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Generalisation of the Metric
Oppenheim Conjecture
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Well-approximable points on
polynomial curves




The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ This strong form is actually due to Davenport (1946).
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/i \ e
Alexander Oppenheim (1903—-1997) & Harold Davenport (1907—1969)
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The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ The assumption that n > 3 is crucial :
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The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ The assumption that n > 3 is crucial : if « € Bad and if

Q(x1,X2) = X1 - (X1« — X2), then, by definition, there exists
¢ > 0 such that

V(p,q) € Z2\{0},  |Q(p,q)| = [g- (g0 —p)| > c.
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The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ The conjecture was proved by Margulis in 1987.

Gregori Aleksandrovitch Margulis (1946 —)
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The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ Quantitative versions :
Question 1 : given ¢ > 0, determine

Ma(e) = min{|m]|, : 0 <|Q(m)| <e}.
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The Oppenheim Conjecture

Theorem (Oppenheim’s conjecture, 1929)

Let Q(x) € R [x] be a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational form.
Then for any = > 0, there exists m € 7"\{0} such that
0<|Q(m)| <e.

@ Quantitative versions :
Question 1 : given ¢ > 0, determine

Ma(e) = min{|ml;, : 0 <|Q(m)| <<}.
Question 2 : given ¢ > 0, determine the asymptotic behavior (as
T — oo) of the counting function

Na(e, T) = #{me Z"\{0} : ||m|, < T and |Q(m)| <¢}.
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The Oppenheim Conjecture : quantitative versions

Recall : Q(x) € R [x] is a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational
form.

Question 1 : given ¢ > 0, determine

Mo(e) = min{lm|, : 0 < |Q(m)| <&}
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The Oppenheim Conjecture : quantitative versions

Recall : Q(x) € R [x] is a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational
form.

Question 1 : given ¢ > 0, determine

Mo(e) = min{lm|, : 0 < |Q(m)| <&}

Theorem (Lindenstrauss, Mohammadi, Wang & Yang — 2023)

There exist an absolute constant k > 0 such that if none of the
coefficients of Q(x) is a Liouville number, then

Mqg(e) <qe™".

Elon Lmdenstrauss Amir Mohammadl Zhlren Wang & Lei Yang
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The Oppenheim Conjecture : quantitative versions

Recall : Q(x) € R [x] is a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational
form.

Question 2 : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

No(e,T) = #{mez™{0} : |m|, < T and |Q(m)| < &}.
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The Oppenheim Conjecture : quantitative versions

Recall : Q(x) € R [x] is a nondegenerate indefinite quadratic form
in n > 3 variables which is not a real multiple of a rational
form.

Question 2 : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

No(e, T) = #{mez"\{0} : ||m|, < T and |Q(m)| < ¢}
Theorem (Eskin, Margulis, Mozes — 1998)

If Q has signature p > 3 and g > 1, then
Nol(e, T) Vol ({x € B(0,T):|Q(x)| <e}) ~ (e
—00 —00

Alex Eskin, Grigori Margulis & Shahar Mozes
Faustin ADICEAM Algebra, Fractal Geometry & Metric Number Theory



The Oppenheim Conjecture : generalisation

Problem: Can similar (quantitative) results be obtained in the case of
any homogeneous form F(x) € R[x] of degree d > 37
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The Oppenheim Conjecture : generalisation

Problem: Can similar (quantitative) results be obtained in the case of
any homogeneous form F(x) € R[x] of degree d > 37

— Hopeless
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The Oppenheim Conjecture : generalisation

Problem: Can similar (quantitative) results be obtained in the case of
any homogeneous form F(x) € R[x] of degree d > 37

— Hopeless

Problem (Metric approach, Athreya & Margulis — 2018)

Do the quantitative forms of the Oppenheim conjecture hold for
almost all unimodular distorsions of the homogeneous form
F(x) e R[x]?

Jayadev Athreya & Grigori Margulis
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The Oppenheim Conjecture : generalisation

Problem: Can similar (quantitative) results be obtained in the case of
any homogeneous form F(x) € R[x] of degree d > 37

— Hopeless

Problem (Metric approach, Athreya & Margulis — 2018)

Do the quantitative forms of the Oppenheim conjecture hold for
almost all unimodular distorsions of the homogeneous form
F(x) e R[x]?

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,9) = min{[[m]}; : 0 <|[(Fog)(m)| <e}

for almost all g € SL,(R).

Faustin ADICEAM Algebra, Fractal Geometry & Metric Number Theory



The Oppenheim Conjecture : generalisation

Problem: Can similar (quantitative) results be obtained in the case of
any homogeneous form F(x) € R[x] of degree d > 37

— Hopeless

Problem (Metric approach, Athreya & Margulis — 2018)

Do the quantitative forms of the Oppenheim conjecture hold for
almost all unimodular distorsions of the homogeneous form
F(x) e R[x]?

@ Quantitative versions :

Question 2" : given € > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ne(e, Tog) = #{meZ"\{0} : [[m[|, < T and |(F cg)(m)| <e}

for almost all g € SL,(R).
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The Oppenheim Conjecture : generalisation

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,9) = min{[m]j, : 0 <[(Fog)(m)|<e}
for almost all g € SL,(R).

