of Express Pool [‘18] 



Contributions—what’s coming

• Modeling approach: Dynamic stochastic matching

• Simple provably good matching algorithms
o New mathematical programming relaxations
o Threshold policies, online correlated rounding

• Numerical simulations-car-pooling system 

I

3

2



Dynamic Stochastic Matching Model



Dynamic Stochastic Matching Model
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E.g., Car-pooling
Type = (Origin, Destination, “Patience”)
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Dynamic Stochastic Matching Model

Poisson arrivals
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Dynamic Stochastic Matching Model
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Dynamic Stochastic Matching Model

Abandonment cost:
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Dynamic Stochastic Matching Model

Cost Minimization Problem

Reward Maximization Problem

Abandonment cost:

µi
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“Classical” Online 
Matching

Our Setting

When agents arrive? Online/Offline Dynamic (Poisson)

When to match? Immediately Stopping time problem

Horizon? Finite Steady-state (avg. cost)

Algorithm design Competitive algorithms ?
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Performance of Batching Policies?



Batch window

Performance of Batching Policies?

Theory & practice: ABDJSS [’18], YZKW [‘19]
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<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>



Batch window

Performance of Batching Policies?

T
<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

Informal Theorem  [A. and Saritac ’20]: In the min-cost setting, the performance guarantee 
of the batching policy with optimal batch window can be arbitrarily bad.

Theory & practice: ABDJSS [’18], YZKW [‘19]



Proof construction:

Performance of Batching Policies?

Informal Theorem  [A. and Saritac ’20]: In the min-cost setting, the performance guarantee 
of the batching policy with optimal batch window can be arbitrarily bad.
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<latexit sha1_base64="gepPksAglQ2ezdGdcugOI8qVg+8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVTJF0I1QdOOygn1AE8NkMmmHTiZhZiKUkK0bf8WNC0Xc+gfu/BunbRbaemDgcM653LknSDlT2nG+rcrK6tr6RnWztrW9s7tn7x90VZJJQjsk4YnsB1hRzgTtaKY57aeS4jjgtBeMr6d+74FKxRJxpycp9WI8FCxiBGsj+TZ0uQmH2EfwErqRxCRHRe7SVDGeiPtm4dt1p+HMAJcJKkkdlGj79pcbJiSLqdCEY6UGyEm1l2OpGeG0qLmZoikmYzykA0MFjqny8tklBTwxSgijRJonNJypvydyHCs1iQOTjLEeqUVvKv7nDTIdXXg5E2mmqSDzRVHGoU7gtBYYMkmJ5hNDMJHM/BWSETZ1aFNezZSAFk9eJt1mAzkNdHtWb12VdVTBETgGpwCBc9ACN6ANOoCAR/AMXsGb9WS9WO/WxzxascqZQ/AH1ucPs6+ZtA==</latexit><latexit sha1_base64="gepPksAglQ2ezdGdcugOI8qVg+8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVTJF0I1QdOOygn1AE8NkMmmHTiZhZiKUkK0bf8WNC0Xc+gfu/BunbRbaemDgcM653LknSDlT2nG+rcrK6tr6RnWztrW9s7tn7x90VZJJQjsk4YnsB1hRzgTtaKY57aeS4jjgtBeMr6d+74FKxRJxpycp9WI8FCxiBGsj+TZ0uQmH2EfwErqRxCRHRe7SVDGeiPtm4dt1p+HMAJcJKkkdlGj79pcbJiSLqdCEY6UGyEm1l2OpGeG0qLmZoikmYzykA0MFjqny8tklBTwxSgijRJonNJypvydyHCs1iQOTjLEeqUVvKv7nDTIdXXg5E2mmqSDzRVHGoU7gtBYYMkmJ5hNDMJHM/BWSETZ1aFNezZSAFk9eJt1mAzkNdHtWb12VdVTBETgGpwCBc9ACN6ANOoCAR/AMXsGb9WS9WO/WxzxascqZQ/AH1ucPs6+ZtA==</latexit><latexit sha1_base64="gepPksAglQ2ezdGdcugOI8qVg+8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVTJF0I1QdOOygn1AE8NkMmmHTiZhZiKUkK0bf8WNC0Xc+gfu/BunbRbaemDgcM653LknSDlT2nG+rcrK6tr6RnWztrW9s7tn7x90VZJJQjsk4YnsB1hRzgTtaKY57aeS4jjgtBeMr6d+74FKxRJxpycp9WI8FCxiBGsj+TZ0uQmH2EfwErqRxCRHRe7SVDGeiPtm4dt1p+HMAJcJKkkdlGj79pcbJiSLqdCEY6UGyEm1l2OpGeG0qLmZoikmYzykA0MFjqny8tklBTwxSgijRJonNJypvydyHCs1iQOTjLEeqUVvKv7nDTIdXXg5E2mmqSDzRVHGoU7gtBYYMkmJ5hNDMJHM/BWSETZ1aFNezZSAFk9eJt1mAzkNdHtWb12VdVTBETgGpwCBc9ACN6ANOoCAR/AMXsGb9WS9WO/WxzxascqZQ/AH1ucPs6+ZtA==</latexit><latexit sha1_base64="gepPksAglQ2ezdGdcugOI8qVg+8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVTJF0I1QdOOygn1AE8NkMmmHTiZhZiKUkK0bf8WNC0Xc+gfu/BunbRbaemDgcM653LknSDlT2nG+rcrK6tr6RnWztrW9s7tn7x90VZJJQjsk4YnsB1hRzgTtaKY57aeS4jjgtBeMr6d+74FKxRJxpycp9WI8FCxiBGsj+TZ0uQmH2EfwErqRxCRHRe7SVDGeiPtm4dt1p+HMAJcJKkkdlGj79pcbJiSLqdCEY6UGyEm1l2OpGeG0qLmZoikmYzykA0MFjqny8tklBTwxSgijRJonNJypvydyHCs1iQOTjLEeqUVvKv7nDTIdXXg5E2mmqSDzRVHGoU7gtBYYMkmJ5hNDMJHM/BWSETZ1aFNezZSAFk9eJt1mAzkNdHtWb12VdVTBETgGpwCBc9ACN6ANOoCAR/AMXsGb9WS9WO/WxzxascqZQ/AH1ucPs6+ZtA==</latexit>
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✏
<latexit sha1_base64="8icCp9yoM772VX3ksO7SVwVUyoQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRF0I1QdOOygn1AE8JkMmmHTmbCzEQoITs3/oobF4q49Rfc+TdO2yy09cDA4ZxzuXNPmDKqtON8W5WV1bX1jepmbWt7Z3fP3j/oKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YXjm6nfeyBSUcHv9SQlfoKGnMYUI22kwD72mAlHKGjCK+jFEuHcLXKPpIoywYvArjsNZwa4TNyS1EGJdmB/eZHAWUK4xgwpNXCdVPs5kppiRoqalymSIjxGQzIwlKOEKD+f3VHAU6NEMBbSPK7hTP09kaNEqUkSmmSC9EgtelPxP2+Q6fjSzylPM004ni+KMwa1gNNSYEQlwZpNDEFYUvNXiEfIlKFNdTVTgrt48jLpNhuu03Dvzuut67KOKjgCJ+AMuOACtMAtaIMOwOARPINX8GY9WS/Wu/Uxj1ascuYQ/IH1+QN6F5kR</latexit><latexit sha1_base64="8icCp9yoM772VX3ksO7SVwVUyoQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRF0I1QdOOygn1AE8JkMmmHTmbCzEQoITs3/oobF4q49Rfc+TdO2yy09cDA4ZxzuXNPmDKqtON8W5WV1bX1jepmbWt7Z3fP3j/oKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YXjm6nfeyBSUcHv9SQlfoKGnMYUI22kwD72mAlHKGjCK+jFEuHcLXKPpIoywYvArjsNZwa4TNyS1EGJdmB/eZHAWUK4xgwpNXCdVPs5kppiRoqalymSIjxGQzIwlKOEKD+f3VHAU6NEMBbSPK7hTP09kaNEqUkSmmSC9EgtelPxP2+Q6fjSzylPM004ni+KMwa1gNNSYEQlwZpNDEFYUvNXiEfIlKFNdTVTgrt48jLpNhuu03Dvzuut67KOKjgCJ+AMuOACtMAtaIMOwOARPINX8GY9WS/Wu/Uxj1ascuYQ/IH1+QN6F5kR</latexit><latexit sha1_base64="8icCp9yoM772VX3ksO7SVwVUyoQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRF0I1QdOOygn1AE8JkMmmHTmbCzEQoITs3/oobF4q49Rfc+TdO2yy09cDA4ZxzuXNPmDKqtON8W5WV1bX1jepmbWt7Z3fP3j/oKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YXjm6nfeyBSUcHv9SQlfoKGnMYUI22kwD72mAlHKGjCK+jFEuHcLXKPpIoywYvArjsNZwa4TNyS1EGJdmB/eZHAWUK4xgwpNXCdVPs5kppiRoqalymSIjxGQzIwlKOEKD+f3VHAU6NEMBbSPK7hTP09kaNEqUkSmmSC9EgtelPxP2+Q6fjSzylPM004ni+KMwa1gNNSYEQlwZpNDEFYUvNXiEfIlKFNdTVTgrt48jLpNhuu03Dvzuut67KOKjgCJ+AMuOACtMAtaIMOwOARPINX8GY9WS/Wu/Uxj1ascuYQ/IH1+QN6F5kR</latexit><latexit sha1_base64="8icCp9yoM772VX3ksO7SVwVUyoQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRF0I1QdOOygn1AE8JkMmmHTmbCzEQoITs3/oobF4q49Rfc+TdO2yy09cDA4ZxzuXNPmDKqtON8W5WV1bX1jepmbWt7Z3fP3j/oKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YXjm6nfeyBSUcHv9SQlfoKGnMYUI22kwD72mAlHKGjCK+jFEuHcLXKPpIoywYvArjsNZwa4TNyS1EGJdmB/eZHAWUK4xgwpNXCdVPs5kppiRoqalymSIjxGQzIwlKOEKD+f3VHAU6NEMBbSPK7hTP09kaNEqUkSmmSC9EgtelPxP2+Q6fjSzylPM004ni+KMwa1gNNSYEQlwZpNDEFYUvNXiEfIlKFNdTVTgrt48jLpNhuu03Dvzuut67KOKjgCJ+AMuOACtMAtaIMOwOARPINX8GY9WS/Wu/Uxj1ascuYQ/IH1+QN6F5kR</latexit>

