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Probabilistic programs are hard to grasp

Does this program almost surely terminate?

X :=1;
while (x > 0) {

x = x+2 [1/2] x := x-1
}
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Probabilistic programs are hard to grasp

Does this program almost surely terminate?

X :=1;
while (x > 0) {

x = x+2 [1/2] x := x-1
}

If not, what is its probability to diverge?
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Probabilistic programs are hard to grasp

x := geometric(1/4);
y := geometric(1/4);
t = xty;

t := t+1 [56/9] skip;
r :=1;

for i in 1..3 {

s := iid(bernouilli(1/2), 2t);
if (s '=t) { r := 0 } else skip
+
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Probabilistic programs are hard to grasp

x := geometric(1/4);
y := geometric(1/4);
t = xty;

t := t+1 [56/9] skip;
r :=1;

for i in 1..3 {

s := iid(bernouilli(1/2), 2t);
if (s '=t) { r := 0 } else skip
+

What is the probability that r equals one on termination?

[Flajolet et al., 2009]
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Our objective

A powerful, simple proof calculus for probabilistic programs.
At the source code level.

No “descend” into the underlying probabilistic model.
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Our objective

A powerful, simple proof calculus for probabilistic programs.
At the source code level.

No “descend” into the underlying probabilistic model.

Push automation as much as we can.
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Verifying programs

Overview

@ Verifying programs
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Verifying programs

A discipline of programming

WEAKEST PRECONDITIONS

IIiSl:iagliIIE

programming
edsger

Edsger Wybe Dijkstra
(1930-2002)
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Predicate transformers

Let the set of states be:

S = {s]|s:Vars> Qsq}
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Predicate transformers

Let the set of states be:

S = {s]|s:Vars> Qsq}

Let the set of predicates:

P = {F|F: S —>{0,1}}

states
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Verifying programs

Predicate transformers

Let the set of states be:

S = {s]|s:Vars> Qsq}
Let the set of predicates:

P = {F|F: S —>{0,1}}

states

(P,E) is a complete lattice where F E G if and only if F = G

Joost-Pieter Katoen Probabilistic Weakest Preconditions 9/48



Verifying programs

Predicate transformers

Let the set of states be:

S = {s]|s:Vars> Qsq}
Let the set of predicates:

P = {F|F: S —>{0,1}}

states

(P,E) is a complete lattice where F E G if and only if F = G

Function ® : P - P is a predicate transformer
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Verifying programs

Weakest preconditions
For program P, let wp[P] : P - IP a predicate transformer.
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Weakest preconditions

For program P, let wp[P] : P - IP a predicate transformer.

G = wp[[ P]|(F) is P's weakest precondition w.r.t. postcondition F iff
P If P starts in a state s E G, it terminates in a state t E F.

P Otherwise, P either terminates in a state t ¥ F or diverges
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Verifying programs

Weakest preconditions
For program P, let wp[P] : P - IP a predicate transformer.

G = wp[[ P]|(F) is P's weakest precondition w.r.t. postcondition F iff
P If P starts in a state s E G, it terminates in a state t E F.

P Otherwise, P either terminates in a state t f F or diverges

s
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Verifying programs

Relation to Hoare triples
Hoare logic is relational
P For each G € IP there are many F € P such that

{G} P {F} s a valid statement
P For each F € IP there are many G € PP such that

{G} P {F} s a valid statement
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Verifying programs

Relation to Hoare triples
Hoare logic is relational
P For each G € IP there are many F € P such that

{G} P {F} s a valid statement
P For each F € IP there are many G € PP such that

{G} P {F} s a valid statement

Weakest preconditions are functional
P For each F € IP there is a unique G € P such that

wp[PI(F) = G
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Verifying programs

Relation to Hoare triples
Hoare logic is relational
P For each G € IP there are many F € P such that

{G} P {F} s a valid statement
P For each F € IP there are many G € PP such that

{G} P {F} s a valid statement

Weakest preconditions are functional
P For each F € IP there is a unique G € P such that

wp[PI(F) = G

Weakest preconditions respect Hoare triples:
{wpl[PT(F)} P {F} s a valid statement
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Verifying programs

el
Example o, &

{a=z A \a:\a} =042 b==bk-3 {Ovb '—"\‘L‘}

U
Sit-k:?./\b-.:(o} al=atyL ) L:=b-3 '5‘0—511 \’\’=°\-HB

b= 17_> \/ Qx-\-z) (\:-‘6)

ur“ °"=°‘*7~')\=:=\>—-3:“( b .
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Verifying programs