Question 2’ : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ne(e, T,9) = #{meZ"\{0} : ||m|l; < T and |(F o g)(m)| <&}

for almost all g € SL,(R).
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The Oppenheim Conjecture : generalisation

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,9) = min{[m]j, : 0 <[(Fog)(m)|<e}
for almost all g € SL,(R).

Question 2’ : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ni(e, T,0) = #{meZ"\{0} : |mll, < T and |(F og)(m)| <<}
for almost all g € SL,(R).

@ Themapme Z"— g-m € g-7Z" sends the integer lattice
7" onto the unimodular lattice A = g - Z".

zn AN=g-Z"
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The Oppenheim Conjecture : generalisation

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,9) = min{[m]j, : 0 <[(Fog)(m)|<e}
for almost all g € SL,(R).

Question 2’ : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ni(e, T,0) = #{meZ"\{0} : |mll, < T and |(F og)(m)| <<}
for almost all g € SL,(R).

@ Themapme Z"— g-m € g-7Z" sends the integer lattice
7" onto the unimodular lattice A =g - 2" :

— One is considering quantitative versions of the
generalised Oppenheim conjecture when the solutions are
randomly drawn from a unimodular lattice.
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The Oppenheim Conjecture : generalisation

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,9) = min{[m]j, : 0 <[(Fog)(m)|<e}
for almost all g € SL,(R).

Question 2’ : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ne(e, T,9) = #{meZ"\{0} : ||m|l; < T and |(F o g)(m)| <&}

for almost all g € SL,(R).

@ If A=g-7Z", the element g is uniquely defined in the space
of unimodular lattices (identified with the quotient)
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The Oppenheim Conjecture : generalisation

@ Quantitative versions :
Question 1’ : given ¢ > 0, determine

Me(e,g) = min{[m[, = 0 <|(Fog)(m)| <e}

for almost all g € SL,(R).

Question 2’ : given ¢ > 0, determine the asymptotic behavior (as
T — o0) of the counting function

Ni(e, T,0) = #{meZ"\{0} : |mll, < T and |(F og)(m)| <<}
for almost all g € SL,(R).

@ If A=g-7Z", the element g is uniquely defined in the space
of unimodular lattices (identified with the quotient)
Xn = SLy(R)/SLy(Z).

@ This quotient can be equipped with a natural (Haar)
probability measure 1, (descending from SL,(R)).
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The Oppenheim Conjecture : properties of up,

Recall : X, = SLy(R)/SLA(Z).

Theorem (Siegel — 1945)
For any f ¢ L' (R"),

/(Zf )d,,bn — [ fx)-ax.
JRN

AEN

Carl Siegel (1896-1981)
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The Oppenheim Conjecture : properties of up,

Recall : X, = SLy(R)/SLA(Z).

Theorem (Siegel — 1945)
For any f ¢ L' (R"),

/(Zf )d,,bn = [ f(x)-dx.
JRN

AEN

In particular, if A C R" is measurable and if f = x a,

Carl Siegel (1896-1981)
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The Oppenheim Conjecture : properties of up,

Recall : X, = SLy(R)/SLA(Z).

Theorem (Siegel — 1945)
For any f ¢ L' (R"),

/(Zf )d,,bn = [ 100-ax

AEN

In particular, if A C R" is measurable and if f = x a, then
pn(NeXn : ANA#D) < |A|.

Carl Siegel (1896-1981)
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The Oppenheim Conjecture : properties of up,

Recall : X, = SLy(R)/SLA(Z).

Theorem (Siegel — 1945)
For any f ¢ L' (R"),

/(Zf )d,,bn — [ fx)-ax.
JRN

AEN

In particular, if A C R" is measurable and if f = x a, then
pn(NeXn : ANA#D) < |A|.

@ Working slightly harder with (essentially) f = yac :

Theorem (Athreya & Margulis — 2009)

If A C R" has positive measure, then
pn(NEXn: ANA=0) <, |A™
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The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.

Step1: Let- =27/, h R, — R be an increasing function and

A(j) == {xeR" : |x||<h(2)) and 0 < |F(x)| <27/} .
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The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.

Step1: Let- =27/, h R, — R be an increasing function and
A(j) == {xeR" : |x||<h(2)) and 0 < |F(x)| <27/} .

Step 2 : From the Borel-Cantelli lemma, if

> pn(he Xy 1 ANA() =0) < oo,

Jj=1 )
then Mg ((277,g) <4 h(2/) for almost all g € SL,(R);
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The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.

Step1: Let- =27/, h R, — R be an increasing function and

A(j) == {xeR" : |x||<h(2)) and 0 < |F(x)| <27/} .

Step 2 : From the Borel-Cantelli lemma, if

D pn(Ne Xy 1 ADAR() =0) < oo,
j=1 _
then Mg ((277,g) <4 h(2/) for almost all g € SL,(R);

Step 3 : From the Athreya-Margulis’s Theorem, if
Y ADIT < oo,
. =1
then Mg ((277,g) <4 h(2/) for almost all g € SL,(R).