c(1, 2) = 1
<latexit sha1_base64="WEgx+ocyhSchYaPE/fYUK+gqc7s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRNKehFKHrxWMF+YLuUbJptQ7PZJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8/xYcG1c99vJra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3DjWCdWDES+oK1/fHtzG8/MaV5JB/MJGZeSIaSB5wSY6VHWsYX1XN0jXC/WHIr7hxoleCMlCBDo1/86g0imoRMGiqI1l3sxsZLiTKcCjYt9BLNYkLHZMi6lkoSMu2l84un6MwqAxREypY0aK7+nkhJqPUk9G1nSMxIL3sz8T+vm5jgyku5jBPDJF0sChKBTIRm76MBV4waMbGEUMXtrYiOiCLU2JAKNgS8/PIqaVUr2K3g+1qpfpPFkYcTOIUyYLiEOtxBA5pAQcIzvMKbo50X5935WLTmnGzmGP7A+fwBd9eOzw==</latexit><latexit sha1_base64="WEgx+ocyhSchYaPE/fYUK+gqc7s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRNKehFKHrxWMF+YLuUbJptQ7PZJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8/xYcG1c99vJra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3DjWCdWDES+oK1/fHtzG8/MaV5JB/MJGZeSIaSB5wSY6VHWsYX1XN0jXC/WHIr7hxoleCMlCBDo1/86g0imoRMGiqI1l3sxsZLiTKcCjYt9BLNYkLHZMi6lkoSMu2l84un6MwqAxREypY0aK7+nkhJqPUk9G1nSMxIL3sz8T+vm5jgyku5jBPDJF0sChKBTIRm76MBV4waMbGEUMXtrYiOiCLU2JAKNgS8/PIqaVUr2K3g+1qpfpPFkYcTOIUyYLiEOtxBA5pAQcIzvMKbo50X5935WLTmnGzmGP7A+fwBd9eOzw==</latexit><latexit sha1_base64="WEgx+ocyhSchYaPE/fYUK+gqc7s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRNKehFKHrxWMF+YLuUbJptQ7PZJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8/xYcG1c99vJra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3DjWCdWDES+oK1/fHtzG8/MaV5JB/MJGZeSIaSB5wSY6VHWsYX1XN0jXC/WHIr7hxoleCMlCBDo1/86g0imoRMGiqI1l3sxsZLiTKcCjYt9BLNYkLHZMi6lkoSMu2l84un6MwqAxREypY0aK7+nkhJqPUk9G1nSMxIL3sz8T+vm5jgyku5jBPDJF0sChKBTIRm76MBV4waMbGEUMXtrYiOiCLU2JAKNgS8/PIqaVUr2K3g+1qpfpPFkYcTOIUyYLiEOtxBA5pAQcIzvMKbo50X5935WLTmnGzmGP7A+fwBd9eOzw==</latexit><latexit sha1_base64="WEgx+ocyhSchYaPE/fYUK+gqc7s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRNKehFKHrxWMF+YLuUbJptQ7PZJckKZem/8OJBEa/+G2/+G9N2D9r6YODx3gwz8/xYcG1c99vJra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3DjWCdWDES+oK1/fHtzG8/MaV5JB/MJGZeSIaSB5wSY6VHWsYX1XN0jXC/WHIr7hxoleCMlCBDo1/86g0imoRMGiqI1l3sxsZLiTKcCjYt9BLNYkLHZMi6lkoSMu2l84un6MwqAxREypY0aK7+nkhJqPUk9G1nSMxIL3sz8T+vm5jgyku5jBPDJF0sChKBTIRm76MBV4waMbGEUMXtrYiOiCLU2JAKNgS8/PIqaVUr2K3g+1qpfpPFkYcTOIUyYLiEOtxBA5pAQcIzvMKbo50X5935WLTmnGzmGP7A+fwBd9eOzw==</latexit>
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Linear Programming Relaxation

o Passive vs. active vertices: passive = matched with vertex arriving earlier

o Decision variable:         match rate of active type-i with passive type-j verticesxi,j
<latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit>



Linear Programming Relaxation

o Passive vs. active vertices: passive = matched with vertex arriving earlier

o Decision variable:         match rate of active type-i with passive type-j verticesxi,j
<latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit>

L⇤ = min
xi,j ,xi,a�0

X

i

ca(i) · xi,a +
X

(i,j)

c(i, j) · xi,j

s.t.
X

j

xj,i +
X

j

xi,j + xi,a = �i , 8i

µ

�j
· xi,j  xi,a , 8(i, j)

<latexit sha1_base64="3HKklzLDWbY6vZZ9EpSD6I9icKI="></latexit>



Linear Programming Relaxation

o Passive vs. active vertices: passive = matched with vertex arriving earlier

o Decision variable:         match rate of active type-i with passive type-j verticesxi,j
<latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit>

<latexit sha1_base64="4/c9rZmVq044VwAWQm7e23eK1mQ="></latexit>

L⇤ = min
xi,j ,xi,a�0

X

i

ca(i) · xi,a +
X

(i,j)

c(i, j) · xi,j

s.t.
X

j

xj,i +
X

j

xi,j + xi,a = �i , 8i

µi

�j
· xi,j  xi,a , 8(i, j)



Linear Programming Relaxation

o Passive vs. active vertices: passive = matched with vertex arriving earlier

o Decision variable:         match rate of active type-i with passive type-j verticesxi,j
<latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit><latexit sha1_base64="y5UndtLqMO/e0/HVfOVks9j+fjE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBHssePFYwX5AG8pmO2nXbjZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++xGV5rG8N5ME/YgOJQ85o8ZK7ad+xi8epv1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5uVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyex3MuAKmRETSyhT3N5K2IgqyoxNqGRD8JZfXiWty6rnVr27q0q9lsdRhBM4hXPw4BrqcAsNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9T5I+E</latexit>

“Minimal” level abandonment

<latexit sha1_base64="4/c9rZmVq044VwAWQm7e23eK1mQ="></latexit>

L⇤ = min
xi,j ,xi,a�0

X

i

ca(i) · xi,a +
X

(i,j)

c(i, j) · xi,j

s.t.
X

j

xj,i +
X

j

xi,j + xi,a = �i , 8i

µi

�j
· xi,j  xi,a , 8(i, j)



Performance Metrics (Refresher)

o Competitive Ratio:  Performance relative to “optimum offline“

o Approximation Ratio: Performance relative to “optimum online”

max
I

calg(I)
c⇤(I)

<latexit sha1_base64="fBQ6qdewYbz/BKFQOovgUqzRe9E=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BdlBkRdFnsRncK9gGdcbiTZmowmRmSjFjCfJAbf0UQF4q49TtMawVtPRA4nHMuN/dEGWdKu+6bMzM7N7+wuLRcWlldW98ob261VJpLQpsk5ansRKAoZwltaqY57WSSgog4bUe3jaHfvqNSsTS50oOMBgL6CYsZAW2lsNzwBdyHBhufAMfnBS6wj/1YAjEYk2vjS4GB94vqT2C/MFY++C2E5Ypbc0fA08Qbkwoa4yIsP/u9lOSCJppwUKrruZkODEjNCKdFyc8VzYDcQp92LU1AUBWY0bEF3rNKD8eptC/ReKT+njAglBqIyCYF6Bs16Q3F/7xuruOTwLAkyzVNyPeiOOdYp3jYHO4xSYnmA0uASGb/iskN2Ka07bdkS/AmT54mrcOa59a8y6NK/XRcxxLaQbuoijx0jOroDF2gJiLoAT2hV/TmPDovzrvz8R2dccYz2+gPnM8vBgum2g==</latexit><latexit sha1_base64="fBQ6qdewYbz/BKFQOovgUqzRe9E=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BdlBkRdFnsRncK9gGdcbiTZmowmRmSjFjCfJAbf0UQF4q49TtMawVtPRA4nHMuN/dEGWdKu+6bMzM7N7+wuLRcWlldW98ob261VJpLQpsk5ansRKAoZwltaqY57WSSgog4bUe3jaHfvqNSsTS50oOMBgL6CYsZAW2lsNzwBdyHBhufAMfnBS6wj/1YAjEYk2vjS4GB94vqT2C/MFY++C2E5Ypbc0fA08Qbkwoa4yIsP/u9lOSCJppwUKrruZkODEjNCKdFyc8VzYDcQp92LU1AUBWY0bEF3rNKD8eptC/ReKT+njAglBqIyCYF6Bs16Q3F/7xuruOTwLAkyzVNyPeiOOdYp3jYHO4xSYnmA0uASGb/iskN2Ka07bdkS/AmT54mrcOa59a8y6NK/XRcxxLaQbuoijx0jOroDF2gJiLoAT2hV/TmPDovzrvz8R2dccYz2+gPnM8vBgum2g==</latexit><latexit sha1_base64="fBQ6qdewYbz/BKFQOovgUqzRe9E=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BdlBkRdFnsRncK9gGdcbiTZmowmRmSjFjCfJAbf0UQF4q49TtMawVtPRA4nHMuN/dEGWdKu+6bMzM7N7+wuLRcWlldW98ob261VJpLQpsk5ansRKAoZwltaqY57WSSgog4bUe3jaHfvqNSsTS50oOMBgL6CYsZAW2lsNzwBdyHBhufAMfnBS6wj/1YAjEYk2vjS4GB94vqT2C/MFY++C2E5Ypbc0fA08Qbkwoa4yIsP/u9lOSCJppwUKrruZkODEjNCKdFyc8VzYDcQp92LU1AUBWY0bEF3rNKD8eptC/ReKT+njAglBqIyCYF6Bs16Q3F/7xuruOTwLAkyzVNyPeiOOdYp3jYHO4xSYnmA0uASGb/iskN2Ka07bdkS/AmT54mrcOa59a8y6NK/XRcxxLaQbuoijx0jOroDF2gJiLoAT2hV/TmPDovzrvz8R2dccYz2+gPnM8vBgum2g==</latexit><latexit sha1_base64="fBQ6qdewYbz/BKFQOovgUqzRe9E=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BdlBkRdFnsRncK9gGdcbiTZmowmRmSjFjCfJAbf0UQF4q49TtMawVtPRA4nHMuN/dEGWdKu+6bMzM7N7+wuLRcWlldW98ob261VJpLQpsk5ansRKAoZwltaqY57WSSgog4bUe3jaHfvqNSsTS50oOMBgL6CYsZAW2lsNzwBdyHBhufAMfnBS6wj/1YAjEYk2vjS4GB94vqT2C/MFY++C2E5Ypbc0fA08Qbkwoa4yIsP/u9lOSCJppwUKrruZkODEjNCKdFyc8VzYDcQp92LU1AUBWY0bEF3rNKD8eptC/ReKT+njAglBqIyCYF6Bs16Q3F/7xuruOTwLAkyzVNyPeiOOdYp3jYHO4xSYnmA0uASGb/iskN2Ka07bdkS/AmT54mrcOa59a8y6NK/XRcxxLaQbuoijx0jOroDF2gJiLoAT2hV/TmPDovzrvz8R2dccYz2+gPnM8vBgum2g==</latexit>

max
I

calg(I)
co↵(I)(I)

<latexit sha1_base64="gTOpdoF+6EQuRhJDrUtLeK/g+aw="></latexit><latexit sha1_base64="gTOpdoF+6EQuRhJDrUtLeK/g+aw="></latexit><latexit sha1_base64="gTOpdoF+6EQuRhJDrUtLeK/g+aw="></latexit><latexit sha1_base64="gTOpdoF+6EQuRhJDrUtLeK/g+aw="></latexit>

Benchmark knows all 
arrivals and sojourn times!

Realistic benchmark 
= best implementable policy



Value of Dynamic Information

o Approximation Ratio: Relative performance vs. optimal policy

o Competitive Ratio: Relative performance vs. full-information policy

Informal Theorem  [A. and Saritac ’20]: For the min-cost problem, no algorithm 
achieves a positive constant-factor competitive ratio.



Spatial graphs: The costs satisfy the triangle inequality

Theorem 1 [A. and Saritac ’20]: The cost minimization dynamic matching problem 
admits a polynomial-time factor-3 approximation on spatial graphs with uniform     -s. 