Backward reasoning

wp [C4] (iwp [C:] (F)) G wp [C,] (F) C, F
weakest precondition of C;

with respect to wp [C;] (F) .
postcondition F
evaluated in final states
after termination of C;

weakest precondition of C;
with respect to F

Weakest preconditions reason in a backward manner about programs.
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Verifying programs

Predicate transformer semantics

Syntax program P Semantics wp[[ P]|(F)
skip F
x:=E Flx:=E]
P;Q wpll P (wpl QTI(F))

where Ifp is the least fixed point wrt. the ordering € = = on P.
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Verifying programs

Predicate transformer semantics

Syntax program P Semantics wp[ P](F)
skip F
x:=E Fx := E]
P;Q wp[ PT (wp[ QTI(F))
if (p) P else Q (o A wp[PT(F)) v (=¢ A wp[ QI(F))

where Ifp is the least fixed point wrt. the ordering € = = on P.
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Verifying programs

Predicate transformer semantics

Syntax program P Semantics wp[ P](F)
skip F
x:=E Fx := E]
P;Q wp[ PT (wp[ QTI(F))
if (p) P else Q (o A wp[PT(F)) v (=¢ A wp[ QI(F))
while (o) {P} Ifp X. (¢ A wp PT(X)) v (=¢ A F))

« s

loop characteristic function ®£(X)

where Ifp is the least fixed point wrt. the ordering € = = on P.
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Unbounded loops

wp[lwhile (9){ P}, F] = IfpX. ((¢ A wp[[PI(X)) Vv (= A F))

« J

loop characteristic function ®£(X)
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Unbounded loops

wp[lwhile (9){ P}, F] = IfpX. ((¢ A wp[[PI(X)) Vv (= A F))

« J

loop characteristic function ®£(X)

» The function ®f : P - P is continuous on (P, E).
> Kleene's fixpoint theorem yields: Ifp ®r = sup,cy PF(false).

P ®"(false) denotes the wp of running the loop exactly n times starting from @.

wop EPI(bue) = sek of shokes o uhich
T  ten\okes
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Loops in action

U\\;\C (57°> 13.——} F= 3’,0

%. (5> A op Ty-3(X)
v ~(yr9) Ayzo
= L&X.(svo A X[j/:g-ﬁ]) V y=o
—_—
®

we L \eop T(y=o) = ‘Fe

§ﬂ ('Fa\u.): 3:0 V.-_,\] %:n—f\

sop @“(Fg\.\-c} = bén\])’o
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Verifying programs

What if programs roll dice?

17/48
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Verifying probabilistic programs

Overview

© Verifying probabilistic programs

Joost-Pieter Katoen Probabilistic Weakest Preconditions 18/48



Verifying probabilistic programs

“Dijkstra’s weakest preconditions go random”

WEAKEST PRE-EXPECTATIONS

Dexter Kozen, Annabelle Mclver, and Carroll Morgan
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From predicates to quantities

P Let program P be:
x :=5 [4/5] x := 10

The expected value of x on P’s termination is: %-5 + %-10 =6
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Verifying probabilistic programs

From predicates to quantities

P Let program P be:
x :=5 [4/5] x := 10

The expected value of x on P's termination is:

4 1qn_
5'5 + 5'10 = 6
> Let program P' be:
x := x+5 [4/5] x := 10
1 . . . 4 1 4x
The expected value of x on P''s termination is: §~(x+5) +:10 = 3 +6

Joost-Pieter Katoen
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Verifying probabilistic programs

From predicates to quantities

P Let program P be:
x :=5 [4/5] x := 10

The expected value of x on P's termination is:

1l
(@)

1
'5 + 5'10

ald

> Let program P' be:
x := x+5 [4/5] x := 10

i T 4
The expected value of x on P''s termination is: §~(x+5) + §~10 = ?x +6

» The probability that x = 10 on P"'s termination is:

4-[x=5]+1
5

gl &~

[x+5 =10] +l -1 =
- 5
lverson brackets
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Expectation transformers