The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.
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The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.

Key Step : Setting , ,
A(j) == {xeR": x| < h(2) and 0 < |F(x)| <27/}, if

STIANIT < o,
j=1

then Mr ((27/,9) <4 h(2/) for almost all g € SLy(R).
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The Oppenheim Conjecture : back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),

Mr(e.g) = min{|mll, : 0 <|F(g-m)| <<}.

Key Step : Setting , ,
A(j) == {xeR": x| <h(2) and0 < |[F(x)| <27/}, if

D AR < oo
j=1
then Mr ((27/,9) <4 h(2/) for almost all g € SLy(R).

Conclusion : The problem boils down to estimating the volume of the set
Sr(a,b) = {xeR" : ||X|,<a and |F(x)| < b}

for suitable values of a, b > 0.
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Theorem (Rogers, 1956)

Let A C R" be measurable and let M > 1. Then,

A
pn (A€ X = (AN A) — 4] > M)) <o 1o

Claude Ambrose Rogers (1920—2005)
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Theorem (Rogers, 1956)

Let A c R" be measurable and let M > 1. Then,

A
pn (A€ X = (AN A) — 4] > M)) <o 1o

Step1: Take A= A(T) = {x e R": ||x|| < T and |F(x)| < &}
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Theorem (Rogers, 1956)

Let A c R" be measurable and let M > 1. Then,

pn (A€ X = (AN A) — 4] > M)) <o 1o

Step1: Take A= AS)(T) = {x e R": ||x|| < T and |F(x)| < ¢} and
M= M,(f)(T) =0 (’AS?(T)D as a free quantity to be
adjusted.
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Theorem (Rogers, 1956)

Let A c R" be measurable and let M > 1. Then,

pn (A€ X = (AN A) — 4] > M)) <o 1o

Step 2 : From the Borel-Cantelli lemma and from Rogers’ Theorem,
Ne(e, T,8) ~T o0 Cq - ‘A ’ )| for almost all g € SL,(R) if

i\’)!

A
‘nm

Q.

"”n?
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Key Step : Setting A= AS(T) = {x e R": ||x|| < T and |F(x)| < e} if
= |AP(T)

e < o where MO =o(|A2(T)]).
T™>1"'F

then NVe(e, T, g) ~7 o0 Cg - ‘AS?(T)‘ for almost all
g € SLy(R).
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The Oppenheim Conjecture : back to Question 2’

Question 2" : given ¢ > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — o) of the counting function

Ne(e.T,g) = #{m e Z"\{0} : [|m|, < T and |(F o g) (m)| < &}

Key Step : Setting A= AS(T) = {x e R": ||x|| < T and |F(x)| < £} if
F
= [A£(T)

e < o where MO =o(|A2(T)]).
T™>1"'F

then NVe(e, T, g) ~7 o0 Cg - ‘AS?(T)‘ for almost all
g € SLy(R).

Conclusion : The problem boils down to estimating the volume of the set
Sr(a,b) = {xeR" : |x],<a and |F(x)|<b}

for suitable values of a, b > 0.
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Generalisation of the Metric Well-approximable points on
Oppenheim Conjecture polynomial curves



Summary of the goal

@ Givena, b > 0, let

Sr(a,b) = {xeR" : ||x|,<a and |F(x)|<b}.

@ Taking a= T and b = b(T) a function of a, define

SE(T,b(T)) = {xeR" : ||x|,<T and |F(x)]<b(T)}.
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Summary of the goal

@ Givena, b > 0, let

Sr(a,b) = {xeR" : ||x|,<a and |F(x)|<b}.

@ Taking a= T and b = b(T) a function of a, define

SE(T,b(T)) = {xeR" : ||x|,<T and |F(x)]<b(T)}.

Goal : To determine the volume of S¢ (T,b(T)) as T — oc.

» This will solve the problem of generalising the Oppenheim
Conjecture from a metric standpoint.
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Some semialgebraic sets

(2x® 4+ y2 4 2% — 1)3 — % —y228 =0 The Hessian of the Cayley cubic
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Volume estimate

Goal 1 : To determine the volume of the set
SE(T,b(T))={xeR":|[x], < Tand |F(x)| < b(T)}.
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Volume estimate

Goal 1 : To determine the volume of the set
SFE(T,b(T))={x eR":||x]|, < Tand |[F(x)| < b(T)}.
Theorem (A. & Marmon, 2023+)

Let b-(—s) < Q[s]| be the Sato-Bernstein polynomial associated
to the homogeneous form F(x) € R[x].

.
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Volume estimate

Goal 1 : To determine the volume of the set
SE(T,b(T))={xeR":|[x], < Tand |F(x)| < b(T)}.

Theorem (A. & Marmon, 2023+)

Let b-(—s) < Q[s]| be the Sato-Bernstein polynomial associated
to the homogeneous form F(x) € R[x]. It admits a root
re € QN (0, n/d] with multiplicity mg > 1

.
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Volume estimate

Goal 1 : To determine the volume of the set
SE(T,b(T))={xeR":|[x], < Tand |F(x)| < b(T)}.

