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p(x,y) c(3,2)
Lattice: A of size |A| =L 'any
State space: F = {0,1,.}* . . |_._|_§_8_8_|
N = (s)sen o
Jump rates: p(z,y)c(n,.n,) with ¢(k,])=0 & k=0
p irreducible and homogeneous >~ _, (p(z,y) —p(y,x)) =0, z €A

Generator: Lf(n)= Z p(@, y)e(nz,ny) (f(n™Y) = f(n))

z,yeN

Inclusion process  ¢(1,,7n,) = 1,1, +dn, , d>0
[Giardind et al. (2009); Waclaw, Evans (2012); Cocozza-Thivent (1985)]
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p(x,y) c(3,2)
Lattice: A of size |A| =L 'any
State space: F = {0,1,.}* . . |_._|_§_8_8_|
N = (s)sen o
Jump rates: p(z,y)c(n,.n,) with ¢(k,])=0 & k=0
p irreducible and homogeneous >~ _, (p(z,y) —p(y,x)) =0, z €A

Generator:  Lf(n)= > plz,y)c(nem,)(f(n™") = f(n))

z,yeN
Inclusion process  ¢(1,,7n,) = 1,1, +dn, , d>0
Explosive condensation model ¢(1),,7,) =) (d+n)), d>0,~v>0

[Giardind et al. (2009); Waclaw, Evans (2012); Cocozza-Thivent (1985)]
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Condensation in the inclusion
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[W. Jatuviriyapornchai, P. Chleboun, S. G., Structure of the condensed phase in the inclusion process,

JSP 178, 682-710 (2020)]

[P. Chleboun, S. Gabriel, S. G., Poisson-Dirichlet asymptotics in condensing particle systems, EJP 27,
1-35 (2022)]

[P. Chleboun, S. Gabriel, S. G., in preparation]

Previous results

o Metastable stationary dynamics of a single condensate
[G., Redig, Vafayi (2013)], [Bianchi, Dommers, Giardina (2017); Kim, Seo (2021)]

o Mean field rate equations for the bulk [Jatuviriyapornchai, G. (2019)]
o Hydrodynamic limit for cluster dynamics via dualtiy [Ayala, Carinci, Redig (2021)]
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Stationary measures

canonical measures are Dirichlet multinomials
]1X
L N
N [dn) = H w(ns)

where w(n) = "0~ gndl and 7, = DD
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canonical measures are Dirichlet multinomials

]]-X I]
o n[dn] = ——= H w(ng)

ZL N zEA
where  w(n) = F,(,TJ(rdd)) ~dn?t and Z;y = 71;\(,],\{;2%))
order statistics = (), ---,nay) for neXpn
size-biased sample 7)== (1,(1).. ... 7o(1))

o(l) =x € A w.prob. e o(2) =y € A\ o(1) w.prob. "y

. 1.
partitions NneA:{(ql,sz,---)-qkZO.qu:l}

1
NﬁeV:{(qhqz,...):qlzqu...ZO:quzl}

April 4, 2023

N? b m...

5/22



Condensation in IP

Asymptotic behaviour

IP (mr,n)r,~ exhibits a CT with p. =0 as N/L — p,d = d;, — 0 and
o (M, -, Mk) N (0,...,0) for all fixed & > 1
o dL — oo d(fjr, ..., 7k) — i.i.d. Exp(1/p) for all fixed k > 1
o dL —0€[0,00): 7] L5 GEM(6) or 4 2, PD(0)

o dLlog L — 0: complete condensation with N — 1)z, 250
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Condensation in IP

Asymptotic behaviour

IP (mr,n)r,~ exhibits a CT with p. =0 as N/L — p,d = d;, — 0 and
o (M, -, Mk) N (0,...,0) for all fixed & > 1
o dL — oo d(j1,...,7k) L iid. BExp(1/p) for all fixed k > 1
o dL >0 € 0,00): Lij—sGEM() or 47— PD(0)

o dLlog L — 0: complete condensation with N — 1)z, L0

Let Uy, Us,... ~ Beta(1,6) iidrvs on [0, 1] with PDF (1 — z)?~L.

