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Well-posed problem

Q Let (X:(x0))e>0 be a dynamical system (model) such that the current
state at time t, X¢(xp), converges to its limiting state x as t — oo for
some suitable (distance/discrepancy) dist.

@ Assume that the map t — dist(X;(x0), i) is non-increasing.

© Well-posed problem: given a prescribed error n > 0, the
n-mixing-time is defined as

Ty(x0) := inf{t > 0 : dist(X:¢(x0), 1) < n}.

It is a hard problem in general! For instance, in ergodic Markov
chains theory we have the existence of constants C(xp, N) and §(N)
satisfying

HXtN(Xo) - HNHTV < C(xp, N)e ?Mt forall t>0.

Here N denotes the cardinality of the space state. Good knowledge of
C(xo. N) and 6(N) is needed. What about lower bound estimates?
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A warm-up example: the Ornstein—Uhlenbeck process

Let (Xt(x0))t>0 be the solution of the SDE

dXt = —)\Xtdt + \/Eth, XO = X0,

with A and € being positive numbers. Integration by parts formula yields

t
Xe(x0) = e Mxp + \/Ee_)‘t/ eMdW,.
0

Then It6's isometry implies

X:(x0) D N (e_’\txo, %(1 — e‘”‘t)) ,

and the limiting law is given by

9

w N(O,%).
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OUP total variation mixing time
For computing the n-mixing time, one needs to find the smallest t > 0 for

which

I Xt(x0) — MHTV = HN <e*/\t“X07 i(l _ e*2)\t)) N (07 %)

2\ H']I‘V

2\
— ||N (\/ ?e_’\txo, 1- e_”‘t) - N(@O,1)] <n.
TV
Since
e—2)\t
[V1—e 2\ 1| = , morally, one needs to solve
V1—e 241

N< %e—“xm) - N(0,1)

which for t large yields

N LY Oy
\/% 266 |X0| 7I'€e |X0| =7

2 pE
= 5 / e ?/%dz <,
VLT JO

TV
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OUP Wasserstein mixing time

To compute the 7-mixing time, one needs to find the smallest t > 0
satisfying

Pk 13 = (3 (51— ) (0.5)

2
= \/e—”‘txg + % (\/ 1—e2M — 1) <.

Since \
oMt

(V1 — e 2t £ 1)2

(Vi-ei-1)'=

morally, we have
—At
e Mxo| < n.
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Cutoff phenomenon (in total variation distance)

In the eighties, P. Diaconis and M. Shahshahani asked:

e How many shufflings do we need for the deck of cards to be
well-mixed?

e When is it random enough?
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Behavior

Table 1. Distance to stationarity for repeated shuffles of 52 cards
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FiG. 1. The cutoff phenomenon for repeated riffle shuffles of n =
52 cards.

Figure: P. Diaconis. The cut-off phenomenon in finite Markov chains, PNAS,

USA, 93, 1659-1664, 1996.
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Random transpositions

Space of state:
Sp = set of biyections (permutations) on {1,2,...,n}. Note that
|Sn| = n! is too big.

|Ss2| > Avogadro’s number = 6.022 x 1023,

Dynamics: Pairs of cards are exchanged randomly.

Equilibrium: Uniform probability on S, that is,

1
P(o) = o for each permutation o € S,.

Well-mixed: %nlog(n) steps. The proof can be done by Fourier
analysis and representation theory.
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The model: unidimensional Langevin dynamics

dXf = —V/(X{)dt + VedW,, X5 = xo,
where

i) V:R — [0,00) is a smooth convex degenerate potential,

ii) € € (0,1] controls the amplitude of the noise,
i) W = (W;)e>o is a unidimensional standard Brownian motion,
iv) X is an initial datum.
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Limiting distribution

e Under a suitable growth condition on V/, the Langevin system
possesses a unique invariant probability measure pf.