Let the set of expectations1 (read: random variables):

E = {f|f: s —>]R20u{oo}}

states

Fo.oaic-r\ : fockors

-

1 . . ™
# expectations in probability theory.
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Expectation transformers

Let the set of expectations1 (read: random variables):

E = {f|f: s —>R20u{oo}}

states

(E,E) is a complete lattice where f E g if and only if Vs € S. f(s) < g(s)

1 . . ™
# expectations in probability theory.
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Verifying probabilistic programs

Expectation transformers

Let the set of expectations1 (read: random variables):

E = {f|f: s —>R20u{oo}}

states

(E,E) is a complete lattice where f E g if and only if Vs € S. f(s) < g(s)

Function ® : E - E is an expectation transformer

expectations are the quantitative analogue of predicates

'+ expectations in probability theory.
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Verifying probabilistic programs

Weakest pre-expectations

For probabilistic program P, let wp[P] : E - E an expectation
transformer.
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Verifying probabilistic programs

Weakest pre-expectations

For probabilistic program P, let wp[P] : E - E an expectation
transformer.

g = wp[[P]I(f) is P’'s weakest pre-expectation w.r.t. post-expectation f iff

g maps initial state s to the expected value of f after executing P on s.
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Verifying probabilistic programs

Weakest pre-expectations
For probabilistic program P, let wp[P] : E - E an expectation
transformer.

g = wp[[P]I(f) is P’'s weakest pre-expectation w.r.t. post-expectation f iff

g maps initial state s to the expected value of f after executing P on s.

Examples:
» For P;:: x := 5 [4/5] x := 10, we have wp[P;]|(x) =6
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Verifying probabilistic programs

Weakest pre-expectations
For probabilistic program P, let wp[P] : E - E an expectation
transformer.

g = wp[[P]I(f) is P’'s weakest pre-expectation w.r.t. post-expectation f iff

g maps initial state s to the expected value of f after executing P on s.

Examples:
» For P;:: x := 5 [4/5] x := 10, we have wp[[P;]l(x) =6
» For Py:: x := x+5 [4/5] x := 10, we have:
4x 4.[x=5]+1
wplPo]I(x) = = +6 and  wpl[Po]I([x = 10]) = —————
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Verifying probabilistic programs

Weakest pre-expectations
For probabilistic program P, let wp[P] : E - E an expectation
transformer.

g = wp[[P]I(f) is P’'s weakest pre-expectation w.r.t. post-expectation f iff

g maps initial state s to the expected value of f after executing P on s.

Examples:
» For P;:: x := 5 [4/5] x := 10, we have wp[P;]|(x) =6
» For Py:: x := x+5 [4/5] x := 10, we have:
4x 4.[x=5]+1
wp[[ P> ]I(x) = <t 6 and wp[P]([x =10]) = —

If f =[F] for predicate F, wp[[ P]|(f) is the probability of F on termination of P.
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Verifying probabilistic programs

Kozen’s duality theorem
If up is the distribution over the final states obtained by running P on the

initial state s, then for post-expectation f:

D np(t)-F(t) = wplPI(F)(s)

&_; backward

forward
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N i3 el pegams
Kozen’s duality theorem

If up is the distribution over the final states obtained by running P on the
initial state s, then for post-expectation f:

D np(t)-F(t) = wplPI(F)(s)
tes , backward
forward

Pictorially:

‘P
E| £y

[ : £t Fh]
Feg ° 8

Joost-Pieter Katoen
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Verifying probabilistic programs

Expectation transformer semantics

Syntax probabilistic program P Semantics wp[[ P](f)
skip f
x:=E flx = E]
P;Q wp[ P (wp[ QT(f))
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Verifying probabilistic programs

Expectation transformer semantics

Syntax probabilistic program P Semantics wp[[ P]|(f)
skip f
x=E f[x = E]
P;Q wp[ PT (wp[ Q1I(F))
if (p) P else Q L]~ wpl PI() + [~]- wpl QI(f)

Joost-Pieter Katoen Probabilistic Weakest Preconditions 24/48



Verifying probabilistic programs

Expectation transformer semantics

Syntax probabilistic program P Semantics wp[[ P]|(f)
skip f
x:=E f[x = E]
P; Q wp[ PT (wp[ Q1I(F))
if (p) P else Q Lol wpll PT(F) + [~e]- wpl QI(7)
Plp]@Q p - wp[PT(f) + (1-p) - wp[ QI(f)
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Verifying probabilistic programs