A random partition V' = (V}, : k € N) € A is GEM(0) distributed if
V1:U1, ‘/2:(1—U1)U2, V3:(1—U1)(1—U2)U3,...

Then the order statistics V 5 V ~ PD(0) have Poisson-Dirichlet distribution.

[Kingman (1975), Griffiths (1980), Engen (1978), McCloskey (1965)]
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IP on the complete graph

Generator Lf(1) =", cx(neny +don) (f(1™) = f(n)) . n€Epn

Particle positions o= (0;:i=1,...,N)€ AN, IP (o(t):t>0)

N N
Lg(o) =Y (9(c"7) = g(o)) +d YD (9(a") = g(0))
=1

i=1 x€A
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Generator Lf(n) = Z%yeA(nxny + dLUw)(f(n"fy) _ f(ﬁ)) , n€ELn

Particle positions o= (0;:i=1,...,N)€ AN, IP (o(t):t>0)

N
_ Z (g(o_iaaj) o +dLZZ 1—>:E o 0_))
ij=1

i=1 x€A
N N
Empirical measure ;7 = Z 7 0,1]) with p7(h) = & > h(F)
— L i=1
h € C([0,1])
N N
o) p(a)] ¢ Ly del i N
Lp( Z [ ) - f)}+NZT {h(z)*h(f)}
j=1 i=1 TEA
=0 — o (2Ah)
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Fleming-Viot process on type space

H(po) =T11;_, n7(hy) , hix € C([0,1]), n € Nis a core for £
ST wo(he) = (w” (haha)—p (hi)p” () TT 17 (o)
k=1 =1 mAk,l
+> 7 (@Ahe) T w(n

k=1 m#k

thus  (u7® :¢>0) L :t>0) Fleming-Viot process with generator

& [T whi)=>" (u(hachi)=pe(hiype(h)) 1T elom) Z (i) [ T (B
k=1 k=

k=1 m#k,l m#k
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H(p") =114_, #7(hi) . hg € C([0,1]), n € N is a core for £

EHM ) Z (1 (haha) = (hi) e () TT 17 (o)

k,l=1 m##k,l

+Z/1 thk H,U bm +0

m#k

thus (7@ : ¢ > O) (ps :t > 0) Fleming-Viot process with generator

n

& H ,u(hk,)zz (u(hk,hl) (hi)p h; H w(hm) + Z,u (Ahy) H,u (hm)
k=1

k,=1 m#k,l m#k
measure-valued diffusion  dyu,(h) = p, (2Ah)dt + dM,(h)
with martingale M;(h) with QV fof Tus(h)ds = 4fg (s (h?) — ps(h)?)ds
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measure-valued diffusion dp;(h) = p(Ah)dt + dM;(h)
with martingale M (h) with QV  [) Tpie(h)ds = 4 [) (j15(h?) — ps(h)?)ds

and  An(v) =6 [, [h(u) — h(v)]du
[Ethier, Kurtz (1993)]

is equivalent to Poisson-Dirichlet diffusion (¢(t) : ¢t > 0) on V with generator
LPDf Z qIQJ q, - q] f((I) -0 Z (]7‘0(1, f(Q)
7,7=1 =1
defined on a core 1,09, ¢3... with ¢, (q) =D, ¢ [Ethier, Kurtz (1981)]

The partition ¢(t) € V corresponds to the ordered atoms of ;.

[Griffiths, Ruggerio, Spand, Zhou (2021)]
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measure-valued diffusion dp,(h) = p (Ah)dt + dMy(h)
with martingale M (h) with QV  [) Tpio(h)ds = 4 [) (j15(h?) — s (h)?)ds

and Ah(v) =0 fU [A(u) = h(v)]du
[Ethier, Kurtz (1993)]

is equivalent to Poisson-Dirichlet diffusion (¢(t) : ¢t > 0) on V with generator

1 oo
ayzFrola) = Z 0, = 0,) Zqqu,f

after reaching a single condensate with 1y = ¢, z € [0, 1]

dM;(h) =0 and du;ih) =0.(h) = /0 [h(u) = h(z)]du

metastability uniform jumps of the condensate at (rescaled) rate 1
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Generator  Lf(1n) =, cr(neny +don.) (f(7*) = f(n)) . neErLn