Approximation Result for Cost-Minimization
<latexit sha1_base64="XDT+r97F28y0/wlo2GDmrpLHeKY=">AAACAXicbVDLSsNAFL3xWesr6kZwM1iEFkpJRNFl0Y3LCvYBTQiT6aQdO3kwMxFKqBt/xY0LRdz6F+78G6dtFtp64MKZc+5l7j1+wplUlvVtLC2vrK6tFzaKm1vbO7vm3n5LxqkgtEliHouOjyXlLKJNxRSnnURQHPqctv3h9cRvP1AhWRzdqVFC3RD3IxYwgpWWPPPQyUiZVe8rVUQ8XGYVZ+xl+j32zJJVs6ZAi8TOSQlyNDzzy+nFJA1ppAjHUnZtK1FuhoVihNNx0UklTTAZ4j7tahrhkEo3m14wRida6aEgFroihabq74kMh1KOQl93hlgN5Lw3Ef/zuqkKLt2MRUmqaERmHwUpRypGkzhQjwlKFB9pgolgeldEBlhgonRoRR2CPX/yImmd1uzzmnV7Vqpf5XEU4AiOoQw2XEAdbqABTSDwCM/wCm/Gk/FivBsfs9YlI585gD8wPn8ARrCVgQ==</latexit>

{c(i, j), ca(i)}i,j

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ



Spatial graphs: The costs satisfy the triangle inequality

Matching policy: threshold-based or additive-approximation of value function

Theorem 1 [A. and Saritac ’20]: The cost minimization dynamic matching problem 
admits a polynomial-time factor-3 approximation on spatial graphs with uniform     -s. 

Approximation Result for Cost-Minimization

<latexit sha1_base64="Daa6E/wrMfjh+xZF1ctXsVEDLIY=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJIMoafTkzTpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmP3QjrjEx6rFeu+FV/BrRMgpxUIEe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB1HJRbUhNns4Ak6cUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZlVwIweLLy6R5Vg0uqxf355XaTR5HEY7gGE4hgCuowR3UoQEEBDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8GppCS</latexit>

c̄i

<latexit sha1_base64="Daa6E/wrMfjh+xZF1ctXsVEDLIY=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJIMoafTkzTpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmP3QjrjEx6rFeu+FV/BrRMgpxUIEe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB1HJRbUhNns4Ak6cUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZlVwIweLLy6R5Vg0uqxf355XaTR5HEY7gGE4hgCuowR3UoQEEBDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8GppCS</latexit>

c̄i$

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ

<latexit sha1_base64="XDT+r97F28y0/wlo2GDmrpLHeKY=">AAACAXicbVDLSsNAFL3xWesr6kZwM1iEFkpJRNFl0Y3LCvYBTQiT6aQdO3kwMxFKqBt/xY0LRdz6F+78G6dtFtp64MKZc+5l7j1+wplUlvVtLC2vrK6tFzaKm1vbO7vm3n5LxqkgtEliHouOjyXlLKJNxRSnnURQHPqctv3h9cRvP1AhWRzdqVFC3RD3IxYwgpWWPPPQyUiZVe8rVUQ8XGYVZ+xl+j32zJJVs6ZAi8TOSQlyNDzzy+nFJA1ppAjHUnZtK1FuhoVihNNx0UklTTAZ4j7tahrhkEo3m14wRida6aEgFroihabq74kMh1KOQl93hlgN5Lw3Ef/zuqkKLt2MRUmqaERmHwUpRypGkzhQjwlKFB9pgolgeldEBlhgonRoRR2CPX/yImmd1uzzmnV7Vqpf5XEU4AiOoQw2XEAdbqABTSDwCM/wCm/Gk/FivBsfs9YlI585gD8wPn8ARrCVgQ==</latexit>

{c(i, j), ca(i)}i,j



Auxiliary Stopping Time Problem

Focus on a single active vertex (ignore competition)

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

t = 0
<latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

Optimal stopping rule



Auxiliary Stopping Time Problem

Focus on a single active vertex (ignore competition)

t
<latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit><latexit sha1_base64="zmD2splp/T7p6wi/6WPG0Ej10b0=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpAUnfrXo1bw6ySvyCVKFAo+9+9QYJy2KukElqTNf3UgxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fumUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKPrIBcqzZArtlgUZZJgQmZvk4HQnKGcWEKZFvZWwkZUU4Y2nIoNwV9+eZW0Lmq+V/PvL6v1myKOMpzAKZyDD1dQhztoQBMYRPAMr/DmjJ0X5935WLSWnGLmGP7A+fwBNhCNIg==</latexit>

t = 0
<latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit><latexit sha1_base64="U/lP8EspimaVVXp1Gzk2pYCjtAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305pY3Nre6e8W9nbPzg8qh6ftE2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G7ud564NiJRjzhNeRDTkRKRYBSt5CO5Je6gWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeajSKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx95343D</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

Optimal stopping rule

Lem. [A. and Saritac ’20]: The optimal stopping rule is threshold-based. The optimal 
threshold       is independent of the current state and can be computed in polynomial-time.  c̄i

<latexit sha1_base64="V1wYtkzFh7rUFt1knGw5dn2fABY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwkWcLspJMMmZldZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwY33/2yusrW9sbhW3Szu7e/sH5cOjpolTzbDBYhHrdkQNCq6wYbkV2E40UhkJbEXj25nfekJteKwe7CTBUNKh4gPOqHXSYzeiOmPTHu+VK37Vn4OskiAnFchR75W/uv2YpRKVZYIa0wn8xIYZ1ZYzgdNSNzWYUDamQ+w4qqhEE2bzg6fkzCl9Moi1K2XJXP09kVFpzERGrlNSOzLL3kz8z+ukdnAdZlwlqUXFFosGqSA2JrPvSZ9rZFZMHKFMc3crYSOqKbMuo5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYSHiGV3jztPfivXsfi9aCl88cwx94nz8A/pCA</latexit><latexit sha1_base64="V1wYtkzFh7rUFt1knGw5dn2fABY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwkWcLspJMMmZldZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwY33/2yusrW9sbhW3Szu7e/sH5cOjpolTzbDBYhHrdkQNCq6wYbkV2E40UhkJbEXj25nfekJteKwe7CTBUNKh4gPOqHXSYzeiOmPTHu+VK37Vn4OskiAnFchR75W/uv2YpRKVZYIa0wn8xIYZ1ZYzgdNSNzWYUDamQ+w4qqhEE2bzg6fkzCl9Moi1K2XJXP09kVFpzERGrlNSOzLL3kz8z+ukdnAdZlwlqUXFFosGqSA2JrPvSZ9rZFZMHKFMc3crYSOqKbMuo5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYSHiGV3jztPfivXsfi9aCl88cwx94nz8A/pCA</latexit><latexit sha1_base64="V1wYtkzFh7rUFt1knGw5dn2fABY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwkWcLspJMMmZldZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwY33/2yusrW9sbhW3Szu7e/sH5cOjpolTzbDBYhHrdkQNCq6wYbkV2E40UhkJbEXj25nfekJteKwe7CTBUNKh4gPOqHXSYzeiOmPTHu+VK37Vn4OskiAnFchR75W/uv2YpRKVZYIa0wn8xIYZ1ZYzgdNSNzWYUDamQ+w4qqhEE2bzg6fkzCl9Moi1K2XJXP09kVFpzERGrlNSOzLL3kz8z+ukdnAdZlwlqUXFFosGqSA2JrPvSZ9rZFZMHKFMc3crYSOqKbMuo5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYSHiGV3jztPfivXsfi9aCl88cwx94nz8A/pCA</latexit><latexit sha1_base64="V1wYtkzFh7rUFt1knGw5dn2fABY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoHgKePEYwTwkWcLspJMMmZldZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwY33/2yusrW9sbhW3Szu7e/sH5cOjpolTzbDBYhHrdkQNCq6wYbkV2E40UhkJbEXj25nfekJteKwe7CTBUNKh4gPOqHXSYzeiOmPTHu+VK37Vn4OskiAnFchR75W/uv2YpRKVZYIa0wn8xIYZ1ZYzgdNSNzWYUDamQ+w4qqhEE2bzg6fkzCl9Moi1K2XJXP09kVFpzERGrlNSOzLL3kz8z+ukdnAdZlwlqUXFFosGqSA2JrPvSZ9rZFZMHKFMc3crYSOqKbMuo5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYSHiGV3jztPfivXsfi9aCl88cwx94nz8A/pCA</latexit>



Spatial graphs: The costs satisfy the triangle inequality

Matching policy: threshold-based or additive-approximation of value function

Theorem 1 [A. and Saritac ’20]: The cost minimization dynamic matching problem 
admits a polynomial-time factor-3 approximation on spatial graphs with uniform     -s. 

Approximation Result for Cost-Minimization
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Empirical Simulation---NY Taxi Demand

o We focus on four time windows that represents various market conditions

o Split the data into training and test sets
• Define rider types and estimate their arrival rates

Table: Summary statistics of the data set generated for each time window



Performance Metrics

Total Cost is an affine function of the two performance metrics

o Match Rate: Percentage of riders matched

o Saving Rate: Percentage of trip costs saved by pooling



Match rate = % matched before abandoning

Saving rate = % cost saved by pooling riders

Numerical Results



Main Result for General Networks



Main Result for General Networks

Theorem 2 [A. and Saritac ’20]: The reward maximization dynamic matching 
problem admits efficient constant-factor approximations:

• On general graphs, the approximation ratio is               . 
• On bipartite graphs, the approximation ratio is  .
• On bipartite graphs with one impatient side, the approximation ratio is  .

Our policy is a correlated rounding of the LP relaxation.