Expectation transformer semantics

Syntax probabilistic program P Semantics wp[[ P]|(f)
skip f
x:=E fIx := E]
P, Q wp[ PT (wp[ Q1I(F))
if (p) P else Q L]~ wpl PI() + [~]- wpl QI(f)
Plp]@Q p-wpl[ PII(f) + (1-p) - wp[ QI(f)
while (o) {P} Ifp X. (L] - wpl PT(X)) + [=¢] - f)

. J

loop characteristic function W¢(X)

where Ifp is the least fixed point wrt. the ordering C on E.
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Verifying probabilistic programs

Loops in action

Sie (ge2) ) greo (3] cimern)  F=1
‘P_@ (%) = En:-\'}(% X (yeo) + -3 )((cg—-n))_;_ ]:34.‘].

o

n e
\y_:(g) = Cy=1) Eo l:sGQ + ES’”]

‘(s

sop &Vh (0) = [3=13 a—-"13 ¥ [‘3#13 = A

we T Looe 3 (1)
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Properties
For all programs P and expectations f, g it holds:

» Continuity: wp[[ P]|(+) is continuous.

» Monotonicity: f E g implies wp[[ P](f) E wp[P1(g)

P Feasibility:  E k implies wp[[ P](f) E k

» Linearity: wp[[P](r-f +g) = r-wp[P](f) +wpl[PI(g) VreRy

» Strictness: wp[P](0) =0
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Properties
For all programs P and expectations f, g it holds:

» Continuity: wp[[ P]|(+) is continuous.

» Monotonicity: f E g implies wp[[ P](f) E wp[P1(g)

P Feasibility:  E k implies wp[[ P](f) E k

» Linearity: wp[[P](r-f +g) = r-wp[P](f) +wpl[PI(g) VreRy

» Strictness: wp[P](0) =0

Good to know: wp[[ P](1) = termination probability of program P
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Practical relevance

» Formal verification of randomised algorithms

P Exact inference for probabilistic programs

P Deciding program equivalence

» Proving program transformations

v

Expected resource consumption

» Proving almost-sure termination
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Relative completeness

Overview

Q Relative completeness
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lative completeness

RELATIVE COMPLETENESS

SOUNDNESS AND COMPLETENESS OF AN AXIOM SYSTEM FOR
PROGRAM VERIFICATION"
STEPHEN A. COOK!

Abstract. A simple ALGOL-like language is defined which includes conditional, while, and

sy r givn o the anusg. The o sysen s prov o bosound, i crnsese

2243 el retment o the proseure el e o posschres Wl lobal i it
declar

q..,,..
tency, completeness

. Introduction. The axiomatic approach (o program verification along the

e formutea by C. A. R. Hoare (see, for example, [6] and [7)) has received a

great deal of attention in the last few years. My purpose here is to pick a simple
Hoare style axi

for the language, and then give a clean and careful justification for both the
soundness and adequacy (i.c., completeness) of the axiom system. The justifica-
tion is done by introducing an interpretive semantics for the language, rather like
thatin [10) and (8],
axiom systems, but for somewhat different language features, axioms, and

i d reis new

proofs inspired by an
of this paper [2] appear in [3), [11],[12], [13], and [14]). T have tried to choose the
‘axioms and rules of the formal system o be as simple as possible, subject to the
nts that they be sound, complete, and in the style and spirit of Hoare’s

SIAM J. on Computing, 1978
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Two verification perspectives

P Extensional: use mathematical formulas as assertions

P Intensional: provide a syntax for assertions
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Two verification perspectives

P Extensional: use mathematical formulas as assertions

P Intensional: provide a syntax for assertions

» Why bother about providing a syntax?