N

§ne € My([0,1])

Empirical measure on mass space " := E
zEA

p'(h) = 3 Fh(%) = X h(%) . heC(o,1)

TxEA xEA

state space  F := ;) (V) € My([0,1])

N

April 4, 2023
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Empirical measure on mass space " := Z %6% € My([0,1])

TEA
pih) =3 %eh(%) = X h(%) . heC(,1)
TEA TEA
state space = ;) (V) € M;([0,1])

Lemma
The closure of (G, Dg) with

QHth Z (n(hyhi)—

k,l=1

domain

generates a Feller process on E, where h/(2) = (2h(z)) =

Ah(z) = 2(1 — 2)h" (2) +

Dg = sub-algebra of C(FE) generated by p +— pu(h) ,

H/L ‘m +Z,U’ Ahk H/J/ ’m

m#k,l m#k
h € C3([0,1])
h(z) + zh'(2) and

(2= (24 0)2)W (2) + 6(h(0) — h(z)) .
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Measure-valued process d; L — 0

Theorem
Let 47 25 ;1o € E. Then for all p> 0 as N/L — p, d,L — 0 >0
(u"(t) :t>0) i(ut 1t >0) on D([0,00), E)

where (1, : t > 0) is a measure-valued process with generator G.

Ah(z) = 2(1 — 2)h"(2) + (2 = (24 0)2) 1/ (2) + 6(h(0) — h(z))

S. Grosskinsky (Augsburg) April 4, 2023 11/22




Theorem

Let p7(©) Luo € E. Then forall p>0as N/L—p, dpL —0>0

(u”m :t>0) i>(ut 1t >0) on D([0,00), E)

where (1, : t > 0) is a measure-valued process with generator G.

Ah(z) = z(1 = 2)h"(2) + (2= (24 0)2) K (2) + 6(h(0) — h(z))
o measure-valued diffusion du;(h) = pi(AR)dt + dM(h)

o mass is conserved (h(z) = 1), &g describes mass below macro. scale
h(z) = = describes second moment of the mass partition

o Let (Z; :t > 0) be the process on [0, 1] with generator A, then we have

the duality B, [pe(h)] = Epy[0(Zy)] forallt>0.
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Theorem

Let p7(©) Luo € E. Then forall p>0as N/L—p, dpL —0>0

(u”m :t>0) i>(ut 1t >0) on D([0,00), E)

where (1, : t > 0) is a measure-valued process with generator G.

Ah(z) = z(1 = 2)h"(2) + (2= (24 0)2) K (2) + 6(h(0) — h(z))
o measure-valued diffusion du;(h) = pi(AR)dt + dM(h)

o mass is conserved (h(z) = 1), &g describes mass below macro. scale
h(z) = = describes second moment of the mass partition

o Let (Z; :t > 0) be the process on [0, 1] with generator A, then we have

the duality B, [pe(h)] = Epy[0(Zy)] forallt>0.

©

Equivalence to PD diffusion (q(t) : ¢ >0): (p; :t >0) ~ (pa) ¢ >0)
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Measure-valued process d; L — oo

Ah(z) = 2(1 — 2)h"(2) + (2 = (24 drL)2) W (2) + d L(h(0) — h(2))
for intermediate scaling regimes d; L. — co we get

n

ﬁggmhszu(h(())— 2) = 2! (2)) [T

k=1 m#k

S. Grosskinsky (Augsburg) April 4, 2023 12/22



Measure-valued process d; L — oo

Ah(z) = 2(1 — 2)h" (2) + (2 -2+ dLL)z)h’(z) + dLL(h(O) — h(z))
for intermediate scaling regimes d; L. — co we get
1 n n ,
29 T whi) = 3 n(h(0) = h(z) = 2'(2) [ [l
k=1

k=1 m#k

ie. du(h) = pe(h(0) — h(z) — 21/ (2))dt and  p,(h) = E,, [h(Z})]