1

2
·
✓
1� 1

e

◆

<latexit sha1_base64="5Q12BvE5xTHjiPwCMjQngJ/13ZY=">AAACFHicbVDJSgNBEO1xjXGLevTSGISIGGaCEI8BLx4jmAUyIfR0apImPQvdNUIY5iO8+CtePCji1YM3/8bOgmjig4LHe1VU1fNiKTTa9pe1srq2vrGZ28pv7+zu7RcODps6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja4nfuselBZReIfjGLoBG4TCF5yhkXqFc9dXjKdOllYyl/cjpK4EH0vOxY8BmavEYIhnvULRLttT0GXizEmRzFHvFT7dfsSTAELkkmndcewYuylTKLiELO8mGmLGR2wAHUNDFoDuptOnMnpqlD71I2UqRDpVf0+kLNB6HHimM2A41IveRPzP6yToX3VTEcYJQshni/xEUozoJCHaFwo4yrEhjCthbqV8yEwYaHLMmxCcxZeXSbNSduyyc3tZrFXnceTIMTkhJeKQKqmRG1InDcLJA3kiL+TVerSerTfrfda6Ys1njsgfWB/ff72ebQ==</latexit><latexit sha1_base64="5Q12BvE5xTHjiPwCMjQngJ/13ZY=">AAACFHicbVDJSgNBEO1xjXGLevTSGISIGGaCEI8BLx4jmAUyIfR0apImPQvdNUIY5iO8+CtePCji1YM3/8bOgmjig4LHe1VU1fNiKTTa9pe1srq2vrGZ28pv7+zu7RcODps6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja4nfuselBZReIfjGLoBG4TCF5yhkXqFc9dXjKdOllYyl/cjpK4EH0vOxY8BmavEYIhnvULRLttT0GXizEmRzFHvFT7dfsSTAELkkmndcewYuylTKLiELO8mGmLGR2wAHUNDFoDuptOnMnpqlD71I2UqRDpVf0+kLNB6HHimM2A41IveRPzP6yToX3VTEcYJQshni/xEUozoJCHaFwo4yrEhjCthbqV8yEwYaHLMmxCcxZeXSbNSduyyc3tZrFXnceTIMTkhJeKQKqmRG1InDcLJA3kiL+TVerSerTfrfda6Ys1njsgfWB/ff72ebQ==</latexit><latexit sha1_base64="5Q12BvE5xTHjiPwCMjQngJ/13ZY=">AAACFHicbVDJSgNBEO1xjXGLevTSGISIGGaCEI8BLx4jmAUyIfR0apImPQvdNUIY5iO8+CtePCji1YM3/8bOgmjig4LHe1VU1fNiKTTa9pe1srq2vrGZ28pv7+zu7RcODps6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja4nfuselBZReIfjGLoBG4TCF5yhkXqFc9dXjKdOllYyl/cjpK4EH0vOxY8BmavEYIhnvULRLttT0GXizEmRzFHvFT7dfsSTAELkkmndcewYuylTKLiELO8mGmLGR2wAHUNDFoDuptOnMnpqlD71I2UqRDpVf0+kLNB6HHimM2A41IveRPzP6yToX3VTEcYJQshni/xEUozoJCHaFwo4yrEhjCthbqV8yEwYaHLMmxCcxZeXSbNSduyyc3tZrFXnceTIMTkhJeKQKqmRG1InDcLJA3kiL+TVerSerTfrfda6Ys1njsgfWB/ff72ebQ==</latexit><latexit sha1_base64="5Q12BvE5xTHjiPwCMjQngJ/13ZY=">AAACFHicbVDJSgNBEO1xjXGLevTSGISIGGaCEI8BLx4jmAUyIfR0apImPQvdNUIY5iO8+CtePCji1YM3/8bOgmjig4LHe1VU1fNiKTTa9pe1srq2vrGZ28pv7+zu7RcODps6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja4nfuselBZReIfjGLoBG4TCF5yhkXqFc9dXjKdOllYyl/cjpK4EH0vOxY8BmavEYIhnvULRLttT0GXizEmRzFHvFT7dfsSTAELkkmndcewYuylTKLiELO8mGmLGR2wAHUNDFoDuptOnMnpqlD71I2UqRDpVf0+kLNB6HHimM2A41IveRPzP6yToX3VTEcYJQshni/xEUozoJCHaFwo4yrEhjCthbqV8yEwYaHLMmxCcxZeXSbNSduyyc3tZrFXnceTIMTkhJeKQKqmRG1InDcLJA3kiL+TVerSerTfrfda6Ys1njsgfWB/ff72ebQ==</latexit>

<latexit sha1_base64="DbkWLMmg0gEecldnFhaji3LNIaY=">AAACFHicbVDLSgNBEJyN7/ha9ehlMAgRMexKMB4FLx4VzAOyIcxOepMhsw9meoWw7Ed48Ve8eFDEqwdv/o2TGEQTCxqKqm66u/xECo2O82kVFhaXlldW14rrG5tb2/bObkPHqeJQ57GMVctnGqSIoI4CJbQSBSz0JTT94eXYb96B0iKObnGUQCdk/UgEgjM0Utc+9gLFeObmWTX3eC9G6kkIsOye/BiQe0r0B3jUtUtOxZmAzhN3Skpkiuuu/eH1Yp6GECGXTOu26yTYyZhCwSXkRS/VkDA+ZH1oGxqxEHQnmzyV00Oj9GgQK1MR0on6eyJjodaj0DedIcOBnvXG4n9eO8XgvJOJKEkRIv69KEglxZiOE6I9oYCjHBnCuBLmVsoHzISBJseiCcGdfXmeNE4r7lnFvamWLmrTOFbJPjkgZeKSGrkgV+Sa1Akn9+SRPJMX68F6sl6tt+/WgjWd2SN/YL1/AYT/nnU=</latexit>

1

4
·
✓
1� 1

e

◆

<latexit sha1_base64="h56xZpYcLjFaVv+fvHB/4RqMzvA=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCPVgSEeux4MVjBfsBTSib7aRduvlgdyKUUPDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/P8RHCFtv1tFFZW19Y3ipulre2d3T1z/6Cl4lQyaLJYxLLjUwWCR9BEjgI6iQQa+gLa/uhm6rcfQCoeR/c4TsAL6SDiAWcUtdQzj1wBAVacczeQlGXOJIOJK/lgiGc9s2xX7RmsZeLkpExyNHrml9uPWRpChExQpbqOnaCXUYmcCZiU3FRBQtmIDqCraURDUF42+2FinWqlbwWx1BWhNVN/T2Q0VGoc+rozpDhUi95U/M/rphhcexmPkhQhYvNFQSosjK1pIFafS2AoxppQJrm+1WJDqsNAHVtJh+AsvrxMWhdV56rq3F2W67U8jiI5JiekQhxSI3VySxqkSRh5JM/klbwZT8aL8W58zFsLRj5zSP7A+PwBZ4aXWA==</latexit>✓
1� 1

e

◆



LP Rounding Algorithm

Step 1: Solve a flow matching problem (”fluid relaxation”)

Step 2: Randomization based on fractional flow (“rounding”)



LP Rounding Algorithm

Step 1: Solve a variant of our LP relaxation

Step 2: Flexible randomization based on fractional flow



Role of Pooling Effects

Thought experiment…

?
A BA

Agent to be matched



Role of Pooling Effects

By pooling A + B, we can minimize 
waiting times + abandonments

?
A BA

Agent to be matched



Step 1: Flexible Randomization
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Step 1: Flexible Randomization
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<latexit sha1_base64="X/2Z1JPQjqZ8Y/bkB8v/r/9mrsU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rEF+wFtKJvtpN12swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28Hkfu63n1BpHstHM03Qj+hQ8pAzaqzUGPdLZbfiLkDWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgbNiL9WYUDahQ+xaKmmE2s8Wh87IpVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNkUbgrf68jppVSvedaXauCnX3DyOApzDBVyBB7dQgweoQxMYIDzDK7w5Y+fFeXc+lq0bTj5zBn/gfP4AzOWM4A==</latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

Passive verticesj1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

/ x⇤
i,j1

<latexit sha1_base64="Gt33nOHsarQt1aCzT5wV6mMFb28=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3oT8O3YpX9aaAi8TPSQXkaITuV68vcJoQbjBDWnd9T5ogQ8pQzMi41Es1kQjfowHpWspRQnSQTY8fw0Or9GEslC1u4FT9PZGhROtREtnOBJmhnvcm4n9eNzXxRZBRLlNDOJ4tilMG7bOTJGCfKoING1mCsKL2VoiHSCFsbF4lG4I///IiadWq/mm1dn1WqXt5HEWwDw7AEfDBOaiDK9AATYDBCDyDV/DmPDkvzrvzMWstOPlMGfyB8/kDJWaUYQ==</latexit>

/ x⇤
i,j2

<latexit sha1_base64="9ShOq3heJryQ73lFrsVoyvDvhdA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3YW0cuhWv6k0BF4mfkwrI0Qjdr15f4DQh3GCGtO76njRBhpShmJFxqZdqIhG+RwPStZSjhOggmx4/hodW6cNYKFvcwKn6eyJDidajJLKdCTJDPe9NxP+8bmriiyCjXKaGcDxbFKcM2mcnScA+VQQbNrIEYUXtrRAPkULY2LxKNgR//uVF0qpV/dNq7fqsUvfyOIpgHxyAI+CDc1AHV6ABmgCDEXgGr+DNeXJenHfnY9ZacPKZMvgD5/MHJuuUYg==</latexit>

/ x⇤
i,j3

<latexit sha1_base64="K4VCbdaJ+HVieZ5gVtBh36PWKnk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgIiVpBV0W3LisYB/QxjCZTtqxk8kwMxFDqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7TyAYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftFWcSExaOGax7AZIEUY5aWmqGekKSVAUMNIJxldTv/NApKIxv9WpIF6EhpyGFCNtJN8u94WMhY7h492pn9Gze78+8e2KU3VmgMvEzUkF5Gj69ld/EOMkIlxjhpTquY7QXoakppiRSamfKCIQHqMh6RnKUUSUl82On8BjowxgGEtTXMOZ+nsiQ5FSaRSYzgjpkVr0puJ/Xi/R4aWXUS4STTieLwoTBs2z0yTggEqCNUsNQVhScyvEIyQR1iavkgnBXXx5mbRrVbderd2cVxpOHkcRHIIjcAJccAEa4Bo0QQtgkIJn8ArerCfrxXq3PuatBSufKYM/sD5/AChwlGM=</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

j3
<latexit sha1_base64="Wc7yedgi4NQmgblPkunF170Wmfk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHgxWNF+wFtKJvtpl272YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuLaiFg94CThfkSHSoSCUbTS/WO/1i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd5dlutuHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gD1OY2G</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

<latexit sha1_base64="N5P1ij0X8jmoL3woEiWg5wzNVKc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq8UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPKE4zb</latexit>

Compatibility-sets = Pooling effects



Analysis outline

1. Flow decomposition : each arrival à randomly assigned 
”active” or ”passive” and “compatibility set”

2. Lower bound on the availability rates of active types: virtual 
Markov chain

3. PASTA property: relating the lower bound on reward rates to 
original LP solution
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the original LP solution



Step 2: Lower bound via virtual Markov chain
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A Nonparametric Framework for Online 
Stochastic Matching with Correlated Arrivals

Joint work with Will Ma (Columbia GSB)



Outline

• Limitations of the “classical” model

• Nonparametric models with correlated arrivals

• New matching algorithms with optimal competitive/approximation ratios

1

2



Classic offline/online model
bipartite graph:



Classic offline/online model

starting 
inventory
 

<latexit sha1_base64="Yr/CjjKUgP2sObD3b7I/p3bFWIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTLgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9e9e5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0qEjcM=</latexit>

ki

resources query types
<latexit sha1_base64="gIw4KbBnJKenyykIZWw8BZhPi1U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVr1ir1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AzT+M5Q==</latexit>

i
<latexit sha1_base64="ZY99KB6ZD2pRgB87iAFk2s9J1ko=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N1WvcV2pXedxFOEMzuESPLiFGjxAHZrAAOEZXuHNGTsvzrvzsWwtOPnMKfyB8/kDzsOM5g==</latexit>

j

bipartite graph:

(offline) (online)



Classic offline/online model

starting 
inventory
 

<latexit sha1_base64="Yr/CjjKUgP2sObD3b7I/p3bFWIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTLgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9e9e5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0qEjcM=</latexit>

ki

resources query types
<latexit sha1_base64="gIw4KbBnJKenyykIZWw8BZhPi1U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reddVr1ir1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AzT+M5Q==</latexit>

i
<latexit sha1_base64="ZY99KB6ZD2pRgB87iAFk2s9J1ko=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N1WvcV2pXedxFOEMzuESPLiFGjxAHZrAAOEZXuHNGTsvzrvzsWwtOPnMKfyB8/kDzsOM5g==</latexit>

j

bipartite graph:

matching rewards <latexit sha1_base64="jsYBm/80DEdOWUtt//yKMotfGJU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFYwX5AG8pmu2nXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWaut+Ji4ep/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVb37WqVey+Mowgmcwjl4cA11uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9LbI+A</latexit>ri,j



