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Trés connu pour ses travaux sur les variétés de
dimension 3 mais I'histoire que je raconte

William Thurston (1946-2012) _ o
aujourd’hui concerne les surfaces.
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Ce livre contient l'exposé de résultats de William Thurston en théorie des surfaces
(feuilletages mesurés, compactification naturelle de l'espace de Teichmilller et classification des
difféomorphismes). Notre démarche suit pour I'essentiel celle qui est indiquée dans le
“research announcement” de Thurston, ainsi que dans les notes de ses cours de Princeton,

écrites par M. Handel et W. Floyd.

Une partie de ce texte, notamment la classification des courbes et des feuilletages
mesurés est une élaboration des exposés faits dans le Séminaire d’Orsay en 1976-1977. Mais
nous n'avons pu fabriquer les textes démonstratifs pour le reste de la théorie que bien plus
tard. Au printemps 1978, 4 Plans-sur-Bex, Thurston nous a expliqué comment regarder le

projectifié de I'espace des feuilletages mesurés comme bord de I'espace de Teichmilller.
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Remarque. Toutes les constructions précédentes conduisent a des pseudo-Anosov

dont le facteur de dilatation est un entier quadratique. Les "membres du séminaire"

ne savent pas construire d'exemple ov il soit de degré plus élevé,

Page 250 de Fathi-Laudenbach-Poenaru
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BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 19, Number 2, October 1988

ON THE GEOMETRY AND DYNAMICS
OF DIFFEOMORPHISMS OF SURFACES

WILLIAM P. THURSTON

PREFACE

This article was widely circulated as a preprint, about 12 years ago. At that
time the Bulletin did not accept research announcements, and after a couple
of attempts to publish it, I gave up, and the preprint did not find a home. 1
very soon saw that there were many ramifications of this theory, and I talked
extensively about it in a number of places. One year I devoted my graduate
course to this theory, and notes of Bill Floyd and Michael Handel from that
course were circulated for a while. The participants in a seminar at Orsay in
1976-1977 went over this material, and wrote a volume [FLP] including some
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The literature on this subject is now quite large, and I cannot even touch on
all aspects of it here, such as algorithms, noncompact surfaces, handlebodies,
measure theory, hyperbolic three-manifolds, etc.

There would be no simple stopping point if I began to incorporate the more
recent developments in the original paper, so it is being published here in the
original form.

Fin introduction de lI'article de Thurston
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Personne ne lit donc cet article !!!

6. We will describe in detail an elementary construction for a large class of examples of
diffeomorphisms in canonical form.
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D’autres réponses a la question de FLP de nature différente :

Arnoux-Yoccoz en 1981, Veech 1982
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La construction de Thurston est oubliée jusqu’en 2003 !

Kontsevich, McMullen, Okounkov, Yoccoz

Hubbard fait un exposé mémorable
apres la bouillabaisse sur la construction
de Thurston. C'était le seul a avoir lu le
texte de Thurston. Les dernieres années de sa carriére

sont dédiées a rédiger les grands théorémes de Thurston.
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VEECH GROUPS WITHOUT PARABOLIC ELEMENTS Teichmuller Theory

and Applications to Geometry, Topology, and Dynamics

PASCAL HUBERT and ERWAN LANNEAU

Volume 2
Surface Homeomorphisms
and Rational Functions

Abstract
We prove that a translation surface that has two transverse parabolic elements has a
totally real trace field. As a corollary, nontrivial Veech groups that have no parabolic
elements do exist.

The proof follows Veech’s viewpoint on Thurston's construction of pseudo-Anosoy
diffeomorphisms.

1. Introduction
For a long time, it has been known that the ergodic properties of linear flows on a
translation surface are strongly related to the behavior of its SL,(IR)-orbit in the moduli
space of holomorphic one-forms (see [MT], [Z] for surveys of the literature on this
subject). The SL,(R)-orbit of a translation surface is called its Teichmiiller disc. Its
stabilizer under the action of SL,(R) is a Fuchsian group called the Veech group.

In 1989, Veech proved that a translation surface whose stabilizer is a lattice has

John H. Hubbard
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Cette construction est aujourd’hui Si
connue qu’elle est souvent appelée
« construction bouillabaisse »
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WEIL-PETERSSON VOLUMES AND INTERSECTION THEORY
ON THE MODULI SPACE OF CURVES

MARYAM MIRZAKHANI

1. INTRODUCTION

In this paper, we establish a relationship between the Weil-Petersson volume
Vy,n(b) of the moduli space M, ,(b) of hyperbolic Riemann surfaces with geodesic
boundary components of lengths by, ..., b,, and the intersection numbers of tauto-
logical classes on the moduli space M,,,, of stable curves. As a result, by using the
recursive formula for V ,,(b) obtained in [22], we derive a new proof of the Virasoro
constraints for a point. This result is equivalent to the Witten-Kontsevich formula
[14].