and macroscopic clusters disappear with rate dy L
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Ah(z) = 2(1 — 2)h"(2) + (2= (2 + dpL)z) b (2) + d L(h(0) — h(z))
for intermediate scaling regimes d; L — co we get
1 n n
7Lg H w(hy) — Zu(h(()) — h(z) — zh'( Hu m)
k=1 k=1 m#k
ie. dui(h) = (h(O) —h(z) — zh’(z))dt and 1y (h) =E,, [h(Zt)]

and macroscopic clusters disappear with rate dy L

(G, F) &—— (Lrp.V) ,if§ < o0
(.C, ELJ\-") L_WJ { 000, z0z, t—t/0
541%\‘
(G. M1([0.00])) if =00
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Measure-valued process d; L — oo

Empirical measure on mass scale p/dp: " := nﬁw‘deL% € M1([0,00))
zEA
1 n - n - - -
L) =3 (Ah) T a7 (i) + 0(1)
k=1 k=1 m#k
where  Ah(z) = zh""(2) + (2 — 2)h/(2) + (h(0) — h(2)), 2z € [0,00)
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Empirical measure on mass scale p/d: 1" := Z [z 04, ne € Mq([0,00))

TGA
diLﬁ TT () Zu" (Are) [T " () +0(1) ,
k=1 m#k

where  Ah(z2) = zh"(2) + (2 — 2)W/(2) + (R(0) — h(2)) , 2z €[0,00)
Theorem

Let 1@ 2y 0 € M([0,00]). Then for all p>0as N/L — p, d, L — o0

(/@D s ¢ > 0) Ly, ¢ >0)  on D([0,00), M([0,00]))

where (p+ : t > 0) is a measure-valued process with generator

n

g H i(hy) = Zu Ahy) H fi(hm) ,  hi € C3([0,00]) N constants
k=1

= m#k

April 4, 2023 13/22



o measure-valued process dji;(h) =y, (Ah)dt and [, (h) = E,, [h(Z,)]

o Duality ji; = Law(Z;) with (Z; : t > 0) on [0, 00) with generator A

April 4, 2023 14 /22



(4]

(4]

measure-valued process dji;(h) = p1;(Ah)dt and fi,(h) = E,, [h(Z,)]
Duality ji; = Law(Z;) with (Z; : t > 0) on [0,00) with generator A

pildz] = f(t,2)dz, FPE O,f(t,2) = z02f(t,z) + 20.f(t,z), f(t,04+) =1
stationary distribution [; — Exp(1)

mass at co:  i[0,00) =1 — (1 — fip[0, 00))e™*

April 4, 2023 14 /22



Measure-valued process dj L — oo
o measure-valued process dji;(h) =y, (Ah)dt and [, (h) = E,, [h(Z,)]

o Duality ji; = Law(Z;) with (Z; : t > 0) on [0, 00) with generator A

o ugldz] = f(t,2)dz, FPE O,f(t,2) = 20°f(t,z) + 20.f(t,2), f(t,04+) =1
stationary distribution [; — Exp(1)

o mass at co:  i¢[0,00) = 1 — (1 — jig[0, 00))e ™"

time=0.01 time=0.1 o time=0.5

z z z

jump diffusion A (histogram) , inclusion process £ (black)
N=L=1024,d, =L Y? =2
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o Limiting dynamics of the condensate for all scalings of dj,

o Results are independent of p, can be extended to p € {0, o0}

as long as L — oo and dL/N — 0

01,0 [Geom( =) . Exp(1) on scales 71 |
<d vd >d : :
. S—
p=0 %%pG(O,oo) p =00
April 4, 2023
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o Limiting dynamics of the condensate for all scalings of dj,

o Results are independent of p, can be extended to p € {0, o0}
as long as L — oo and dL/N — 0

01m Geom(l;) Exp(1) on scales 71

<d| ~vd |>ad:

p=0 %%pG(O,oo) p =00

o work in progress for generalized kernels and ZRP with non-trivial bulk

o extend dy L. — oo case to dense random graphs?

April 4, 2023 15 /22
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1 (7
Consider a system with 7 y[dn] = XZL v (1) H wr,(n,)dn and
LN Zoa
o0

(A1) |wr, — wl|leec — 0 where wlog Z wn)=1, w(0) >0,
n=0

win—1)Aw(n)| >0 or w(0)=1, aswellas
(A2) lim lim sup [nwg(n)L — 6] =0.