Classic offline/online model

t-1 t t+1 T1

arrival process:

x0

x0

x0



Classic offline/online model

t-1 t t+1 T1

arrival process:

x0

x0

x1
<latexit sha1_base64="F+f7pzsxrjewshkhxMoE5UpoAjo=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJioUoQr7GChbFI9CG1UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5thYWl5ZXVitr1fWNza1te2e3rUQqMWlhwYTsBkgRRjlpaaoZ6SaSoDhgpBOMbgq/80CkooLf63FCvBgNOI0oRtpIvr3fDwQL1Tg2V5bkfqZP3Ny3a07dmQDOE7ckNVCi6dtf/VDgNCZcY4aU6rlOor0MSU0xI3m1nyqSIDxCA9IzlKOYKC+bpM/hkVFCGAlpDtdwov7eyFCsioBmMkZ6qGa9QvzP66U6uvIyypNUE46nD0Upg1rAogoYUkmwZmNDEJbUZIV4iCTC2hRWNSW4s1+eJ+3TuntRP787qzWuyzoq4AAcgmPggkvQALegCVoAg0fwDF7Bm/VkvVjv1sd0dMEqd/bAH1ifPxDFlaE=</latexit>pt�1



Classic offline/online model

t-1 t t+1 T

<latexit sha1_base64="jsYBm/80DEdOWUtt//yKMotfGJU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFYwX5AG8pmu2nXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWaut+Ji4ep/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVb37WqVey+Mowgmcwjl4cA11uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9LbI+A</latexit>ri,j

1

arrival process:

x1

x0

x1
<latexit sha1_base64="l+l2WLejtTpJylDAN1k/jWRwHM8=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqgTxGitYGItEH1IbRY7jtladOLJvEFWUX2FhACFWfoSNv8FpM0DLkSwfnXOvfHyCRHANjvNtrayurW9sVraq2zu7e/v2Qa2jZaooa1MppOoFRDPBY9YGDoL1EsVIFAjWDSa3hd99ZEpzGT/ANGFeREYxH3JKwEi+XRsEUoR6GpkrS3I/g9y3607DmQEvE7ckdVSi5dtfg1DSNGIxUEG07rtOAl5GFHAqWF4dpJolhE7IiPUNjUnEtJfNsuf4xCghHkplTgx4pv7eyEiki3hmMiIw1oteIf7n9VMYXnsZj5MUWEznDw1TgUHioggccsUoiKkhhCpusmI6JopQMHVVTQnu4peXSees4V42Lu7P682bso4KOkLH6BS56Ao10R1qoTai6Ak9o1f0ZuXWi/VufcxHV6xy5xD9gfX5AyjVlS8=</latexit>pt



Classic offline/online model

t-1 t t+1 T1

arrival process:

x2

x0

x1
<latexit sha1_base64="4yJwT//KdFs4u2gvBekzIo3ewbg=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkUQhLIrvo5FLx4r2Ae0y5LNZtvQbLIkWaEui3/FiwdFvPo/vPlvzLZ70NaBkGHm+8hkgoRRpR3n21pYXFpeWa2sVdc3Nre27Z3dthKpxKSFBROyGyBFGOWkpalmpJtIguKAkU4wuin8zgORigp+r8cJ8WI04DSiGGkj+fZ+PxAsVOPYXFmS+5k+cXPfrjl1ZwI4T9yS1ECJpm9/9UOB05hwjRlSquc6ifYyJDXFjOTVfqpIgvAIDUjPUI5iorxskj6HR0YJYSSkOVzDifp7I0OxKgKayRjpoZr1CvE/r5fq6MrLKE9STTiePhSlDGoBiypgSCXBmo0NQVhSkxXiIZIIa1NY1ZTgzn55nrRP6+5F/fzurNa4LuuogANwCI6BCy5BA9yCJmgBDB7BM3gFb9aT9WK9Wx/T0QWr3NkDf2B9/gANuZWf</latexit>pt+1



Classic offline/online model

t-1 t t+1 T1

arrival process:

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??
serial independence
(i.e., no correlations)



Limitations of “serial independence” assumption

oEstimation error  

oTextbook demand models

oA majority (70%+) of high-demand SKUs violate 

o JD.com e-commerce order data (M&SOM 2020)

o Large fashion retailer (2014-2015 data), 200,000 SKUs

<latexit sha1_base64="tGc5xUFPccJeM35Gkw6seDPeWMU=">AAAB/nicbVDNS8MwHE39nPOrKp68BIfgQUYrfh2HXjxO2BdspaRpuoWlSUlSYZSC/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlBQmjSjvOt7W0vLK6tl7ZqG5ube/s2nv7HSVSiUkbCyZkL0CKMMpJW1PNSC+RBMUBI91gfFf43UciFRW8pScJ8WI05DSiGGkj+fZh6wwOAsFCNYnNlSW5n+nct2tO3ZkCLhK3JDVQounbX4NQ4DQmXGOGlOq7TqK9DElNMSN5dZAqkiA8RkPSN5SjmCgvm8bP4YlRQhgJaQ7XcKr+3shQrIp4ZjJGeqTmvUL8z+unOrrxMsqTVBOOZw9FKYNawKILGFJJsGYTQxCW1GSFeIQkwto0VjUluPNfXiSd87p7Vb98uKg1bss6KuAIHINT4IJr0AD3oAnaAIMMPINX8GY9WS/Wu/UxG12yyp0D8AfW5w+W7ZXt</latexit>

T,pt



Classic offline/online model

t-1 t t+1 T1

arrival process:

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

<latexit sha1_base64="F0OS6rs2yumKw8jserye8VLej80=">AAACHHicbVDLSgMxFM34rPVVdekmWIQKUmbqc1mqC5cVrAqdMmTSTJs2kwzJHaEM/RA3/oobF4q4cSH4N6a1C7UeCPdwzr3c3BMmghtw3U9nZnZufmExt5RfXlldWy9sbF4blWrKGlQJpW9DYpjgkjWAg2C3iWYkDgW7CftnI//mjmnDlbyCQcJaMelIHnFKwEpB4eA86PmGx7iuuDFK1nzBIiglQebt94b7tlZG1RdtBcbXvNOFvaBQdMvuGHiaeBNSRBPUg8K731Y0jZkEKogxTc9NoJURDZwKNsz7qWEJoX3SYU1LJYmZaWXj44Z41yptHCltnwQ8Vn9OZCQ2ZhCHtjMm0DV/vZH4n9dMITptZVwmKTBJvxdFqcCg8Cgp3OaaURADSwjV3P4V0y7RhILNM29D8P6ePE2uK2XvuHx0eVis1iZx5NA22kEl5KETVEUXqI4aiKJ79Iie0Yvz4Dw5r87bd+uMM5nZQr/gfHwBO6Ghew==</latexit>

Dj ⇠ PoissonB (p1,j , p2,j , . . .)

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??



Classic offline/online model

t-1 t t+1 T1

arrival process:

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

<latexit sha1_base64="F0OS6rs2yumKw8jserye8VLej80=">AAACHHicbVDLSgMxFM34rPVVdekmWIQKUmbqc1mqC5cVrAqdMmTSTJs2kwzJHaEM/RA3/oobF4q4cSH4N6a1C7UeCPdwzr3c3BMmghtw3U9nZnZufmExt5RfXlldWy9sbF4blWrKGlQJpW9DYpjgkjWAg2C3iWYkDgW7CftnI//mjmnDlbyCQcJaMelIHnFKwEpB4eA86PmGx7iuuDFK1nzBIiglQebt94b7tlZG1RdtBcbXvNOFvaBQdMvuGHiaeBNSRBPUg8K731Y0jZkEKogxTc9NoJURDZwKNsz7qWEJoX3SYU1LJYmZaWXj44Z41yptHCltnwQ8Vn9OZCQ2ZhCHtjMm0DV/vZH4n9dMITptZVwmKTBJvxdFqcCg8Cgp3OaaURADSwjV3P4V0y7RhILNM29D8P6ePE2uK2XvuHx0eVis1iZx5NA22kEl5KETVEUXqI4aiKJ79Iie0Yvz4Dw5r87bd+uMM5nZQr/gfHwBO6Ghew==</latexit>

Dj ⇠ PoissonB (p1,j , p2,j , . . .)

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??<latexit sha1_base64="bxWmmlOesRYlK//8hgzyvC0YGoE=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6qYkUtRlQQWXFewFkhAm00k7dnJxZiKUkLUbX8WNC0Xc+gTufBsnaRZa/WHg5zvncOb8XsyokIbxpVUWFpeWV6qrtbX1jc0tfXunJ6KEY9LFEYv4wEOCMBqSrqSSkUHMCQo8Rvre5Dyv9+8JFzQKb+Q0Jk6ARiH1KUZSIVffT20ewB7iWePCvT2CNiN3sGCXmaWIU3P1utE0CsG/xixNHZTquPqnPYxwEpBQYoaEsEwjlk6KuKSYkaxmJ4LECE/QiFjKhiggwkmLUzJ4qMgQ+hFXL5SwoD8nUhQIMQ081RkgORbztRz+V7MS6Z85KQ3jRJIQzxb5CYMygnkucEg5wZJNlUGYU/VXiMeIIyxVenkI5vzJf03vuGmeNM3rVr3dKuOogj1wABrABKegDa5AB3QBBg/gCbyAV+1Re9betPdZa0UrZ3bBL2kf39x9mQw=</latexit>

Var(Dj)  E[Dj ]



Limitations of “serial independence” assumption

oEstimation error  

oTextbook demand models, e.g., Gaussian

oA majority (70%+) of high-demand SKUs violate 

o JD.com e-commerce order data (M&SOM 2020)

o Large fashion retailer (2014-2015 data), 200,000 SKUs

<latexit sha1_base64="tGc5xUFPccJeM35Gkw6seDPeWMU=">AAAB/nicbVDNS8MwHE39nPOrKp68BIfgQUYrfh2HXjxO2BdspaRpuoWlSUlSYZSC/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlBQmjSjvOt7W0vLK6tl7ZqG5ube/s2nv7HSVSiUkbCyZkL0CKMMpJW1PNSC+RBMUBI91gfFf43UciFRW8pScJ8WI05DSiGGkj+fZh6wwOAsFCNYnNlSW5n+nct2tO3ZkCLhK3JDVQounbX4NQ4DQmXGOGlOq7TqK9DElNMSN5dZAqkiA8RkPSN5SjmCgvm8bP4YlRQhgJaQ7XcKr+3shQrIp4ZjJGeqTmvUL8z+unOrrxMsqTVBOOZw9FKYNawKILGFJJsGYTQxCW1GSFeIQkwto0VjUluPNfXiSd87p7Vb98uKg1bss6KuAIHINT4IJr0AD3oAnaAIMMPINX8GY9WS/Wu/UxG12yyp0D8AfW5w+W7ZXt</latexit>

T,pt



Limitations of “serial independence” assumption

oEstimation error  

oTextbook demand models, e.g., Gaussian

oA majority (70%+) of high-demand SKUs violate 

o JD.com e-commerce order data (M&SOM 2020)

oLarge fashion retailer (2014-2015 data), 200,000 SKUs

<latexit sha1_base64="bxWmmlOesRYlK//8hgzyvC0YGoE=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6qYkUtRlQQWXFewFkhAm00k7dnJxZiKUkLUbX8WNC0Xc+gTufBsnaRZa/WHg5zvncOb8XsyokIbxpVUWFpeWV6qrtbX1jc0tfXunJ6KEY9LFEYv4wEOCMBqSrqSSkUHMCQo8Rvre5Dyv9+8JFzQKb+Q0Jk6ARiH1KUZSIVffT20ewB7iWePCvT2CNiN3sGCXmaWIU3P1utE0CsG/xixNHZTquPqnPYxwEpBQYoaEsEwjlk6KuKSYkaxmJ4LECE/QiFjKhiggwkmLUzJ4qMgQ+hFXL5SwoD8nUhQIMQ081RkgORbztRz+V7MS6Z85KQ3jRJIQzxb5CYMygnkucEg5wZJNlUGYU/VXiMeIIyxVenkI5vzJf03vuGmeNM3rVr3dKuOogj1wABrABKegDa5AB3QBBg/gCbyAV+1Re9betPdZa0UrZ3bBL2kf39x9mQw=</latexit>