» Enable automation (e.g., Dafny, Boogie, Viper, ...)
» Often used (e.g., invariant templates, super martingales)
» Enables guided search for specialised fragments
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Relative complete verification

Ordinary Programs

F

G = wp[ PI(F)
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Relative complete verification

Ordinary Programs

F € FO-Arithmetic

G = wp[ PI(F)
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Relative complete verification

Ordinary Programs

F € FO-Arithmetic
implies

wp[[ PT(F) € FO-Arithmetic

G = wp[ PI(F)
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Relative complete verification

Ordinary Programs

F € FO-Arithmetic
implies

wp[[ PT(F) € FO-Arithmetic
G = wp[[P]I(F)

is effectively decidable

modulo an oracle for deciding =
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Relative complete verification

Ordinary Programs Probabilistic Programs

F € FO-Arithmetic f
implies
wp[[ PT(F) € FO-Arithmetic
G = wp[P](F) g & wp[ P]I(f)

is effectively decidable

modulo an oracle for deciding =
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Relative complete verification

Ordinary Programs Probabilistic Programs

F € FO-Arithmetic f € SomeSyntax
implies

wp[[ PT(F) € FO-Arithmetic
G = wp[PI(F) g & wp[ P](f)

is effectively decidable

modulo an oracle for deciding =
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Relative complete verification

Ordinary Programs Probabilistic Programs

F € FO-Arithmetic f € SomeSyntax
implies

wp[[ P](f) € SomeSyntax

implies

wp[[ PT(F) € FO-Arithmetic
G = wp[PI(F) g & wp[ P](f)

is effectively decidable

modulo an oracle for deciding =
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Relative complete verification

Ordinary Programs Probabilistic Programs

F € FO-Arithmetic f € SomeSyntax
implies

wp[[ P](f) € SomeSyntax

implies

wp[[ PT(F) € FO-Arithmetic

G = wp[P](F) g & wp[ PI(f)
is effectively decidable is effectively decidable

modulo an oracle for deciding

modulo an oracle for deciding = . .
between two syntactic expectations.
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Relative complete verification

Ordinary Programs Probabilistic Programs

F € FO-Arithmetic f € SomeSyntax
implies

wp[[ P](f) € SomeSyntax

implies

wp[[ PT(F) € FO-Arithmetic

G = wp[PI(F) g & wp[ P](f)

is effectively decidable is effectively decidable

modulo an oracle for deciding

modulo an oracle for deciding = . .
between two syntactic expectations.

Q: How does the SomeSyntax look like?
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Relative completeness

50 years of Hoare logic

“Completeness is a subtle manner and requires a careful analysis”

Ernst-Ridiger Olderog

Krzysztof R. Apt
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Requirements on a syntax

X geometric(1/4);
y geometric(1/4);
t = xty;

X = 1; t := t+1 [5/9] skip;
r
for

while (x > 0) { = 1;

x +:=2 [1/2] x -:= 1 i in 1..3 {

} s := iid(bernouilli(1/2),2t);
if (s !'=t) {r :=01}%
}
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Requirements on a syntax

b'd geometric(1/4);
y geometric(1/4);
t = xty;

x 1= 1; t := t+1 [5/9] skip;
r
for

while (x > 0) { =1
x +:=2 [1/2] x -:= 1 iin 1..3 {
} s := iid(bernouilli(1/2),2t);

@ if (s !'=t) {r =01}
}
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Relative completeness

Requirements on a syntax

geometric(1/4);
geometric(1/4);
1= x+y;

t+1 [6/9] skip;

reciprocal of Golden ratio)

X

y

t
=1 t

T

for

while (x > 0) { = 1;

x +:=2 [1/2] x -:= 1 i in 1..3 {

b s := iid(bernouilli(1/2),2t);
if (s !'=t) {r :=01}%
}
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Requirements on a syntax

b'd geometric(1/4);

!%;— (reciprocal of Golden ratio) y geometric(1/4);
t = xty;

X = 1; t := t+1 [5/9] skip;
r
for

while (x > 0) { = 1;

x +:=2 [1/2] x -:= 1 i in 1..3 {

} s := iid(bernouilli(1/2),2t);
if (s !'=t) {r :=01}%
}
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Relative completeness

Requirements on a syntax

9)

geometric(1/4);

!%f— (reciprocal of Golden ratio) y = geometric(1/4);
t = xty;
xh:; 12 0 1 t := t+1 [56/9] skip;
while (x > = 1.
r :=1;
x +:= 2 [1/2] x -:= 1 for i in 1..3 {
} s := iid(bernouilli(1/2),2t)
1 if (s !'=t) {r =01}
}
[r=1]
Joost-Pieter Katoen Probabilistic Weakest Preconditions
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Requirements on a syntax