Theorem (A. & Marmon, 2023+)

Let b-(—s) < Q[s]| be the Sato-Bernstein polynomial associated
to the homogeneous form F(x) € R[x]. It admits a root
re € QN (0, n/d] with multiplicity me > 1 such that

o(52)

m[:71

Voly (SF (T, b(T))) ~ cp-T"- (b(TZ)>rF.

.
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Volume estimate

Goal 1 : To determine the volume of the set
SE(T,b(T))={xeR":|[x], < Tand |F(x)| < b(T)}.

Theorem (A. & Marmon, 2023+)

=

Let b-(—s) < Q[s]| be the Sato-Bernstein polynomial associated
to the homogeneous form F(x) € R[x]. It admits a root
re € QN (0, n/d] with multiplicity me > 1 such that

o(52)

Remark : Vol,({|F| <1}) <00 <= (re,me)=(5.1).

m[:71

Voly (SF (T, b(T))) ~ cp-T"- (b(TZ)>rF.
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On the Sato-Bernstein theory

Theorem (Bernstein — 1971, Sato — 1972)

There exists a nonzero polynomial B(s) € R[s| and a
differential operator D(x, s, 8) € R(x,s, 8)

losif Naumovi¢ Bernstejn (1945-) Mikio Sat6 (1928-2023)
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On the Sato-Bernstein theory

Theorem (Bernstein — 1971, Sato — 1972)

There exists a nonzero polynomial B(s) € R[s| and a
differential operator D(x, s, 0) € R (x, s, d) such that

B(s) - F(x)S = D(x, s,8)F(x)%*"

losif Naumovi¢ Bernstejn (1945-) Mikio Sat6 (1928-2023)
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On the Sato-Bernstein theory

Theorem (Bernstein — 1971, Sato — 1972)

There exists a nonzero polynomial B(s) € R[s| and a
differential operator D(x, s, 0) € R (x, s, d) such that

B(s) - F(x)S = D(x, s,8)F(x)%*"

@ The Sato-Bernstein polynomial bg(s) € Q[s] of
F(x) € R[x] is the smallest degree monic polynomial
satisfying such a relation.
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On the Sato-Bernstein theory : examples

Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

@ Example 1 : when F(x) = || x||? = Sy X2,

ga,?ﬁ () = 4. (s+1)- <s n g) Fi(x)S.

=br, (s)
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On the Sato-Bernstein theory : examples

Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

@ Example 1 : when F(x) = || x||? = Sy X2,

ga,?ﬁ () = 4. (s+1)- <s n g) Fi(x)S.

=br, (s)

@ Example 2 : when Fy(x) =[], /9,

i) - (1) 1,

i=1]

(s 1) Fetor.

=br,(s)

1
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On the Sato-Bernstein theory : examples

Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

Theorem (A. & Marmon, 2023+)

Forrr € QN (0, n/d]| root of be(—s) € Q[s] with multiplicity mr ,

Voln (Sr (T, B(T))) e T m (b(T)>rF' log (bg'p> .

Td
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On the Sato-Bernstein theory : examples
Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

Theorem (A. & Marmon, 2023+)

Forrr € QN (0, n/d]| root of be(—s) € Q[s] with multiplicity mr ,

Vol (= (T.6(T) o 77 (Z0) " Jog (21)

Td
Step 1: Let ¢r be the zéta distribution of F(x) : when Re(s) > 0,

V€ CRRM,  (Cr(s), 1) = /

m[:7‘|

P(x) - F(x)® - dx.

n
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On the Sato-Bernstein theory : examples
Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

Theorem (A. & Marmon, 2023+)

Forrr € QN (0, n/d]| root of be(—s) € Q[s] with multiplicity mr ,

Vol (= (T.6(T) o 77 (Z0) " Jog (21)

Td
Step 1: Let ¢r be the zéta distribution of F(x) : when Re(s) > 0,

m[:7‘|

Vi € C°(R"),  (CF(s),v) =
Extend it meromorphically to C :

/n1[,>(x) - F(x)% - dx.

br(s) - (CF(s), ) = - ¥(x) - D(x,s,8)F(x)*"" - dx
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On the Sato-Bernstein theory : examples
Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

Theorem (A. & Marmon, 2023+)

Forrr € QN (0, n/d]| root of be(—s) € Q[s] with multiplicity mr ,

Vol (= (T.6(T) o 77 (Z0) " Jog (21)

Td
Step 1: Let ¢r be the zéta distribution of F(x) : when Re(s) > 0,

m[:7‘|

Vi € C°(R"),  (CF(s),v) =

/ P(x) - F(x)® - dx.
Extend it meromorphically to C : '

be(s) - (CF(s), ) = /R (%) - D(x,5,8)F(x)°* - dx

D*(x, s, d)y(x) - F(x)5T - dx.

RN
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On the Sato-Bernstein theory : examples
Recall : be(s) - F(x)S = D(x, s, d)F(x)s+.