Var(Dj)  E[Dj ]

<latexit sha1_base64="tGc5xUFPccJeM35Gkw6seDPeWMU=">AAAB/nicbVDNS8MwHE39nPOrKp68BIfgQUYrfh2HXjxO2BdspaRpuoWlSUlSYZSC/4oXD4p49e/w5n9juvWgmw9CHu/9fuTlBQmjSjvOt7W0vLK6tl7ZqG5ube/s2nv7HSVSiUkbCyZkL0CKMMpJW1PNSC+RBMUBI91gfFf43UciFRW8pScJ8WI05DSiGGkj+fZh6wwOAsFCNYnNlSW5n+nct2tO3ZkCLhK3JDVQounbX4NQ4DQmXGOGlOq7TqK9DElNMSN5dZAqkiA8RkPSN5SjmCgvm8bP4YlRQhgJaQ7XcKr+3shQrIp4ZjJGeqTmvUL8z+unOrrxMsqTVBOOZw9FKYNawKILGFJJsGYTQxCW1GSFeIQkwto0VjUluPNfXiSd87p7Vb98uKg1bss6KuAIHINT4IJr0AD3oAnaAIMMPINX8GY9WS/Wu/UxG12yyp0D8AfW5w+W7ZXt</latexit>

T,pt



Var(Dj) < E[Dj] is unreasonably optimistic
JD.com Data1

<latexit sha1_base64="2nRQqi3coqEThdCuUOlXy7uAqKk=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkoiRV0WdOGygn1AE8JkOmnHzkzCPIQa+iVuXCji1k9x5984abPQ1gMXDufcy733RCklUrnut1VaW9/Y3CpvV3Z29/ar9sFhVyZaINxBCU1EP4ISU8JxRxFFcT8VGLKI4l40uc793iMWkiT8Xk1THDA44iQmCCojhXbVH0OV+UzP6jfhw1kltGtuw53DWSVeQWqgQDu0v/xhgjTDXCEKpRx4bqqCDApFEMWziq8lTiGawBEeGMohwzLI5ofPnFOjDJ04Eaa4cubq74kMMimnLDKdDKqxXPZy8T9voFV8FWSEp1phjhaLYk0dlTh5Cs6QCIwUnRoCkSDmVgeNoYBImazyELzll1dJ97zhXTS8u2at1SziKINjcALqwAOXoAVuQRt0AAIaPINX8GY9WS/Wu/WxaC1ZxcwR+APr8we8TZJw</latexit>

µ̂(Dj)

1Largest 40x40 (SKU,location) pairs, weekly level aggregates1 (March 2018)

<latexit sha1_base64="31tMl+jZ7KzFADjYwaTeiHGveiU=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VoNyWR+lgWdOGygn1AE8JkOmnHTh7M3Agl9Evc+CtuXCgiuNK/cdJmoa0HBs49517u3OPFgiswzW+jsLK6tr5R3Cxtbe/s7pX3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATreuOrzO8+MKl4FN7BJGZOQIYh9zkloCW3fGaLaGgL5kPV9iWhqT0ikHam1Wv3vjadV3aQ5LUt+XAEtZJbrph1cwa8TKycVFCOllv+tAcRTQIWAhVEqb5lxuCkRAKngk1LdqJYTOiYDFlf05AETDnp7LwpPtHKAPuR1C8EPFN/T6QkUGoSeLozIDBSi14m/uf1E/AvnZSHcQIspPNFfiIwRDjLCg+4ZBTERBNCJdd/xXREdEqgE81CsBZPXiad07p1XrduG5VmI4+jiI7QMaoiC12gJrpBLdRGFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/QBVaaKJ</latexit>

log

 
V̂ (Dj)

µ̂(Dj)

!



Var(Dj) < E[Dj] is unreasonably optimistic
JD.com data1

<latexit sha1_base64="2nRQqi3coqEThdCuUOlXy7uAqKk=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkoiRV0WdOGygn1AE8JkOmnHzkzCPIQa+iVuXCji1k9x5984abPQ1gMXDufcy733RCklUrnut1VaW9/Y3CpvV3Z29/ar9sFhVyZaINxBCU1EP4ISU8JxRxFFcT8VGLKI4l40uc793iMWkiT8Xk1THDA44iQmCCojhXbVH0OV+UzP6jfhw1kltGtuw53DWSVeQWqgQDu0v/xhgjTDXCEKpRx4bqqCDApFEMWziq8lTiGawBEeGMohwzLI5ofPnFOjDJ04Eaa4cubq74kMMimnLDKdDKqxXPZy8T9voFV8FWSEp1phjhaLYk0dlTh5Cs6QCIwUnRoCkSDmVgeNoYBImazyELzll1dJ97zhXTS8u2at1SziKINjcALqwAOXoAVuQRt0AAIaPINX8GY9WS/Wu/WxaC1ZxcwR+APr8we8TZJw</latexit>

µ̂(Dj)

(R2 = 69%)

1Largest 40x40 (SKU,location) pairs, weekly level aggregates1 (March 2018)

<latexit sha1_base64="31tMl+jZ7KzFADjYwaTeiHGveiU=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VoNyWR+lgWdOGygn1AE8JkOmnHTh7M3Agl9Evc+CtuXCgiuNK/cdJmoa0HBs49517u3OPFgiswzW+jsLK6tr5R3Cxtbe/s7pX3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATreuOrzO8+MKl4FN7BJGZOQIYh9zkloCW3fGaLaGgL5kPV9iWhqT0ikHam1Wv3vjadV3aQ5LUt+XAEtZJbrph1cwa8TKycVFCOllv+tAcRTQIWAhVEqb5lxuCkRAKngk1LdqJYTOiYDFlf05AETDnp7LwpPtHKAPuR1C8EPFN/T6QkUGoSeLozIDBSi14m/uf1E/AvnZSHcQIspPNFfiIwRDjLCg+4ZBTERBNCJdd/xXREdEqgE81CsBZPXiad07p1XrduG5VmI4+jiI7QMaoiC12gJrpBLdRGFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/QBVaaKJ</latexit>

log

 
V̂ (Dj)

µ̂(Dj)

!

79% of SKU-locations



Var(Dj) < E[Dj] is unreasonably optimistic
Order fulfilment data1

1Largest 200,000 SKUs, August-December 2014, bi-weekly aggregation



Var(Dj) < E[Dj] is unreasonably optimistic
Order fulfilment data1

<latexit sha1_base64="2nRQqi3coqEThdCuUOlXy7uAqKk=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkoiRV0WdOGygn1AE8JkOmnHzkzCPIQa+iVuXCji1k9x5984abPQ1gMXDufcy733RCklUrnut1VaW9/Y3CpvV3Z29/ar9sFhVyZaINxBCU1EP4ISU8JxRxFFcT8VGLKI4l40uc793iMWkiT8Xk1THDA44iQmCCojhXbVH0OV+UzP6jfhw1kltGtuw53DWSVeQWqgQDu0v/xhgjTDXCEKpRx4bqqCDApFEMWziq8lTiGawBEeGMohwzLI5ofPnFOjDJ04Eaa4cubq74kMMimnLDKdDKqxXPZy8T9voFV8FWSEp1phjhaLYk0dlTh5Cs6QCIwUnRoCkSDmVgeNoYBImazyELzll1dJ97zhXTS8u2at1SziKINjcALqwAOXoAVuQRt0AAIaPINX8GY9WS/Wu/WxaC1ZxcwR+APr8we8TZJw</latexit>

µ̂(Dj)

1Largest 200,000 SKUs, August-December 2014, bi-weekly aggregation

<latexit sha1_base64="31tMl+jZ7KzFADjYwaTeiHGveiU=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VoNyWR+lgWdOGygn1AE8JkOmnHTh7M3Agl9Evc+CtuXCgiuNK/cdJmoa0HBs49517u3OPFgiswzW+jsLK6tr5R3Cxtbe/s7pX3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATreuOrzO8+MKl4FN7BJGZOQIYh9zkloCW3fGaLaGgL5kPV9iWhqT0ikHam1Wv3vjadV3aQ5LUt+XAEtZJbrph1cwa8TKycVFCOllv+tAcRTQIWAhVEqb5lxuCkRAKngk1LdqJYTOiYDFlf05AETDnp7LwpPtHKAPuR1C8EPFN/T6QkUGoSeLozIDBSi14m/uf1E/AvnZSHcQIspPNFfiIwRDjLCg+4ZBTERBNCJdd/xXREdEqgE81CsBZPXiad07p1XrduG5VmI4+jiI7QMaoiC12gJrpBLdRGFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/QBVaaKJ</latexit>

log

 
V̂ (Dj)

µ̂(Dj)

!

73% of SKUs



Classic offline/online model

t-1 t t+1 T1

arrival process:

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

<latexit sha1_base64="F0OS6rs2yumKw8jserye8VLej80=">AAACHHicbVDLSgMxFM34rPVVdekmWIQKUmbqc1mqC5cVrAqdMmTSTJs2kwzJHaEM/RA3/oobF4q4cSH4N6a1C7UeCPdwzr3c3BMmghtw3U9nZnZufmExt5RfXlldWy9sbF4blWrKGlQJpW9DYpjgkjWAg2C3iWYkDgW7CftnI//mjmnDlbyCQcJaMelIHnFKwEpB4eA86PmGx7iuuDFK1nzBIiglQebt94b7tlZG1RdtBcbXvNOFvaBQdMvuGHiaeBNSRBPUg8K731Y0jZkEKogxTc9NoJURDZwKNsz7qWEJoX3SYU1LJYmZaWXj44Z41yptHCltnwQ8Vn9OZCQ2ZhCHtjMm0DV/vZH4n9dMITptZVwmKTBJvxdFqcCg8Cgp3OaaURADSwjV3P4V0y7RhILNM29D8P6ePE2uK2XvuHx0eVis1iZx5NA22kEl5KETVEUXqI4aiKJ79Iie0Yvz4Dw5r87bd+uMM5nZQr/gfHwBO6Ghew==</latexit>

Dj ⇠ PoissonB (p1,j , p2,j , . . .)
<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??

≈ cross-sectional independence
e.g., Huang and Shu [‘21]

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??