Intersection theory of H_,,_”. Let M, be the moduli space of genus g curves
with n distinct marked points and m_,,_” its Deligne-Mumford compactification.
The space My ,, is a connected complex orbifold of dimension 3g —3+n [9]. These
moduli spaces are endowed with natural cohomology classes. An example of such a
class is the Chern class of a vector bundle on the moduli space. There are n tautolog-
ical line bundles defined over M,_,,: for each marked point i, there exists a canonical
line bundle £; in the orbifold sense whose fiber at the point (C,z1,...,2,) € My
is the cotangent space of C' at z;. The first Chern class of this bundle is denoted
by ¥; = ¢1(£;). Note that although the complex curve C' may have nodes, z; never
coincides with the singular points.

For any set {d,...,d,} of integers define the top intersection number of 1 classes
by
n
d
(Taysee s Tan)g = / H .

i=1

Mg.n

n
Such products are well defined when the d;’s are nonnegative integers and Y d; =
i=1

3g — 3+ n. In other cases (74, ,...,74,)q is defined to be zero. Since we are in the
orbifold setting, these intersection numbers are rational numbers. See [15] and [9]
for more details.

Introduce formal variables t;, i > 0, and define F;, the generating function of all
top intersections of v classes in genus g, by

Fotats: V=N (TTry TTer/m

<0
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ABSTRACT. We prove some ergodic-theoretic rigidity properties of the action of *

SL(2,R) on moduli space. In particular, we show that any ergodic measure invariant de

under the action of the upper triangular subgroup of SL(2,R) is supported on an 1

invariant affine submanifold. 8 /" 3 _
The main theorems are inspired by the results of several authors on unipotent efe

flows on homogeneous spaces, and in particular by Ratner’s seminal work. s re
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Gauss measures for transformations on the
space of interval exchange maps

In memory of Rufus Bowen

1. Introduction

This paper brings a certain completeness to the study, initiated in [9], [10],
and Rauzy [6], [7], of a class of transformations on the set of interval exchange
maps. The main result is Theorem 1.1 which asserts that these transformations
possess “Gauss measures,” ergodic conservative invariant measures whose densi-
ties are rational functions. The measures are in general infinite.

The reduction ([9], [10]) yields as one consequence of Theorem 1.1 the
“Keane Conjecture” 3], which has also been affirmed recently by H. Masur [4].
The constructions used to prove Theorem 1.1 yield a large class of examples of
pseudo-Anosov maps (Thurston [8]), indeed, by reasoning in [1], all such maps
whose stable /unstable foliations are orientable (Section 8).

We recall first the definition of “interval exchange map.” Fix m > 1, and let
€7, be the set of irreducible permutations j - 7j, 1 =j <m. Tosay 7 € S is
to say «{1,...,k} = {1,...,k} implies k = m. A, is the positive cone in R”,
and to A € A, one associates the several objects By(A) =0, By(A) = Z/_ |\,
L=j=m,|X=B,N),and I} = [B,_(X),B(A)) C[0,|A]) = I*. Also, define
AT =X, 1, 1=j<m. The (X, x) interval exchange, T = T, ., is the map of I*
defined by

=0

Tx =x+ B, () — Bi—l(}\)(x € I:‘A)'
Next, define (A, 7) = Max(B,,_ (A), B, (A7), and let J(A, m) =

— w) e e o Y —_

1
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Teichmiiller curves in moduli space, Eisenstein series
and an application to triangular billiards *
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Summary. There exists a Teichmiiller disc 4, containing the Riemann surface
n—1
2
of 4, in the mapping class group has a fundamental domain of finite (Poincare)
volume in 4,. Application is given to an asymptotic formula for the length

Teichmiiller space, such that the stabilizer

of y2 4+ x" =1, in the genus

spectrum of the billiard in isosceles triangles with angles (n/n, nfin, N ; 2 n)

and to the uniform distribution of infinite billiard trajectories in the same
trianeles.