J—00 L—00 > 7

and sup,,

Theorem [ccG (2022)]
As L, N — 0o, N/L — p the system exhibits a condensation transition with

Z nw(n) € [0,00) and background density p. for p > p,. .
n=0

The condensed mass fraction «a = a(p) = (p—p.)/p is distributed as

1
LN [Nﬁ = ] L, PDyyo(6) as L,N — 00, N/L = p> p. .

April 4, 2023 17 /22




Generalized IP-like models

Proof. PD(6) is the unique reversible distribution of split-merge dynamics on V

Gof(a) = Y aias |/ (Mia) - f(a)] +9qu[/olf(§?q)du—f(q)

i#]

proven for 6 € [0, 1] [Zerner et al. (2004), Schramm (2005)]
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Proof. PD(6) is the unique reversible distribution of split-merge dynamics on V

Gof(a) = Y aias |/ (Mija) - }MZqz[ F(Eradu- )

i#j
proven for 6 € [0, 1] [Zerner et al. (2004), Schramm (2005)]
Consider a discrete approximation [loffe, Téth (2020)]

N(q;—e

G0 f (@) 103 Lay.05>¢ [f (Vi3 0) = £ (9)] + w5 P>l a2 > HE N g |

1¢7

and show that gév*é —Ggas N — 00, e —» 0 on Cy(V) and

(1G9 (k1)) — mwe (s (X 1)G3 1 ()| 0

as L,N — oo, N/L— p>0.
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GEM/PD regime for IP

dL — 0 € (0,00) :

L=2048, p=1
L=1024, p=2

10%L  L=2048, p=1

1050 L=1024, p=2 }d=0.5 { l

2 4 6 8 10 12 14

observe Ry(n)=1- + S0 7, then

o€ 0001f p=2 L=2048

S

0 10 20 30 40 50

9 k
(Ri)r.n — (m) as L, N — 0o, N/L — p, dL — 0 .

S. Grosskinsky (Augsburg)
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Intermediate regime for IP

0.50F

0.10¢
0.05F

7 NdA>U]

0.01¢

i n[dA>u]

S. Grosskinsky (Augsburg)

0.500

0.100
0.050

0.010

0.005},

L=1024, d=32/L
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canonical measures 7, v on X,y ={n € Xp:Y . n.=N}

thermodynamic limit L. N — oo,

assume that v, :=lim; v 72 N[0 € ]

background density

N/L—p>0

exists (and is unique)

Py = (Nz)p < p=limp n(Ne)r N

A hom. SPS exhibits condensation with bg dens. p, > 0, if v, exists and p;, < p.

The SPS exhibits a condensation transition with critical density p. > 0,

. . =p, < Pe
if v, exists for all p >0, and py Py P=Pe
<p, P> Pec
Mx x
) condensed
fluid oop (p—pe)L
(o
Pcf
P Pc
X
April 4, 2023 21/22



GEM/PD regime
Choose ¢ — z1, F = (I —x1)wg, ..., F = (1 —x1) - (1 —2p_1)T1

with z1,...,z, € (0,1), k € N fixed and show

k—1 k
N--- (N— Z TM) TL,N [f]lf]k == 7’1,1..77%] — 9’" H(l - .7?,;)071
i=1 i=1

as L — oo, N/L — p for all p > 0.
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GEM/PD regime
Choose % — I, 31\7% — (1 —.’L’l)[l,'g, B ”T}‘ — (1 —11)(1 —IEkfl):L‘k

with z1,...,z, € (0,1), k € N fixed and show

k—1 k
N--- (]V— Z TM) TL,N [f]lf]k == 77,1..77%] — 9’" H(l - .7?7;)071
i=1 i=1

as L — oo, N/L — p for all p > 0.

Intermediate regime

Choose % — x; >0, k € N fixed and show

k
. o 1 .
d* TLN [T = ny..ng] — /7‘ He zi/p
1=1

as L — 0o, N/L — p for all p > 0.
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