Outline

• Limitations of the “classical” model

• Nonparametric models with correlated arrivals

• New matching algorithms with optimal competitive/approximation ratios

1

2



Nonparametric models

t-1 t t+1 T1

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>?? <latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

Nonparametric models

1. demand distribution
2. arrival ordering:

<latexit sha1_base64="l8A8YLbV0XMoaiL2Mjjm5G1Hgy0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLlxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTj69zvPFKlmRT3ZpJQP8ZDwSJGsLHSQz+QPNST2F7ZzXRQrbl1dwa0TLyC1KBAc1D96oeSpDEVhnCsdc9zE+NnWBlGOJ1W+qmmCSZjPKQ9SwWOqfazWeopOrFKiCKp7BEGzdTfGxmOdR7NTsbYjPSil4v/eb3URFd+xkSSGirI/KEo5chIlFeAQqYoMXxiCSaK2ayIjLDCxNiiKrYEb/HLy6R9Vvcu6t7dea1xXtRRhiM4hlPw4BIacAtNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz8CCpLN</latexit>

D
<latexit sha1_base64="dfLh5AVW5WjghOPDCrGSpqoNXnM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZQZKeqyxS5cSRX7gHYomTTThmYeJHfEMgy48VfcuFDErT/hzr8xfQjaeuDCyTn3knuPGwmuwLK+jMzC4tLySnY1t7a+sbllbu/UVRhLymo0FKFsukQxwQNWAw6CNSPJiO8K1nAHFyO/ccek4mFwC8OIOT7pBdzjlICWOuZeG9g9KC8pV+rp8c/jpnxVSTtm3ipYY+B5Yk9JHk1R7Zif7W5IY58FQAVRqmVbETgJkcCpYGmuHSsWETogPdbSNCA+U04yviHFh1rpYi+UugLAY/X3REJ8pYa+qzt9An01643E/7xWDN65k/AgioEFdPKRFwsMIR4FgrtcMgpiqAmhkutdMe0TSSjo2HI6BHv25HlSPynYpwX7upgvFadxZNE+OkBHyEZnqIQuURXVEEUP6Am9oFfj0Xg23oz3SWvGmM7soj8wPr4BBcKXtw==</latexit>

ADV,RAND

<latexit sha1_base64="Pn/5AZ9IZ/Dm4CEb7HAIeKIhR0s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBiyURUY9FLx4rWFtoQtlsJ+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMc2jxRCa6EzIDUihooUAJnVQDi0MJ7XB0O/XbT6CNSNQDjlMIYjZQIhKcoZV8H4eArJfjmTfpVWtu3Z2BLhOvIDVSoNmrfvn9hGcxKOSSGdP13BSDnGkUXMKk4mcGUsZHbABdSxWLwQT57OYJPbFKn0aJtqWQztTfEzmLjRnHoe2MGQ7NojcV//O6GUbXQS5UmiEoPl8UZZJiQqcB0L7QwFGOLWFcC3sr5UOmGUcbU8WG4C2+vEwez+veZd27v6g1boo4yuSIHJNT4pEr0iB3pElahJOUPJNX8uZkzovz7nzMW0tOMXNI/sD5/AHeW5GT</latexit>

✓t�1

o serial independence assumption
o modelling the arrival process (t)



Nonparametric models

INDEP model

• Each type-demand         follows an 
arbitrary (known) distribution

• But type-demands are independent

<latexit sha1_base64="y4wjO7s3d61wJlvZ9inRnA2nhqs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2g9oQ9lsN+3azSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+64lrI2L1gOOE+xEdKBEKRtFK9ze9x1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqt7deaV2nsdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8Qno2d</latexit>

Dj

<latexit sha1_base64="KXCWIdLIXwvcaUtaqzdMYvvDML0=">AAACA3icbVC7TsMwFHXKq5RXgA0WQ4XEVCWoAsZKdGAsEn1ITRQ5rtOaOo5lO0hVVImFX2FhACFWfoKNv8FpM0DhWJaOz7lX1/eEglGlHefLKi0tr6yuldcrG5tb2zv27l5HJanEpI0TlsheiBRhlJO2ppqRnpAExSEj3XB8lfvdeyIVTfitngjix2jIaUQx0kYK7INmcAc9QaSA3lF+ikczGAd21ak5M8C/xC1IFRRoBfanN0hwGhOuMUNK9V1HaD9DUlPMyLTipYoIhMdoSPqGchQT5WezHabwxCgDGCXSXK7hTP3ZkaFYqUkcmsoY6ZFa9HLxP6+f6ujSzygXqSYczwdFKYM6gXkgcEAlwZpNDEFYUvNXiEdIIqxNbBUTgru48l/SOau55zX3pl5t1Is4yuAQHINT4IIL0ADXoAXaAIMH8ARewKv1aD1bb9b7vLRkFT374Besj28gCJXf</latexit>

Dj ?? Dk

E.g., independent regions

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??



Nonparametric models

CORREL model

• The total demand           follows 
an arbitrary (known) distribution

• Conditional on T= D, the t-th query 
type independently sampled from

<latexit sha1_base64="3G2V0dMzcN4AtOxtUdPiZHCusd0=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6kUo2oPHCvYD2nXJpmmbNskuSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8acaeO6387S8srq2npuI7+5tb2zW9jbr+soUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDm8mfuORKs0ieW9GMfUF7knWZQQbKz1U0BVq60QEA1QJBkGh6JbcKdAi8TJShAzVoPDV7kQkEVQawrHWLc+NjZ9iZRjhdJxvJ5rGmAxxj7YslVhQ7afTq8fo2Cod1I2ULWnQVP09kWKh9UiEtlNg09fz3kT8z2slpnvpp0zGiaGSzBZ1E45MhCYRoA5TlBg+sgQTxeytiPSxwsTYoPI2BG/+5UVSPy155yXv7qxYvs7iyMEhHMEJeHABZbiFKtSAgIJneIU358l5cd6dj1nrkpPNHMAfOJ8/2suRdA==</latexit>

D =
X

j

Dj

E.g., common shock across regions

<latexit sha1_base64="l+l2WLejtTpJylDAN1k/jWRwHM8=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqgTxGitYGItEH1IbRY7jtladOLJvEFWUX2FhACFWfoSNv8FpM0DLkSwfnXOvfHyCRHANjvNtrayurW9sVraq2zu7e/v2Qa2jZaooa1MppOoFRDPBY9YGDoL1EsVIFAjWDSa3hd99ZEpzGT/ANGFeREYxH3JKwEi+XRsEUoR6GpkrS3I/g9y3607DmQEvE7ckdVSi5dtfg1DSNGIxUEG07rtOAl5GFHAqWF4dpJolhE7IiPUNjUnEtJfNsuf4xCghHkplTgx4pv7eyEiki3hmMiIw1oteIf7n9VMYXnsZj5MUWEznDw1TgUHioggccsUoiKkhhCpusmI6JopQMHVVTQnu4peXSees4V42Lu7P682bso4KOkLH6BS56Ao10R1qoTai6Ak9o1f0ZuXWi/VufcxHV6xy5xD9gfX5AyjVlS8=</latexit>pt

<latexit sha1_base64="5Nxvtu3ciYq9Vn/AAv4O6ywebwQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWMF+4FtKJvtpl272YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbTSQwdFxA256T52S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlRRu8jPphePybFVeiSMtS2FZKr+nshoZMwoCmxnRHFg5r2J+J/XTjG89DOhkhS5YrNFYSoJxmTyPukJzRnKkSWUaWFvJWxANWVoQyraELz5lxdJ47TinVe8u7Ny9SqPowCHcAQn4MEFVOEWalAHBgqe4RXeHOO8OO/Ox6x1yclnDuAPnM8fH4eQjw==</latexit>⇥Dj

t

<latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>?? <latexit sha1_base64="KNwkgXXsi3b4AULEmodPGZXFIoY=">AAAB/HicbVC7TsMwFHV4lvIKdGQxVEhMVYIQMFawMBaJPqQmqhz3prXqJJbtIEVR+RUWBhBi5UPY+BucNgO0HMvS8Tn36l6fQHCmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkqKbRpwhPZC4gCzmJoa6Y59IQEEgUcusHktvC7jyAVS+IHnQnwIzKKWcgo0UYa2DVPgBTecXmKR3Vg152GMwNeJm5J6qhEa2B/ecOEphHEmnKiVN91hPZzIjWjHKZVL1UgCJ2QEfQNjUkEys9ny0/xqVGGOEykubHGM/V3R04ipbIoMJUR0WO16BXif14/1eG1n7NYpBpiOh8UphzrBBdJ4CGTQDXPDCFUMrMrpmMiCdUmryIEd/HLy6Rz3nAvG+79Rb15U8ZRQUfoBJ0hF12hJrpDLdRGFGXoGb2iN+vJerHerY956YpV9tTQH1ifP80Zk5M=</latexit>??
conditional on D!

<latexit sha1_base64="/GjIqvIKiIBr+DdwbKirDA1K0T8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPmWGMzg==</latexit>

DT=



Outline

• Limitations of the “classical” model

• Nonparametric models with correlated arrivals

• New matching algorithms with optimal competitive/approx. ratios

oTighter polyhedral relaxations (≠ fluid relaxation)

oLossless rounding scheme

1

2



LP benchmark for INDEP

<latexit sha1_base64="kAaKmPiXolL4zWOcfUIVyNFE5FQ="></latexit>
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S: subset of resources; 
Hall’s marriage condition 
and taking expectations
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LP benchmark for INDEP

<latexit sha1_base64="kAaKmPiXolL4zWOcfUIVyNFE5FQ="></latexit>
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ri,jxi,j

s.t.
X

i

xi,j  ki

X

j

xi,j  E[Dj ]
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<latexit sha1_base64="xJ1eBXiXf6ZVzVjOMFxZl2mRJF4="></latexit>
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Proposition [A., Ma ‘22]: Valid benchmark  
<latexit sha1_base64="l+Y6OGPHnyfaZHO69XA+gId3a5g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rIgFBeCFewDOmPJpJk2NMmMSUYow3yAG3/FjQtF3PoB7vwbM+MstPVA4HDOudzc40eMKm3bX1ZpYXFpeaW8Wllb39jcqm7vdFQYS0zaOGSh7PlIEUYFaWuqGelFkiDuM9L1J+eZ370nUtFQ3OhpRDyORoIGFCNtpEG1lriSw8tWepsTLWOBU+iOyB3MhatmMzUpu27ngPPEKUgNFGgNqp/uMMQxJ0JjhpTqO3akvQRJTTEjacWNFYkQnqAR6RsqECfKS/JjUnhglCEMQmme0DBXf08kiCs15b5JcqTHatbLxP+8fqyDMy+hIoo1yY7MFgUxgzqEWTNwSCXBmk0NQVhS81eIx0girE1/FVOCM3vyPOkc1Z2TunN9XGscF3WUwR7YB4fAAaegAS5AC7QBBg/gCbyAV+vRerberPefaMkqZnbBH1gf3+OemtQ=</latexit>

LP
trunc � OFF

Proposition [A., Ma ‘22]:              is solvable in polynomial time (polymatroid constraints).
<latexit sha1_base64="vvn9JoojRyvNnoD+CG35TEB9CIE=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSKeqy4MaFiwr2Am0sk+mkHTqZhJmJUELAV3HjQhG3Poc738ZJzEJbfxj4+M85zDm/H3OmtON8WUvLK6tr65WN6ubW9s6uvbffUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcrr3QcqFYvEnZ7F1AvxWLCAEayNNbQP04EM0U0ruy9Ay0SQDA3tmlN3CqFFcEuoQanW0P4cjCKShFRowrFSfdeJtZdiqRnhNKsOEkVjTKZ4TPsGBQ6p8tJi/QydGGeEgkiaJzQq3N8TKQ6VmoW+6Qyxnqj5Wm7+V+snOrj0UibiRNP8rPyjIOFIRyjPAo2YpETzmQFMJDO7IjLBEhNtEquaENz5kxehc1Z3z+vubaPWbJRxVOAIjuEUXLiAJlxDC9pAIIUneIFX69F6tt6s95/WJaucOYA/sj6+AdwrlWE=</latexit>

LPtrunc

S: subset of resources; 
Hall’s marriage condition 
and taking expectations



Main results – INDEP 

Theorem [A., Ma, Zhang ‘23]: For INDEP, there is no matching policy better than 

1/2-competitive even under large inventory and uniform arrivals.
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Main results – INDEP 

Proof idea:
Reduction to single-offline node prophet inequality via lossless rounding 

Theorem [A., Ma ‘23]: For INDEP, there exists a 1/2-competitive matching policy 

(against our LP) that is computed in polynomial time, even under adversarial arrivals.