Theorem (A. & Marmon, 2023+)

Forrr € QN (0, n/d]| root of be(—s) € Q[s] with multiplicity mr ,

Vol (= (T.6(T) o 77 (Z0) " Jog (21)

Td
Step 1: Let ¢r be the zéta distribution of F(x) : when Re(s) > 0,

m[:7‘|

Vi € C°(R"),  (CF(s),v) =
Extend it meromorphically to C :

/n1[,>(x) - F(x)% - dx.

be(s) - (CF(s), ) = /R (%) - D(x,5,8)F(x)°* - dx

D*(x, s, d)y(x) - F(x)5T - dx.

RN

In particular, the poles of (r are roots of bg(s).




On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 Td

m,:—1

Step 2 : Tauberian Theorem :
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On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 Td
Step 2 : Tauberian Theorem : if pr is the opposite of the largest pole

of (¢, with order s > 1, then the volume estimate holds
with (pr, urF) in place of (re, mg).

m,:—1
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On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 Td

m,:—1

Step 3 : To show that (pr, 1ur) = (re, MF)
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On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 i
= (rr, mF) by resolution of

m,:—1

Step 3 : To show that (pr, 1F)
singularities :
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On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 i
= (rr, mF) by resolution of

m,:—1

Step 3 : To show that (pr, 1F)
singularities :

> If F(x) =0and VF(x)=0,
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On the Sato-Bernstein theory : sketch of proof

Recall : (¢r(s = [an(X) - F(x)®-

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of br(—s) € Q[s] with multiplicity mr ,

Vol (e (T, 6(T))) ~ cp-T"- (“”) oe (1 )

T—o0 i
= (rr, mF) by resolution of

m,:—1

Step 3 : To show that (pr, 1F)
singularities :

> If F(xo) = 0and VF(xo) = 0, then there exists an analytic

change of variables ¢ in a suitable neighbourhood of x; such
that F(p(uh, ..., un)) =TI, u

=1
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Back to Question 1’

Question 1’ : given € > 0, determine, for almost all g € SL,(R),
Me(e,g) = min{||m], : 0 <|F(g-m)| <c}.
m The problem boils down to estimating the volume of the set
Sr(a,b) = {xeR" : ||x], <a and |F(x)| < b} for
suitable values of a,b > 0.

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of be(—s) € Q[s] with multiplicity mg,
b(T
(%)

m,:71

VO/n (S/: (T, b( T))) T:oc CF - 7. (b;'Z/-)> ’ .
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Back to Question 1’

Question 1’ : given ¢ > 0, determine, for almost all g € SL,(R),
Me(e,g) = min{[lm], : 0 <|F(g-m)| <e}.

Leth: R, — (1,00) be an increasing function such that

. h(2j+1) oj
lim sup — < oo and — — 0
j—+o0 h (21) h (2/) =29
If '
°© oJF

m,:71 < o9,

=0 h(2)""" liog (21 - h (2) )

then, for almost every g € SLy(R), Mg (z,9) <g h(e7 ).
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Back to Question 1’

Question 1’ : given ¢ > 0, determine, for almost all g € SL,(R),
Me(e,g) = min{[lm], : 0 <|F(g-m)| <e}.

Leth: R, — (1,00) be an increasing function such that

. h(2j+1) oj
lim sup — < oo and — — 0
j—+o0 h (21) h (2/) =29
If '
o0 oJrF

m,:71 < o9,

=0 h(2)""" liog (21 - h (2) )

then, for almost every g € SLy(R), Mg (z,9) <g h(e7 ).

@ One can take h(x) = x“forany a > (re +1)/(n— red)
when re < n/d.
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Back to Question 2’

Question 2" : given € > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — oo) of the counting function

NE(e, T g) = #{m e Z"\{0} : [m], < T and |(F o g)(m)| <e}

m The problem boils down to estimating the volume of the set
Sr(a,b) = {xeR" : ||x|], <a and |F(x)| < b} for
suitable values of a,b > 0.

Theorem (A. & Marmon, 2023+)

Forre € QN (0, n/d] root of be(—s) € Q[s] with multiplicity mg,
b(T)\ |™ "
«(4)

Vol (S (T,B(T))) ~ =T ("(T?) -
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Back to Question 2’

Question 2" : given € > 0, determine, for almost all g € SL,(R), the
asymptotic behavior (as T — oo) of the counting function

Ne(e, T,g) = #{meZ"\{0} : |m|, < T and |(Fog)(m)| <e}

m The problem boils down to estimating the volume of the set
Sr(a,b) = {xeR" : ||x|], <a and |F(x)| < b} for
suitable values of a,b > 0.

