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1) what is denotation.ae semantics ?

A format way of giving a meaning b- types a formuler and
to proofs or programs and to ogive am accolent of computation .

on invariant of calculus .

Theorem ( correction)
. Mandatory

Lt if IT : r + A nos T
'

:
T + A by out Elimination

then EID = Œil

d- calculus if r tt : A et A nos t
'

by beta reductionthen EtD= Et ' D

Purpan :

D studypropaly of programs independantby of
their syntax
2) Distingués tu 2 programs /profs that are not

computationaly equivalent :
Esa + et Il ⇒ snfp t by contraposilèœ

3) ce guide for introducing now symtactic constructions .

ue : Linear logic is more granular than

d- calculus : A ⇒ B ⇐ ! A -0 B
.

ey : fin Spaces and Dill , stable foulerons , coherent spacesand LL - - -



Linear Logie ( Intuitionniste)

Formula : AP : =
1 1 A④ B I ! A | A→ B

Profs : Two - sided version with coney one formule on the right
-

P : = 1 | A
,
M

A +a
AX PTA D. A +C get

P
,
D te

P TA D + B P , A, B tc Ptc

P
,
D t A ④B P

,
A-④B te

+1 r
,
Ite

r
,
A + B Pt A B

,
B +c

rt A→B P
,
D

,
A- B te

1. P 1- A P ,
A t c

i. p + ! A
Mm ÇA

du P
'
!A ④ ! At C

combi P 1- C weak
M
,
! A 1- C M

,
!A 1- C

RI :O you can dérive one sidedfuoof system by adding negation
and A → B - A

'
-8 B

.

② Additive peut ui beyond this introduction .

Semantics : of U in Rel

•
For
any formula KAD an object of Ret .

• For any prof : EI : P + AD : EMI → IAD
a morphisme of Rel .

such that if IT nos T
'

by cut
- Elimination

then : EID = Et
' ] are the same morphismes .



Lambda - Calculus

Types : A.B :-. T I A & B I A⇒ B

Terms : sit : = ✗ 1 dx.rs Ils] t tifs then t elle ne / fixs
y & ~

Tipping System :p ÷ ✗ i.As .
. _

,
✗n : Am

At:A Pts :A⇒B Ptt : A

P
,
X: A t- × : A p + ix. s : A-⇒ B Pt t :B

Computation : (dx - s)t→ s [ × : -- t] way occurence of x
p - reduction in sis substitutedbyt .

Rk : ① Cartesian product can be ended through eps

A ✗B = ( A- B⇒C) ⇒ c
*z : dk . (b)Ldndyx) : A ✗ B ⇒ A

F2 :
. .

: A ✗ B ⇒ Es

<sit) = d 2- (7) S E : A ✗B

(E)is , t> -

sp
s

(Tr) 2s , E) →LB
② Cartesian product can be added with constants C) aditi

Pts : A Ptt:B Pts :A✗B

rt () :-| Pts, t) : A ✗B P this : A

Semantics : of d- calculus interet

•
For
any type GAI au object of r Ret .

• For any terme : [ Ptt : AD : EMI → IAD
a morphisme ofMel .

such that if tuos t ' by p - reduction

then : Eta =
et

'

I are the same morphismes .



From MRN a model of d- calculus
to Rel a model of Linear Logic

Finit nultiseb Mfimlx) where X is a set

Def ^
-

a finit multiset ni a function mm : ✗→ IN
with finite support : { a l m (a) =/ ° } finite

empty mutent [3 : au o

m = [a
,
A

,
a
,
b] a → 3

,
b→1

RI the ordu does not matte !
2 tt m

,
m c- Mljnlx) ,

mtn : ✗ → IN

a tsmcatnlaf
Ca

,
a

,
b ] 1- Ca

,
b.c) = Ca ,ça,

b
,
b
,J

Pry 3 Mfim ( ✗ ☒ Y ) enfin ✗ ✗ Mfim Y

[(1) ✗a) , - . -C. ✗u) #g.) i. ihye] ↳([✗a .
.
_

,
✗ te]

,
[ys , . . _ , yé)

Relation ✗À Y

R : relation de ✗ dans Y Re ✗ ✗ Y ( RE P(✗ ✗ 4))
'

composition of relations .
✗ Î→ Y À Z
ne me 3-yun Z

le
,3) c- R

'

or iff 7 y c- Y such that G.g) c-Rand B) c-R
'

Multi relation ✗ Es Y

Definition
a multirelalionfus a relation from rfinx.to Y

.

MaRepresentation :
; jpg- ymeausknai.MN/ylc-Fcoming from

operaob
rien



composition F
✗ → Y
xi

x: - a
-

a- z
-

F

z
r

x! s

ze

-

F k
-

ke
-

Fm c. Mfinx , z.CZ ,
Cm ,
a) C- Gof iff

"

7k 7 % .
. . . yk Enfin Y .

3- ma - .
. mk C- Mfin ✗

me = ma + . . .
t mk

tri
, fini , bi) c- F Ggs , . . ytéfz ) E G .