VEECH, William A. Teichmuller curves in moduli space,
Eisenstein series and an application to triangular

billiards. Inventiones mathematicae, 1989, vol. 97, p. 553-
583.
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STRICT ERGODICITY IN ZERO DIMENSIONAL
DYNAMICAL SYSTEMS AND THE KRONECKER-WEYL

THEOREM MOD 2() VEECH, William A. Strict ergodicity in zero dimensional
WILLIAM . VEECH dynamical systems and the Kronecker-Weyl theorem
tn memory of L. Frank Lovett mod2. Transactions of the American Mathematical
1. Introduction. Our principal results(?) are number-theoretic. Let X={x |0 SOCiety, 1969’ VOI. 1 40’ p 1_33
Sx<1} be the compact group of real numbers modulo 1, and let 6 € X be ir-
rational. The numbers j§, j=0, £1,..., (here and henceforth to be reduced

modulo 1) comprise a dense subgroup of X. For each interval /= X and #n>0
define S,=S,(6, I) to be the number of integers j, 1 <j<n, such that j6 € /. By the
Kronecker-Weyl theorem [12] lim,_, . S,/n=v(I), where v is Lebesgue measure
on X.

We will be interested in the behavior of the sequence {x,} of parities of {S,}. That
is x,is 0 or 1 as S, is even or odd. Our first result concerns the existence of the limit

) 1 & 14
1 I = = .
M pall) = lim % 2 x,
. 12
Itis
THEOREM 1. A necessary and sufficient condition for po(I) to exist for every 10
interval 1< X is that 0 have bounded partial quotients.
We will draw freely upon the language and results of continued fractiorory,
as it is developed in [2] or [5]. Recall that 8 has bounded partial quotients if and only
if there exists a constant ¢>0 such that |g0 —p| > c/q for all integers p and g with
g>0. In terms of |||, the closest integer function, the condition is ¢8| > ¢/g, ¢>0.
We note that [[.{l defines a oronn invariant metric on X
0
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COMPLEXITE DE SUITES DEFINIES
PAR DES BILLARDS RATIONNELS
PAR

PascaL HUBERT (*)

RESUME. Soit P un polygone rationnel convexe, kim/r, ..., kqm/r les angles
entre deux cotés consécutifs oit ky,...,kq, 7 sont premiers dans leur ensemble. Nous
considérons le probleme de billard dans ce polygone et codons les trajectoires suivant
les c6tés qu’elles rencontrent. Nous montrons que, si la suite ainsi obtenue n’est pas
périodique, sa complexité est donnée par la formule p(n) = n(q — 2)r + 2r. Cette
expression de la complexité est valable pour n assez grand et est indépendante des
conditions initiales du probléme.

ABSTRACT. — Let P be a convex rational polygon, kyn/r,..., kqm/r the interior
angles (k1,...,kq, r are coprime). Let us consider the billiard problem in this polygon.
‘We code the trajectories according to the sides they meet. When the sequence so
obtained is not periodic, we show that the complexity of this sequence is equal to
p(n) = n{q — 2)r + 2r. This formula is true for n large enough and does not depend on
the initial conditions.

0. Introduction

On connait peu de résultats concernant les propriétés ergodiques ou
celles liées au codage du flot du billard dans un polygone quelconque.
Trouver un exemple de flot de billard dans un polygone qui soit ergodique
reste actuellement un probléme ouvert. Toutefois, KERCKHOFF, MASUR et
SMILLIE ont montré qu'il v a un G5 dense de polygones pour lesquels le
flot est ergodique (c¢f. [KMS]). Par ailleurs, KATok démontre que ce sont
des systemes d’entropie nulle (cf. [K]). Certains cas particuliers sont tout
de méme bien connus, tant au niveau ergodique que du point de vue du
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VEECH GROUPS WITHOUT PARABOLIC ELEMENTS

PASCAL HUBERT and ERWAN LANNEAU

Abstract
We prove that a translation surface that has two transverse parabolic elements has a
totally real trace field. As a corollary, nontrivial Veech groups that have no parabolic
elements do exist.

The proof follows Veech’s viewpoint on Thurston’s construction of pseudo-Anosov
diffeomorphisms.

1. Introduction
For a long time, it has been known that the ergodic properties of linear flows on a
translation surface are strongly related to the behavior of its SL,(IR)-orbit in the moduli
space of holomorphic one-forms (see [MT], [Z] for surveys of the literature on this
subject). The SL,(R)-orbit of a translation surface is called its Teichmiiller disc. Its
stabilizer under the action of SL,(R) is a Fuchsian group called the Veech group.

In 1989. Veech proved that a translation surface whose stabilizer is a lattice has
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