1
™
x := geometric(1/4);
\/_T_ (reciprocal of Golden ratio) y i= geometric(1/4);
t = xty;
thz 1;( . 0y 1 t := t+1 [5/9] skip;
while (x ro:=1;
x +:= 2 [1/2] x —:= 1 for i in 1..3 {
} s := iid(bernouilli(1/2),2t);
if (s'=t) {r:=01%

}
[r=1]

rational numbers, algebraic numbers, transcedental numbers, etc.
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Relative completeness

Syntax: expressions

P Arithmetic expressions

a — reQsy non-negative rational
| x € Vars Q.o-valued variable
| a+a addition
| a-a multiplication
| a- subtraction truncated at zero
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Relative completeness

Syntax: expressions

P Arithmetic expressions

a — reQsy non-negative rational
| x € Vars Q.o-valued variable
| a+a addition
| a-a multiplication
| a- subtraction truncated at zero

P Boolean expressions

© —> ax<a comparing arithmetic expressions
| oA conjunction
| % negation
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions

| [e]-f guarding
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f —> a arithmetic expressions
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [e]-f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [(p -f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x

P> Examples:

ex:[x-x<y]-x
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [(p -f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x

P> Examples:

ex:i[x-x<y]-x =y
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [e]-f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x

P> Examples:
ex:i[x-x<y]-x =y 2zi[z-(x+1)=1]-z
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [(p -f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x
P> Examples:
ex:i[x-x<y]-x =y 2zi[z-(x+1)=1]-z = xj-l
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Relative completeness

Syntax: expectations
P Expectations

f —> a arithmetic expressions
| [(p -f guarding
| F+f addition
| a-f scaling by arithmetic expressions
| ex:f supremum over variable x
| (x:f infimum over variable x
P> Examples:
ex:i[x-x<y]-x =y 2zi[z-(x+1)=1]-z = xj-l

P> f € E is syntactic, if f is expressible in this syntax, i.e., if f € Exp
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Semantics of syntactic expressions

Recall that state s : Vars - Q..
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Relative completeness

Semantics of syntactic expressions

Recall that state s : Vars - Q..
[aF = [aI°
{ IFT°  if [T = true

0 otherwise

[le]-FI°

[T +[el
[a]" - LFT°

[f+el’

[a-fT°
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Semantics of syntactic expressions

Recall that state s : Vars - Q..
[aF = [aI°

IFT°  if [T = true

lel- T = {0 otherwise
[f+el° = [FF +[Lel’
[a-F = [&I°-IfT°
[ex:fl = sup{[FI""7 | reQu}

[¢x: T = inf{ [[f]]s[x'_"] | rEQZO}
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Relative completeness

Examples of expressible expectations
Starting from only rational-valued variable one can express:
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Relative completeness

Examples of expressible expectations
Starting from only rational-valued variable one can express:

. 3 2 .
P polynomials y+x” +2x"+x—-7 widely used as templates

2
-3x+4
P rational functions );L
yex =3y +1

P square roots  /x

P irrational, algebraic and transcendental numbers e, 7, Q
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Relative completeness

Examples of expressible expectations
Starting from only rational-valued variable one can express:

. 3 2 .
P polynomials y+x” +2x"+x—-7 widely used as templates

2
-3x+4
P rational functions );L
yex =3y +1

P square roots  /x

P irrational, algebraic and transcendental numbers e, 7, Q

used in run-time/termination analysis

X
» Harmonic numbers H, = X
k=1

x| =
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Relative completeness

Examples of expressible expectations
Starting from only rational-valued variable one can express:

. 3 2 .
P polynomials y+x” +2x"+x—-7 widely used as templates

2
-3x+4
P rational functions );L
yex =3y +1

P square roots  /x

P irrational, algebraic and transcendental numbers e, 7, Q

used in run-time/termination analysis

x| =

X
» Harmonic numbers H, = X
k=1

s(x)
H, = Sum[Vsum,ﬁvX] with [Sum[vsym, f, x]]° = Z [flvsum/i1T°
j=0
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Expressiveness

The set Exp of syntactic expectations is expressive
if and only if
for all programs P and f € Exp it holds

wp PIIFD) = [el

for some syntactic expectation g € Exp.
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Expressiveness

The set Exp of syntactic expectations is expressive
if and only if
for all programs P and f € Exp it holds

wp PIIFD) = [el

for some syntactic expectation g € Exp.

