The Cremona group
(over the field with two elements)

Julia Schneider



The plane Cremona group over a field k is the group
Bir (P?) = {f: P* --» P? birational map defined over k}.
That is, it consists of maps f: P? --» P2 of the form
foley:z] = [folz,y, 2) - frle,y, 2) < fala,y, 2)),

where fy, fi1, f2 € k|z,y, z]4 are homogeneous polynomials of the same
degree d, such that there exists an inverse map of the same shape.

Two facts:
PGL3(k) = Auty(P?) < Bir(P?),
Cra(k) = Birg(P?) ~ Birg(A?) ~ Auty(k(z,y)).



Birational map = rational map with an inverse rational map
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What are generators of the plane Cremona group Biry (P?)?

Theorem (NOETHER-CASTELNUOVO ~ 1900)

Let k be an algebraically closed field. Then,
Bir, (P?) = (PGL3(k),0),

where o is the standard quadratic involution given by
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[x:y:z]H[yz::cz:a:y]z[;.gzz

... what if k is not algebraically closed?



Let f: X --+ Y be a birational map between two smooth, projective
surfaces. Then, f can be decomposed as
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where all w; and t; are blow-ups of one closed point.




Sarkisov program:

Theorem (ISKOVSKIKH, CORTI, ~ 1995)

Let k be a perfect field. Then any birational map between two Mori

fibre spaces can be decomposed into a sequence of Sarkisov links
(and isomorphisms of Mori fibre spaces).

Mori fibre space = rank 1 fibration;
Sarkisov link = rank 2 fibration.

Definition

Let X be a smooth projective surface. A surjective morphism 7: X —

B with connected fibres is a rank r fibration, if B smooth withdim B < 1
and

m p(X/B)=r,and
m —Kx is m-ample.
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Theorem (S. 2020)
The plane Cremona group over the field with two elements, s, is
generated by three infinite families of birational maps

m A, which can be parametrized by Fs(t),

m A, and A4, which can both be parametrized by a conic in
A%(Fa(2)),
and a set of 111 additional birational maps.

We give an explicit description of the three infinite families and of the 111
birational maps.



A1 is the set that consists of all birational maps in Birp, (IP?) that are
of the shape

[z 2y 2] - [22% 1 yp(y, 2) : 2p(y, 2)]

where p € Faly, z] is a homogeneous polynomial of degree d.
Ao, respectively Ay, is the set of involutions of the form

[z y:z]--+»[z: A +y:px+ 2],

where (\, i) € (Fo(t))? satisfy
M+ Nt+p*+p=0andt = e trztz” regpectively

y2+ay
A2+ p)t+p2 + A =0and ¢ = L hzuts

y2+zz




Sarkisov links P? --» P2 with base point of degree 6 are given by
[z :y:z]— [fo: f1: f2], where
fo =x° + zty + xy* + 2%y%2 + 2322 + 22y2? + 29?2
+ 222 + a:yz3 + yz4,
f1 =2ty + 23y + oyt + 0 + 2y + 2Py + 2yt
+ y322 + .cz:yz?’ + y2z3 + 51324,
fo =x3y? + xtz 4+ 2yz + 222 + yte + 2327 + 2%y

+ a:y2z2 +zzt + yz4 + z5,
respectively

fo =:U4y + :C3y2 + zz:y4 +ztz + :CSyz + :1:2y2z + :Cy2z2 + zz:yz3 + ozt + z5,
f1 =2° + 2ty + 2% + v° + xyPz + 2Pyt + 322 4 w2t + oyt + 20,
fo —z° + x3yz + x2y2z + y4z + x2y22 + :Ey222 + y2z3 + yz4 + 2°.



Corollary

Birg, (P?) is generated by involutions.

Theorem (LAMY-S., 2021)

For every perfect field k, Biry (P?) is generated by involutions.

Thank you!