e The density p(dz) is given by

pf(dz) = Zi exp <—2V€(2)) dz,

where Z€ is the partition function.
e Weak ergodicity: For any initial condition xp, the law of the
marginal X{(xp) converges in distribution to u¢ as t — oo, i.e.,

tli)n;OE[f(Xf(xo))] :/Rf(z),ue(dz) for all f € Cp(R,R).
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Strong ergodicity

e Strong ergodicity: For any initial condition xp, the law of the
marginal X{(xo) converges in the total variation distance to u¢ as
t — o0, i.e.,

lim sup
t—00 ‘f‘oogl

=0,

EWﬁmm—Aﬂmﬂw)

where the supremum is taken over all measurable functions
f:R—[-1,1].
e For short, we write || X{(x0) — p||py instead of

sup
[floo<1

EW&%M—AHmﬂw)
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Rate of convergence

e Exponential ergodicity: For any € > 0 there exists a positive
constant J. such that for any xg € R, there is a positive constant
Ce(xo) satisfying

X (x0) — 1|l py < Ce(x0)e %t forall t >0,

e C(xp) is hard to compute and/or estimate.

e . is related with the spectral gap of the generator £ of the Markov
process (X{(x0))e>0-

e Lower bounds for || X{(xp) — ||y are also very difficult to obtain.
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Properties of the variation distance

i) [0,00) >t || Xf(x0) — plpy € [0,1] is non-increasing.

i) Variational representation:

| Xf(x0) — pf||lpy = inf  7( outside of the diagonal ).
7 Coupling

iii) Dual representation:

1X¢ (x0) = 1l = e [E[F (X (x0))] = Epe[f]] -
iv) Smooth representation:

€ € 1 €,X( €
1X00) = il = 5 [ 17z, 8) = Fe(2)z.

where P(Xf(xp) € dz) = f**(z, t)dz and uf(dz) = f¢(z)dz.
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Description of the variation distance
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Goal
Our aim is to analyze the shape of the convergence to zero of
di (x0) = [ X{(x0) = 1|y
for each datum xg € R and degenerate smooth convex potentials V.
In particular, there is cutoff at (ac)eso if

1 for te(0,1)

| ds =
0+ o) = 0 for te(l,400).

The cutoff phenomenon is associated to a switching phenomenon.
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Stability: degenerate vs hyperbolic fixed points

Let V such that V/(0) =0 and V”(x) > 0 and consider the IVP

¢ = = V'(¢), 0o = Xo-

Degenerate Hyperbolic
v’(0) = 0, v”(0) > 0,
V(x) = x4 V(x) = x?
V(x) = x*+x5. V(x) = x2+x*%
Polynomial rate Exponential rate
03| ~ Cp(xo)t™1/2 0] ~ Ch(xo)e "
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Theorem (Hyperbolic case, B. & Jara, 2016, JSP)

Let V : R — [0,00) be a C2-function with V(0) = V'(0) = 0 satisfying
the coercivity condition: there is a positive § such that V" (x) > ¢ for all
x € R. Consider the unique strong solution of the SDE

dXE = —V/(X)dt + y/edB, for t>0,
X5 = xo,

where xo is an initial condition, (Bt)¢>0 is a standard Brownian motion.
Then for any xg # 0 and p € R it follows that

e ! 2 Ao 22
lim [[XE +powe (30) = 1|y = E/O P <_?> 4

where te := 2\/// (1/6) We ‘= \/%(0) + OEHO*’(]')'

- Wv"(o»c(xm
2

with  c(x) := lim eV x0x) > 0.

v
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Idea for the proof

( )

Linear nonhomogeneous approximation:
Freidlin—Wentzell first order

Y
Cutoff for the nonhomoge-
neous linear approximation

Hartman—Grobman Theorem

Y
Coupling the nonlinear
and linear approximation
Short time coupling

Y
Coupling the limiting measures
Bootstrap argument/Direct
computation dimension one

\. J
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Main result

Theorem (Degenerate case, B., da Costa & Jara, 2022)

Let V : R — [0,00) be a C2, convex, even function with V/(0) = 0 that
satisfies the following conditions:

(1) Local behavior at zero: there exist constants Co > 0 and o > 0 such
that for any K > 0 we have

E VI(AX) 1+a

,\Il%]+ IjluspK BV Colx|""*sgn(x)| =0,
where sgn(x) := x/|x| for x # 0 and sgn(0) := 0.