Q: is the proposed syntax expressive for loops?
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A useful lemma

Any syntactic expectation g € Exp can be transformed into

an equivalent formula in prenex normal form:
Qx: Qxi. .. Qx,:f = g

where Q € {2, { } and f is quantifier free.
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A useful lemma

Any syntactic expectation g € Exp can be transformed into

an equivalent formula in prenex normal form:
Qx: Qxi. .. Qx,:f = g

where Q € {2, { } and f is quantifier free.

Remark: this does not hold if f - g is a first-class citizen in our syntax.

Note that f - g is expressible indirectly in our syntax
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Proof strategy

By structural induction on the programs. Involved case: loops  what else?
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By structural induction on the programs. Involved case: loops  what else?

Let P = while (p){ P'}

Joost-Pieter Katoen Probabilistic Weakest Preconditions 40/48



Proof strategy

By structural induction on the programs. Involved case: loops  what else?

Let P = while (p){ P'}

Proof obligation:  Vf € Exp. 3g € Exp.  wp[PI(Lf]) el

[g'T

given that Vf' € Exp. 3g' € Exp. wp[[P'I(['T)
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Relative completeness

Proof strategy

By structural induction on the programs. Involved case: loops

what else?
Let P = while (9){ P'}
Proof obligation:  Vf € Exp. 3g € Exp.  wp[PI([f]) = [g]
given that V1 € Exp. 3g' € Exp. wp[[P' T[T = [g']

Step 1: exploit Kozen's duality result to ease a syntactic characterisation

wl PIIFD) = Aso- ) [ [-]-f T(e)- psle)

tes strengthen 1
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Proof strategy

wpl PIIFD) = Aso- ) [l-eel- FIe) - i (e)

tes
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Proof strategy

wpl PILFD) = Aso. ) [l-1- FI(E) - p(e)
tes
Step 2: sum over all terminating paths sp...s,_1 of intermediate states

k-2
wpl PIIFD) = Asosup 3 [l=ed o) [ T, (510)
€ k=0

N S0 yeens Sk—1€S
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Proof strategy
wpl PII/D) = Aso- ) [[-]- FI(¢) - pin(t)

tes
Step 2: sum over all terminating paths sp...s,_1 of intermediate states

k-2
wpl PIIFD) = Asosup 3 [l=ed o) [ T (5i)
€ k=0

N S0 yeens Sk—1€S

where program Pjie, = if (p){ P'} else { skip } is a single loop execution

.
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Proof strategy
wpl PII/D) = Aso- ) [[-]- FI(¢) - pin(t)

tes
Step 2: sum over all terminating paths sp...s,_1 of intermediate states

k-2
wpl PIIFD) = Asosup 3 [l=ed o) [ T, (510)
€ k=0

N S0 yeens Sk—1€S

where program Pjie, = if (p){ P'} else { skip } is a single loop execution

Step 3: characterise uf;,t (5., ) with wp. Use the characteristic assertion
iter

BJ=[ A x=4w}

x€Vars
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Proof strategy
wpl PII/D) = Aso- ) [[-]- FI(¢) - pin(t)

tes
Step 2: sum over all terminating paths sp...s,_1 of intermediate states

k-2
wpl PIIFD) = Asosup 3 [l=ed o) [ T, (o)
€ k=0

N S0 yeens Sk—1€S

where program Pjie, = if (p){ P'} else { skip } is a single loop execution
Step 3: characterise uf;,t (s, ) with wp. Use the characteristic assertion
iter