Theorem (A. & Marmon, 2023+)

Ifre < n/d, then for almost every g € SLy(R),

NE(e, T, 9) 2 ce(g) - T (log T)™ 1. ¢,
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Generalisation of the Metric Well-approximable points on
Oppenheim Conjecture polynomial curves

N




Approximation on polynomial curves

Problem
Given © > 0, determine the Hausdorff dimension of the set

p

Wi(t)=<xeR : |[x—=| < — and
5(7) { q‘ q
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Approximation on polynomial curves

Problem
Given © > 0, determine the Hausdorff dimension of the set

p

Wi(t)=<xeR : |[x—=| < — and
5(7) { q‘ q

@ More generally, fix P(x) € R[x] of degree d > 3 and define

p

Wp(r){xeR: X—q'<(;7and ‘P(X)—

Question 3 : determine the Hausdorff dimension of the set Wp(7).
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Approximation on polynomial curves : what is known

Recall: Wp(7) ={x e R: max{|x —p/q|,|P(x)—r/q|} <q " io.}

@ From Dirichlet’s Theorem, for any (x, y) € R?,

p r 1 .
maXx X — a < W 1.0.

a

)
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Approximation on polynomial curves : what is known

dimWp(7)

r

2.0

1.5

1.0

0.5

- > 7
¥ 05 10 15 20 25 3.0 35 4.0
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Approximation on polynomial curves : what is known

Recall: Wp(7) ={x € R: max{|x —p/q|,|P(x)—r/q|} < q " io.}

Theorem (Beresnevich, Dickinson, Velani — 2007)

Let | be an interval and let r < (3/2,2). Assume that f € C3(/)
is such thatdim{x € I : f’(x) =0} < (83— 17)/7. Then,

3—171

T

dim Wf(T) =

Victor Beresnevich, Detta Dickinson & Sanju Velani
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Approximation on polynomial curves : what is known

dimWp(7)

r

2.0

1.5

1.0

0.5

- > 7
¥ 05 10 15 20 25 3.0 35 4.0
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Approximation on polynomial curves : what is known

dimWp(7)

F 3
2.0
1.5
1.0 : o
0.5 ? 7
L [ ]
- » 7
¥ 05 10 15 20 25 30 35 4.0
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Approximation on polynomial curves : analysis

Recall: Wp(7) = {x € R: max{|x — p/q|,|P(x)—r/q|} < g 7 io.}

@ Assume that |x — p/q|,|P(x) —r/q| < q~" for some x in a
bounded interval and some Q/2 < g < Q.
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Approximation on polynomial curves : analysis

Recall: Wp(7) = {x € R: max{|x — p/q|,|P(x)—r/q|} < g 7 io.}

@ Assume that |x — p/q|,|P(x) —r/q| < q~" for some x in a
bounded interval and some Q/2 < q < Q. By a Taylor
expansion :

?(&) =Pl (G)
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Approximation on polynomial curves : analysis

Recall: Wp(7) = {x € R: max{|x — p/q|,|P(x)—r/q|} < g 7 io.}

@ Assume that |x — p/q|,|P(x) —r/q| < q~" for some x in a
bounded interval and some Q/2 < q < Q. By a Taylor
expansion :

?(&) =Pl (G)

- P+ O(x—p/a) = L+0( ).
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Approximation on polynomial curves : analysis

Recall: Wp(7) = {x € R: max{|x — p/q|,|P(x)—r/q|} < g 7 io.}

@ Assume that |x — p/q|,|P(x) —r/q| < q~" for some x in a
bounded interval and some Q/2 < q < Q. By a Taylor
expansion :

"(2) = (e (5)
q q
r 1
= P(x)+ O(|x — :+O<>.
(x)+O(lx —p/ql) 7 T
@ Thus, one needs to count the number of integer solutions
to the homogeneous form inequality

Fe(p.q,r) < Q%7 and max{|p|.|q|.|r]} < Q,

where Fe(p,q,r)=q°- P <Z> —r-q%".

Faustin ADICEAM Algebra, Fractal Geometry & Metric Number Theory



Approximation on polynomial curves : synthesis

Question 3 : determine the Hausdorff dimension of the set

Wp(T) = {xe}R:

X — p‘ < i and ‘P(X)— r' < 1 i.o.}.
ql q al q’
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Approximation on polynomial curves : synthesis

Question 3 : determine the Hausdorff dimension of the set

Wp(T) = {xe}R:

X — p‘ < i and ‘P(X)— r' < 1 i.o.}.
ql q q

Key step : To count the number of integer solutions to the
homogeneous form inequality

|Fe(p,q,r)| < Q%™ and max{|p|,|q|,|r]} < Q,

where Fp(p,q,r) = q°- P (g) —r-q .
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Approximation on polynomial curves : synthesis

Question 3 :

Key step :

Conclusion :

determine the Hausdorff dimension of the set

Whe(7) = {x eR:

X — p‘ < i and ‘P(X) - r’ < 1 i.o.}.
q q q

To count the number of integer solutions to the

homogeneous form inequality
Fe(p.q.r)| < Q™" and max{|p|.|ql.rl} < Q,
where  Fp(p,q,r)=q%-P <’Z> —r-q% .

The problem boils down to estimating the number of integer
points in the set

Sr(a,b) = {xeR" : |x],<a and |F(x)|<b}

for suitable values of a, b > 0 (when n = 3).
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Generalisation of the Metric Well-approximable points on
Oppenheim Conjecture polynomial curves

N




Summary of the goal

@ Givena, b > 0, let

Sr(a,b) = {xeR" : ||x|,<a and |F(x)|<b}.

@ Taking a= T and b = b(T) a function of a, define

SE(T,b(T)) = {xeR" : ||x|,<T and |F(x)]<b(T)}.

Goal : To determine # (Z"NSg (T, b(T)))as T — .