(2) Growth condition at infinity: there exist ¢y, Ry € (0,0), and
B € (—1,00) such that

V'(x) > cox*?  forall x> Ro. (G)
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Main result

Theorem (Degenerate case)

Consider the unique strong solution of the SDE

dXs = —V/(X{)dt 4 /edB; for t >0,
Xg = X0,

where xq is an initial condition, (Bt)¢>0 is a standard Brownian motion.
Then for t > 0 it follows that

lim ||Xa€€t(X0) - /fHTV = H Yt(XO) - V”’]I‘V € (0’ 1)7

e—0T
where a, = ¢ 7+a, (Ye(x0))e>0 is the unique solution of the SDE

dY: = —Go| Ye|*Tosgn(Yy)dt + dW; for t >0,
Yo = sgn(xp)oo,

and v is the unique invariant probability measure for (1).
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No cutoff phenomenon

Corollary (No cutoff phenomenon)

With the assumptions and notations of the previous theorem, for any

xo € R, the family of processes (X(x0))ce(0,1] does not exhibit cutoff in
the total variation distance as ¢ — 0. In other words, there is no time scale
(te)ec(o,1) With te — oo as e — 0 and

6I_i)rro1+ | Xs.. (x) — ,uEH,W =1@(0) forany >0, 0#1.
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Proof of the previous corollary
Let Ac — 00 as e — 0.

i) Assume that A < Ca. for some positive constant C and for all € < 1.
Then for all t > 0 we have

1Xes.e00) = Iy < [[X4.e(0) = 1
and consequently the main theorem for all t > 0 yields
0 < | Yeul0) ~ vl = liminf | Xy, (x0) — [l
= “E”l(i)ﬂf [ X4, (x0) = 1| 1 -
In particular, for t > 1 we have
lim inf [ X4, :(x0) = 1|y > O.

ii) The case a. < CA, for all € < 1 is completely analogous using that the
limiting profile || Y:(x0) — v|lpy < 1 forall t > 0.
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No cutoff phenomenon via scaling procedure
By the Chapman—Kolmogorov equation, for any xp € R and € € (0, 1] it
follows that the map

t — di(x0) := || Xf(x0) — 1|y is non-increasing.

Lemma (Scaling argument)

Let xo € R and assume that there is a sequence (ac(x0))ee(o,1] for which
the following conditions hold true:

i) lim a.(x0) = 0.
e—0

ii) Foranyt>0

0< Iieri(i)rlf A5 (o)t (X0) < Iienl:)gp ;. (o)t (x0) < 1.

Then there is no cutoff for the family (X“(xo))cc(o,1] in total variation
distance as € tends to zero.

v
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Mixing times asymptotics

Lemma (Scaling argument)

If in addition, the function

t = d;(x0) = [ X (x0)

— pllpy  is continuous and striclty decreasing,

and for all t > 0 the limit

lim dZ ()¢ (x0) = Gx(t) € (0,1)

e—0
then for any n € (0, 1) it follows that

lim ’E”i?(n)
e—0 ae(xo)

=inf{t > 0: Gy (t) < n}.
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Asymptotics
Corollary (Mixing time asymptotics)

Suppose that all assumptions and notation made in previous theorem hold
true. For any xop € R and n € (0,1), the n-mixing time

rene(n) = inf{t 2 0 [ X{(x0) = 11y < )

satisfies the limiting behavior

- Tae(n) .
lim 2 = inf{t > 0 : | Ve(sgn(x0)oc) = vllpy < n}.
e— ¢

That is,

exo

Tmix (1) 7 dc - inf{t > 0 |[Yi(sgn(xo)oo) — vlgy <n}  for e=0,

__o
where a, = € Zta .

v
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Regularization: exponential convergence

By the growth condition we have that there exist ¢ > 0, R > 1 and
B > —1 such that

xV'(x) > c|x|**? for |x|>R.

Hence, one can prove that for any € > 0 and a > 0 there exists positive
constants Ci(¢€,a) and Gy(e, a) such that for all xp € R it follows

1Xz (x0) = 1y < Cale, ) (ealx"' +/ e“/f(dZ)> e Clow
R

for all t > 0. Note that Ci(e,a) and Cy(e, a) also depend on f.