BJ=[ A x=4w}

x€Vars

By Kozen's duality theorem

(¢:,) = wplPiter]([Lsi+111)(si)
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Proof strategy

wpl PILFD) = Aso. ) [l-1- FI(E) - p(e)
tes
Step 2: sum over all terminating paths sp...s,_1 of intermediate states

k-2
wpl PIIFD) = Asosup 3 [l=ed o) [ T, (o)
€ k=0

N S0 yeens Sk—1€S

where program Pjie, = if (p){ P'} else { skip } is a single loop execution

Step 3: characterise uf;,t (s:..) with wp. Use the characteristic assertion
iter

BJ=[ A x=4w}

x€Vars

By Kozen's duality theorem and the induction hypothesis:
in Exp
I.H

pp. (se) = wollPierl[siaIM(s)) = [[5’+1 (si)

iter lter
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Wrapping it up
It follows that:

wp[[while (o){P}](f) =

k-2

Aso- 8ki ) ([l ) (se-1) - | | wellif (2){P'} else {skip}I([si+1])(s1)

50,---1Sk-1 i=0

program Pjiar
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Relative completeness

Wrapping it up
It follows that:

wp[[while (o){P}](f) =

k-2
Aso- 8ki ) ([l ) (se-1) - | | wellif (2){P'} else {skip}I([si+1])(s1)
S0r--1Sk=1 i=0

program Pjiar

Technical challenges in the remaining proof:
» Encode sequences of states via Godelisation as natural numbers

» Encode sequences of rationals via Godelisation as natural numbers
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Relative completeness

Wrapping it up
It follows that:

wp[[while (o){P}](f) =

k-2
Aso- 8ki ) ([l ) (se-1) - | | wellif (2){P'} else {skip}I([si+1])(s1)
S0r--1Sk=1 i=0

program Pjiar

Technical challenges in the remaining proof:
» Encode sequences of states via Godelisation as natural numbers
» Encode sequences of rationals via Godelisation as natural numbers
P Express sums with variable # summands in Exp (using Sum, see H,)
P Express products with variable # factors in Exp (similarly)

P General products of two syntactic expectations
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Relative completeness

Wrapping it up
It follows that:

wp[[while (o){P}](f) =

k-2
Aso- 8ki ) ([l ) (se-1) - | | wellif (2){P'} else {skip}I([si+1])(s1)
S0r--1Sk=1 i=0

program Pjiar

Technical challenges in the remaining proof:
» Encode sequences of states via Godelisation as natural numbers
» Encode sequences of rationals via Godelisation as natural numbers
P Express sums with variable # summands in Exp (using Sum, see H,)
P Express products with variable # factors in Exp (similarly)

P General products of two syntactic expectations

For details, see our POPL 2021 paper.
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Relative completeness

The expressive syntax in action

/4
z+[c>0]-2
while (¢ >0){
{c:=0} Y2 {c:=1}3
z:=x+1

(constructive)

}
/s
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Relevance

P Relative completeness a la Cook:

bounds like g E wp[[P](f) are effectively decidable

2 T . . 1 . 0
Deciding whether P terminates on s with at most probability « is I;-complete.
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Relevance

P Relative completeness a la Cook:

bounds like g E wp[[P](f) are effectively decidable

alycbmic ronsce deteal vorboery Nie Dedaked cukes
¥oroae)'Rj 1 Cuk()= [ch- qvm\r< ot
» Termination probabilities wp[[ P](1) on any input are expressible2

» Probability to terminate in postcondition ¢ as wp[[ P]I([])

P Distribution over final states where t(x;) = v;:

pp(t) = wplPT([xa = vi A =+ A x¢ = vi))

Thus Kozen's measure transformers can be syntactically expressed

2 T . . 1 . 0
Deciding whether P terminates on s with at most probability « is I;-complete.
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Epilogue

Overview

© Epilogue
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Epilogue

Summary

P Weakest precondition reasoning about probabilistic programs
» g © wp[P](f) is effectively decidable (modulo an oracle for £)

P A suitable syntax for specifying quantitative “assertions”
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Epilogue

Summary

P Weakest precondition reasoning about probabilistic programs
» g © wp[P](f) is effectively decidable (modulo an oracle for £)

P A suitable syntax for specifying quantitative “assertions”

Future work

P Expressiveness of extensions (cf. next slide)

» Automation
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Extensions of wp-reasoning

> ... for inference (treats divergence) [TOPLAS 2018]
| for continuous distributions w. scoring 4+ weighting [SETTS 2019]
> ... for recursion [LICS 2016]
> ... for expected run-time analysis [J.ACM 2018]
> ... for probabilistic separation logic [POPL 2019]
> ... for weighted programs [OOPSLA 2022]

Q: which syntax suffices for these extensions?
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