Theorem [A., Ma, Zhang ‘23]: For INDEP, there is no matching policy better than 

1/2-competitive even under large inventory and uniform arrivals.



The central rounding lemma

<latexit sha1_base64="xJ1eBXiXf6ZVzVjOMFxZl2mRJF4="></latexit>
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The central rounding lemma

Lemma [A., Ma ‘22]: There exists a lossless rounding for     for each type j
<latexit sha1_base64="vvn9JoojRyvNnoD+CG35TEB9CIE=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSKeqy4MaFiwr2Am0sk+mkHTqZhJmJUELAV3HjQhG3Poc738ZJzEJbfxj4+M85zDm/H3OmtON8WUvLK6tr65WN6ubW9s6uvbffUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcrr3QcqFYvEnZ7F1AvxWLCAEayNNbQP04EM0U0ruy9Ay0SQDA3tmlN3CqFFcEuoQanW0P4cjCKShFRowrFSfdeJtZdiqRnhNKsOEkVjTKZ4TPsGBQ6p8tJi/QydGGeEgkiaJzQq3N8TKQ6VmoW+6Qyxnqj5Wm7+V+snOrj0UibiRNP8rPyjIOFIRyjPAo2YpETzmQFMJDO7IjLBEhNtEquaENz5kxehc1Z3z+vubaPWbJRxVOAIjuEUXLiAJlxDC9pAIIUneIFX69F6tt6s95/WJaucOYA/sj6+AdwrlWE=</latexit>

LPtrunc

<latexit sha1_base64="G13UNhYabDYKxwS9FZLiYtjl0Zs="></latexit>
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The central rounding lemma

Lemma [A., Ma ‘22]: There exists a lossless rounding for     for each type j:
<latexit sha1_base64="vvn9JoojRyvNnoD+CG35TEB9CIE=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUSKeqy4MaFiwr2Am0sk+mkHTqZhJmJUELAV3HjQhG3Poc738ZJzEJbfxj4+M85zDm/H3OmtON8WUvLK6tr65WN6ubW9s6uvbffUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vcrr3QcqFYvEnZ7F1AvxWLCAEayNNbQP04EM0U0ruy9Ay0SQDA3tmlN3CqFFcEuoQanW0P4cjCKShFRowrFSfdeJtZdiqRnhNKsOEkVjTKZ4TPsGBQ6p8tJi/QydGGeEgkiaJzQq3N8TKQ6VmoW+6Qyxnqj5Wm7+V+snOrj0UibiRNP8rPyjIOFIRyjPAo2YpETzmQFMJDO7IjLBEhNtEquaENz5kxehc1Z3z+vubaPWbJRxVOAIjuEUXLiAJlxDC9pAIIUneIFX69F6tt6s95/WJaucOYA/sj6+AdwrlWE=</latexit>

LPtrunc

<latexit sha1_base64="G13UNhYabDYKxwS9FZLiYtjl0Zs="></latexit>

Pr⇡⇠�j

"
X

`

I[⇡(`) = i] · Pr [Dj � `]

#
= x⇤

i,j

For any fixed type demand distribution, the 
LP fractional solutions represents all 

achievable match rates to the m resources 



Rounding lemma

o E.g., nonparametric demand with

o Feasible fractional matching:

o Binding constraints:

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

<latexit sha1_base64="HDZkH5E6ECe2SYGVdkxPDReG1Sw="></latexit>

7

8
+ ✏  E[min{Dj , 1}] = 1

<latexit sha1_base64="obusqqZshrbf7OLb4dkhcUpDsuI="></latexit>

13

8
+ ✏  E[min{Dj , 3}] =

7

4

<latexit sha1_base64="klkEnGU2YXa3pS0R4zQs/+bgBkA="></latexit>

11

8
+ ✏  E[min{Dj , 2}] =

3

2

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>

x⇤
j =

✓
1

8
,
3

8
,
7

8
+ ✏

◆

<latexit sha1_base64="bo0GICh/lfaGObQiGYOB6yFsjVk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgopRE6mMjFN24rGAf0IQymUzaoZOZMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hMkjCrtON9WYWV1bX2juFna2t7Z3bPL+20lUolJCwsmZDdAijDKSUtTzUg3kQTFASOdYHQz9TsPRCoq+L0eJ8SP0YDTiGKkjdS3yx5hDF5Bt+qxUGhVrfftilNzZoDLxM1JBeRo9u0vLxQ4jQnXmCGleq6TaD9DUlPMyKTkpYokCI/QgPQM5Sgmys9mp0/gsVFCGAlpims4U39PZChWahwHpjNGeqgWvan4n9dLdXTpZ5QnqSYczxdFKYNawGkOMKSSYM3GhiAsqbkV4iGSCGuTVsmE4C6+vEzapzX3vHZ2V680rvM4iuAQHIET4IIL0AC3oAlaAINH8AxewZv1ZL1Y79bHvLVg5TMH4A+szx865pK0</latexit>

` = 1, . . . , 4



2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2 2

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

Rounding lemma

2 null query

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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◆



Rounding lemma

2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2

Which query is routed to resource 1?

2

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

2 null query

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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Rounding lemma

2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2

Which query is routed to resource 1?

2

1

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

Greedy? 

2 null query

routed query

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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Rounding lemma

2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2

Which query is routed to resource 1?

2

1
Greedy? L

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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Rounding lemma

2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2

Which query is routed to resource 1?

2

1 Proportional? L

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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Rounding lemma

2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2 1

Which query is routed to resource 1?

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>
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<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2 1

Which query is routed to resource 2?

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

2 null query

routed query

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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2 2

<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2 1

Which query is routed to resource 2?

2

2

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>

Pr [Dj � `] = 1/2`�1

<latexit sha1_base64="EQvQ30Kew+TJOq4puxLUJHHzxlY="></latexit>
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<latexit sha1_base64="94KV3ICISddanCjv3wKUFcRkeB8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhXr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5JWrepdVr37i0q9lsdRhBM4hXPw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9aCk88cwx84nz+tZ48H</latexit>

` = 1
<latexit sha1_base64="rU1oGNhBxwV1deq3Ev+pX2M1CBw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqBeh4MVjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBordXooBLkhtX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7rHr3F5V6LY+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AruuPCA==</latexit>

` = 2
<latexit sha1_base64="i4tZdyXTAeNzBLe9vw0Suz/mK34=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9SIUvHisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQW7Iea9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteJdVrz7i3KtmsdRgGM4gTPw4ApqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsG+PCQ==</latexit>

` = 3
<latexit sha1_base64="uceEoktgk4vsbPif6kTNRLSvbiI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoePFYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VOj0UgtyQWr9UdivuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWteJdVrz7WrlezeMowCmcwQV4cAV1uIMGNIGBgGd4hTfn0Xlx3p2PReuak8+cwB84nz+x848K</latexit>

` = 4

2

<latexit sha1_base64="7HpbTtLBr6I38XGQAg7kYbcPBLU=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBC8GHeDqBchoAePEUwiZNcwO+lNRmcfzvQKYcmfePFXvHhQRLzlb5yNOaixYKCo6qanyk+k0GjbI2tmdm5+YbGwVFxeWV1bL21sNnWcKg4NHstYXftMgxQRNFCghOtEAQt9CS3/7iz3Ww+gtIijKxwk4IWsF4lAcIZG6pSOMjdk2FchrauhKyHANj3v3FK3B/fUBSldJXp99OgpdQ6qN1ku7TvDTqlsV+wx6DRxJqRMJqh3Sp9uN+ZpCBFyybRuO3aCXsYUCi5hWHRTDQnjd6wHbUMjFoL2snG+Id01SpcGsTIvQjpWf25kLNR6EPpmMg+j/3q5+J/XTjE48TIRJSlCxL8PBamkGNO8LNoVCjjKgSGMK2H+SnmfKcbRVFo0JTh/I0+TZrXiHFWcy8NyrTqpo0C2yQ7ZIw45JjVyQeqkQTh5JM/klbxZT9aL9W59fI/OWJOdLfIL1ugLHjGhsA==</latexit>
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Concluding remarks

• Common principles

o Limitations of fluid relaxation for more rich stochastic matching problems

o Tighter LP relaxations: more closely approximating the online/offline optimum 

o “Attainability” results: contention resolution or correlated roundings

• Open questions & future directions

o Breaching (1-1/e)-approximation for dynamic matching
o Sample complexity of nonparametric stochastic models

o Other models of correlation: e.g., prediction uncertainty



Main results – CORREL 

Observation [A., Ma ‘22]: For CORREL, no constant-factor competitive ratio is achievable.

Proof ideas:

o Conditional LP: valid inequalities conditional on the largest arrival sequence length

o Reduction to online contention resolution scheme [Jiang, Ma, and Zhang, 22]

Theorem [A., Ma ‘22]: For CORREL, there exists an approximate matching policy that 

achieving an approximation ratio                         , where       is the best-known competitive 

ratio for k-unit prophet inequality.

<latexit sha1_base64="rFYzetEVYJinNTiFcNgXWNF4FgQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxgnlAsobeyWwyZB7LzKwQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3IjCUM0mblllOO4mmICJO29H4dua3n6g2TMkHO0loKGAoWcwIWCd1e0MQAh4v+mPcL1f8qj8HXiVBTiooR6Nf/uoNFEkFlZZwMKYb+IkNM9CWEU6npV5qaAJkDEPadVSCoCbM5idP8ZlTBjhW2pW0eK7+nshAGDMRkesUYEdm2ZuJ/3nd1MY3YcZkkloqyWJRnHJsFZ79jwdMU2L5xBEgmrlbMRmBBmJdSiUXQrD88ippXVaDq2pwX6vUa3kcRXSCTtE5CtA1qqM71EBNRJBCz+gVvXnWe/HevY9Fa8HLZ47RH3ifP31WkLE=</latexit>

�⇤
k

<latexit sha1_base64="uWE3vT8sLgsD+Qtt+PbXWgxEM5M=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQFUsiRV1JwY3LCvYBfYTJdNIOmUnizEQoITs3/oobF4q49Rfc+TdO2yy09cCFwzn3cu89bsSoVJb1beQWFpeWV/KrhbX1jc0tc3unIcNYYFLHIQtFy0WSMBqQuqKKkVYkCOIuI03Xvx77zQciJA2DOzWKSJejQUA9ipHSkmPudwaIc9Q7dnx4BUv2SUfeC5X46VEvObVTxyxaZWsCOE/sjBRBhppjfnX6IY45CRRmSMq2bUWqmyChKGYkLXRiSSKEfTQgbU0DxInsJpM/UniolT70QqErUHCi/p5IEJdyxF3dyZEayllvLP7ntWPlXXYTGkSxIgGeLvJiBlUIx6HAPhUEKzbSBGFB9a0QD5FAWOnoCjoEe/bledI4K9vnZfu2UqxWsjjyYA8cgBKwwQWoghtQA3WAwSN4Bq/gzXgyXox342PamjOymV3wB8bnD7icl+g=</latexit>

�⇤
k > (1 +

p
k)�1



Conditional LP
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Intuition: “the tightest 
constraints are given by the 
largest possible demand”