» This is to tackle the problem of simultaneous approximation
on polynomial curves.
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.
Principle :

#(Z" NSk (T, b(T I(GZZ"XBZO1 ( ) X[~ 11]<F((g>
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle :
#(2"NSE(T,b(T)) = I(%Z:"XBa(OJ) (’;) X <Z((lT(;>
28 (@)

where £ and v are smooth and compactly supported,
bounding from above the characteristic functions.

X[-1,1]

1

1 U 1
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.
Principle :

#(Z" NSk (T, b(T I(GZZXBZO1 ( ) X[~ 11]<F((g>
RSN
- 2 (6o (5

from the Poisson Summation formula, where

(5 (7) Tf(&%)) yeR — Rni (%)w <Z((7Lf§)-e(y- u)-du.
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

#E0Se(THM) < X (¢ ('T)jb\([((')))) (k)

kezZ"
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

#E0Se(THM) < X (¢ ('T)jb\([((')))) (k)

kezZ"

() (o)) o
+< >+ Z)(ﬁ(;)-w@f(%))(k).

1<|kllsM | k||>M
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

#EN ST < T (<(7) 2 (55))
—(¢(3) v (55)) @ = 1oh(s(T.6(T))

(zm) @ @)e

1<|k|<M  [lk[>M

-

~|

Faustin ADICEAM Algebra, Fractal Geometry & Metric Number Theory



Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

#E0Se(THM) < X (¢ ('T)jb\(;(%)) (k)

kezZ"

e -

~—
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Counting lattice points : principle

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T)) ={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

—

#(Z"NSE(T,b(T))) < Z( <*> ¢<lf((T>

kezZn

\'

< Vohy (SE(T.b(T)) + Y
1<|[kl|<M
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/n€<LTI>‘¢<£((LTI;>'e(k -u)-du N/RnXBz<lTl)‘X[1,1] <g((;l§>'e(k - u)-du
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/n€<LTI>‘¢<£((LTI;>'e(k -u)-du N/RnXBz<lTl)‘X[1,1] <g((;l§>'e(k - u)-du
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/n€<LTI>‘¢<£((LTI;>'e(k -u)-du N/RnXBz<lTl)‘X[1,1] <g((;l§>'e(k - u)-du
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/n€<LTI>‘¢<£((LTI;>'e(k -u)-du N/RnXBz<lTl)‘X[1,1] <g((;l§>'e(k - u)-du
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/n€<LTI>‘¢<£((LTI;>'e(k -u)-du N/RnXBz<lTl)‘X[1,1] <g((;l§>'e(k - u)-du
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

Le(3) (5 ) et wraun [ xa(7)xrn( 7 ) ek updu

Formalisation: decompose k = )\ - v with A = ||k|| > 0and v € S"~! and
make the "change of variables”

u=(uy,...,up)— (U1,...,Us—1,V-U)=(Uq,...,Up—1,0)
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rf(gl')w (g((;f;)'e(k -u)-du N/RHXBQGI-) X[-1,1] <g((;-l§> e(k - u)-du

Formalisation: décompose k = )\ - v with A = | k|| > 0and v € S"~! and
make the "change of variables”

u=(uy,...,up)— (U1,...,Us—1,V-U)=(Uq,...,Up—1,0)

Conclusion : one obtains

Gel fand-Leray form
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rn€ (;)w (Z((lrl;)e(k'”)'du = /Ru (b(T?, v, cr> -e(\o)-do

Gel’fand-Leray form

() (9
\

L L T L L
-4 -2 0 2 4

Xx)| < b(T)and ||x]|, <T.

A semialgebraic domain defined by |F(x) (
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rn€ (;)w (Z((lrl;)e(k'”)'du = /Ru (b(T?, v, cr> -e(\o)-do

Gel’fand-Leray form

Slices v - x = o of a semialgebraic domain defined by |F(x)| < b(T) and ||x||, < T.
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rn€ <%>¢ (Z((#)-e(k ‘u)-du = /Ru (bg_p, v, c7> -e(\o)-do

Gel’fand-Leray form

A R OA LN @ Properties of the
[\ \ Gel'fand—Leray form :
‘ ( \ m the number of intervals

of monotonicity of the
/] map o — u(s,v,0)is
/ bounded above

7
\ / uniformly in the direction
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rn€ (;)w (Z((lrl;)e(k'”)'du = /Ru (b(T?, v, cr> -e(\o)-do
—_—

Gel’fand-Leray form

LN A\ N i
: // [ \J) l\_/g/\ \\ ’, ] |\‘ ‘ !\\
( \ f“ﬁ e"‘ I\‘ \‘l |

o — HT(V7U)
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Counting lattice points : geometric tomography

Key step : to estimate the decay of

/Rn€ (;)w (Z((lrl;)e(k'”)'du = /Ru <b(T?., v, cr> -e(\o)-do
—_—

Gel’fand-Leray form

‘ ‘ | . @ Properties of the
Gel'fand—Leray form : for

1 /£ {/—@1 ‘/5\‘ \ some ar > 0 (a
[ \ semialgebraic level of
[l | flatness) and B¢ > 0, for
\ | ¢ > 0 small enough,

I\ /| /
T N e

\ / 7 o
: R s : @ «af determines the decay

of the Fourier coefficient.
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Counting lattice points : summary

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T))={xeR":|x], < Tand |F(x)| < b(T)}.
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Counting lattice points : summary

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T))={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,

#(Z"OSE(T,B(T)) < 3 (5 ('T)W[(“))) (k)

kezn

< Vol (SE(T.B(T)) + >

xTn.(%)'F, |0g(%)‘"¢—1 1<[lklI<M

—

() ()
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Counting lattice points : summary

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T))={xeR":|x], < Tand |F(x)| < b(T)}.