CIRM: Analysis and Simulations Metastable Systems 04th/April /2023 28 / 36



Coming down from infinity: ODE

For simplicity, let us assume that V(x) = x*/4 for all x € R,
In the sequel, we define the solution of

pr=—(pe)* with o= co. (2)
Consider the Cauchy problem

Pr = —(¢e)* with @ =1£>0,

e Its explicit solution is given by ¢t = #; for all t > 0.
e Hence, p%° = /2, t > 0 solves the differential equation (2).

o ¥ € R forany t > 0.
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Coming down from infinity: SDE

In the sequel, we present the main steps for proving that the following
SDE is well-posed:

dY; = —(Y:)3dt +dW; for Yy = oo.
Let (Y¢(£),t > 0) is the unique strong solution of the SDE
AYe(0) = —(Ye(€))*dt + AW, with Yo(¢) = /.

¢ Monotonicity: Set Y; = l!iTm Y:(£) for t > 0. Note that Yj = oco.
o0

e Tightness w.r.t. the i. c.: E[(Y:(£))?] < ¢ < oo for £,t > 0
== Y? € R for t > 0 = Continuous extension.

Fatou’s Lemma

e Markovianity: (Pz(-))zg[—oo,oo]-
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Scale analysis and limiting shape for a toy model

V(x)=x*/4, a.=¢12 b.=€e/* Y(x):= (Ybe) X5, +(x0)-

Goal: analyze

d5,¢(x0) = || X;, = 1l = Y5 (0) = 17|y
dYs = —(Y¢)3dt + th, dY; = —Y3dt +dW,,
Y5 = xo/be, Yo = sgn(xp)oo.

(Y£(x0))t>0 converges, as € — 07, to (Y:(x0))e>o0-

Hence, for t > 0 we deduce

lim d5 .(x0) = HYt(xo — i HTV (0,1).

e—07t
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Scheme of the proof

HX;et(XO) _“EHW
l e— 0"

| Ye(%0) — p|lv € (0,1)—  No cutoff at scale a. — oo

|

Asymptotics for mixing and no cutoff for any scale A,
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General degenerate potential: main ideas
Let a. > 0 and b, > 0 be scaling parameters to be properly fixed. Define

Yi(x0) := (Yb) X5 :(x0) for t>0.

By the It6 formula we see that

dY§(x0) = — 2 V(b Yi(x0))dt + Y2cdW, for t >0,
Y5 (x0) = /b,

Define a. and b, as the unique solution to the system
V €de

__a 1
be ie. a =€ 2ra  and b, = e€2ta,
(67—
ab? = 1.

Hypothesis (1) Local behavior at zero: there exist constants Cp > 0 and
« > 0 such that for any K > 0 we have

V' (Ax)
1+

lim sup — Go|x|*™sgn(x)| = 0,

A—0t Ix|<K

where sgn(x) := x/|x| for x # 0 and sgn(0) := 0.
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General degenerate potential: main ideas

Since the total variation distance is invariant by scaling, we deduce

£(x0) = [|X5, e (x0) = 1|y = 1Y (x0) = bept(bedz) |y -

By the triangle inequality we have

| .c00) ~ [ Y00) Vg | < [ Y£00) = Vel + [ — b (B2

~~

Ob jective Limiting profile Coupling SDEs Laplace method

where (Y¢(x0))t>0 is the solution of the following SDE
{ dYi(x0) = —Go| Ye(x0)|* T¥sgn( Y:)dt +dW; for t >0,
Yo(xo0) = sgn(xp)oo

where Cy and « are the positive constants that appears in local
assumption, and v represents the unique invariant probability measure for
the preceding random dynamics.
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Coupling around the origin
Hypothesis (2) Growth condition at infinity: there exist cp, Ry € (0, c0),
and 5 € (—1,00) such that

V/(x) > cox}*?  forall x> Ry. (G)
Observe that || Y{(x0) — Y:(x0)||py is a complicated term. However,
1Y) = Vi)l < | Yeto) = Veo)||

Synchronous coupling and maximal inequalities

S CORRACO!

VT
Girsanov coupling or Kabanov’s coupling

Gaussian-setting: Cameron—Martin—Girsanov’'s Theorem, Fokker—Planck
estimates, Kabanov, Y. et alt. estimates. For instance, it is known that

IXe(2) = Ye(2) I3y < 16/0 E[|F(Xs(2)) = G(Ys(2))*]ds,

where F and G are the fields for (X;(z))s>0 and (Y:(z))t>0, respectively.
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