Principle : Fixing a free parameter M > 1,
#Ensemam) < ¥ ((5) 0 (g5)) ®

kezn

—

() ()

where the decay rate of the Fourier coefficients is,
uniformly in k, dictated by the semialgebraic level of
flatness o > 0.

< Vol (SE(T.B(T)) + >

xTn.(%)'F, |0g(%)‘"¢—1 1<[lklI<M

9
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Counting lattice points : summary

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T))={xeR":|x], < Tand |F(x)| < b(T)}.

Problem (Sarnak — 1997)

Provided that the zero set F = 0 is sufficiently curved, there
exists 6 > 0 such that
#(Z"NSE(T,b(T))) < Vol (Sk (T, b(T)))) + T"12.

e (47)

mg—1

Recall - Vol (S (T.6(T))) = T7- (47"

Peter Sarnak
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Counting lattice points : summary

Goal 2 : To determine # (Z"NSg(T,b(T))) as T — oo, where
SE(T,b(T))={xeR":|x], < Tand |F(x)| < b(T)}.

Problem (Sarnak — 1997)

Provided that the zero set F = 0 is sufficiently curved, there
should exist § > 0 such that
#(Z"NSE(T,b(T))) < Vol (Sk (T, b(T)))) + T"12.

e (50)

re mg—1

Recall : Vol (S (T, b(T)))) = T"- (42)

Theorem (A. & Marmon, 2023+ — weak form)

Sarnak’s claim holds whenever

ap >max{re—1,n—1—rr}.

Faustin ADICEAM Algebra, Fractal Geometry & Metric Number Theory



Generalisation of the Metric
Oppenheim Conjecture

4

N

Well-approximable points on
polynomial curves




Approximation on polynomial curves : what is known

dimWp(7)

F 3
2.0
1.5
1.0 : o
0.5 ? 7
L [ ]
- » 7
¥ 05 10 15 20 25 30 35 4.0
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Approximation with polynomials : prospective

conclusions
Question 3 : when r > 2, determine the Hausdorff dimension of the set
p 1 ‘ r . }
W, =<{xeR:|x—=| < —and |P(X)— —| < —1io0.p.
P(7) { qr A
re mg—1

Recall : Vol (S¢ (T, b(T)))) = T"- (%)
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Approximation with polynomials : prospective

conclusions
Question 3 : when r > 2, determine the Hausdorff dimension of the set
p 1 ‘ r . }
W, =<{xeR:|x—=| < —and |P(X)— —| < —1io0.p.
P(7) { qr A

When pr > max {re —1,n—1 — rg}, there exists § > 0 such
that 4 (Z" N Sk (T, b(T))) < Voln (S¢ (T, b(T)))) + T"1-2.

mg—1

Recall : Vo, (S¢ (T, b(T)))) < T"- (Lp)
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Approximation with polynomials : prospective

conclusions
Question 3 : when r > 2, determine the Hausdorff dimension of the set
p 1 ‘ r . }
W, =<{xeR:|x—=| < —and |P(X)— —| < —1io0.p.
P(7) { qr A

Theorem (A. & Marmon, 2023+ — weak form)

When pg > max{re —1,n—1 — rg}, there exists § > 0 such
that 4 (Z" N Sk (T, b(T))) < Voln (S¢ (T, b(T)))) + T"1-2.
Recall : Vol (Sk (T, b(T)))) =< T"- (%)

- |log (%)
Expectation : Take n=3 and b(T) = T4,
> Over any compact domain where P”(x) # 0, one has rr = 1
and o > 1.

re mg—1
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Approximation with polynomials : prospective

conclusions
Question 3 : when r > 2, determine the Hausdorff dimension of the set

Wp(T):{XER: p

Xff

1
< — and |P(x) — —
ol

Theorem (A. & Marmon, 2023+ — weak form)

When pr > max {re —1,n—1 — rg}, there exists § > 0 such
that 4 (Z" N Sk (T, b(T))) < Voln (S¢ (T, b(T)))) + T"1-2.

mg—1

I
Recall : Vol (Sr (T, b(T)))) = T" - (%) " iog (%)
Expectation : Take n=3and b(T) = T,

> Over any compact domain where P”(x) # 0, one has rr = 1
and o > 1.

=1 when 7 < 3/2;
=(B—71)/7 when3/2<71<2;
(3—7‘)/7’ when2 <7< 1+454;
2 — when1+06 < 7.

dim Wpe(7)

IA I



To conclude
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