M Rel a model of d- calculus -

category objects : set X
,
4

morphismes : ✗→ Y multirehahou

Cartesian : terminal objet : T = Y
A ✗ B product : ✗ 44 = ✗ ☒ Y Disjoint unionofseb .

✗ Tre M fin (✗ ☒ Y) ✗ ✗

12

2-
,

✗ & y
1 Mf.mx ✗ ctlfin Y ✗ ✗

te =§HnD , a) tut × } :{(En] .CI , a) lntx}=
y <f. a) c- Mfim 2- ✗ ¢24)
<RH :{ cnn.LI/nDl(m.u)tflguKm,&yHlm.yc- a}



Closed : Morphisme objet : ✗ ⇒ Y = Mfm ( X )✗ Y
A ⇒ B

Rk . MRELCX
,
Y ) e P (M'fin G) ✗ Y )

F
: 2- & ✗ → Y NF : 2- → ✗⇒ 4
FE Rfinl 2- ×) ✗ Y ^ F E M Fin ( Z) ✗ (Afin ✗ ✗4)

AF :{Eta ,
. . _

,
a-eh ,Cnn , - ne] , g) | ([(1)Zr) , - - -Kik) , (2) mal , - -

> three)] , y ) E
P }

Ev : ✗ ⇒ 4 & × → Y .

ET Enfin@fin (X ) ✗ Y ☒ Y) × Y

nfmlnfinlx)) ✗ Y ) x NHK) ✗ Y

En = {(M ,
m

, y) l M - [ (m
,y) ] }

RI Mel is large brought interpréta programming langage,

• [Bad] : { t , f)
uxrP-tu.BA p

→
P ✗ P → Bad x re P terr→ A

r i- if u thons ebet : A sait

[ ùfu thus ebet] = {(m ,
a) 17 ms

, ma
st m = ma +ma

Cms , t) En @ e.a) c- s

or Cms
, f) c- u Cme

,
a) et }

if It thus ebset → s [du _ ifx then if x thenKetoff
if ff the sehr 1- → t . etseifx then "A

ete ff3 =

{ ([tt, ff3, ff1 , / Eff ,Eft)
Kit

,
tt] .tt#ff.ff7ffl}



• Fie point exists in Mel MRDLX
,
Y) ordered by inclusion

directed f-ami} of relations have lowestuppubouob .

ÉTA ⇒ A

[ 4 ] c- Afin ( Rpima ✗ A) ✗ A .

smalbst set such that

( LCI
,
ah

,
a) c- C4 ]

.

④ an
,

_ _

, an] , a)Jt mat . _ + mn
,a) GG ]

Fk
,
ar

,
_ . _

,
an
,
a c- ×

,
ma

,
-

→
mnt Mfm#Zfxxxx )

(mi , ai) € [Y ]

•
Pure d- calculus D= D-⇒D

✗ &@ ✗ × ) = IN ✗✗

@ x) ts (o ,
x )

(2
, ( ie)) ts (mitre )

Fixpoimtof FCXÏ = Mfim ( µ ✗ X ) exists in Rel

Do = & Da ⇒DX = Mfn (Da) ✗ Da .{Dm , = FCDN) = Mfr102 ) ✗ nfin /Nxm)

DX =
UDN = nfnm (DX &@ ✗Dd ))

Dd : Mfm tu ✗ DN) = nfnm/ N ✗ DX)
= Ddo .



Notice that ✗ ⇒ Y = Mfin ✗ ✗ Y
.

we recognize
the same decomposition as un coherent spaces .

• Mfim is a comonad interprete.mg
!

• ✗ → Y
= ✗ ✗ Y so lénear multinelations aujeol relations .

Rel is a model of linear logie .

category : objet sets ×
,
4

morphismes Rellx
,
4) = PCX ✗ 4)

- Relations Rs ✗ ✗ Y

Id
,
= { ( x ,

x) l ✗ c- × }

• symmetwcronoidal : ✗ ④ Y = ✗ ✗ Y 1-
- { * }

associatif dayz : ✗⑦ (Y⑦71 → (✗⑦ 7)⑦7
✗
×
, >a# ,

(git )) ,(night ) ) Inex , yc-Y.ge?}
unit e : 1×04 → * é : v01 → ✗

e--¥.nl .nl Inex } l' = {② *} " llxex }
bifuchr ✗ Fix ' YÎY ' ✗④ Y → ✗

'

④ Y
'

R⑦R'=☒ g) ,
là

, y
' ) ) l @m' 1ER Izy

' IER' }

•
closed : ✗ → Y =

✗ ✗ Y

1h : Rellx
,
4) = PCX ✗ 4)

F
: 2- ④ ✗ → Y NF : 2- → ✗→ 4
F c- Et ✗ X ) × Y

.
.

^ F E Z x (✗ ✗ 4) .

AF : { & ,
(n

, y)) /④ ie), g) Et }

Ev: X - 4×0 ✗ → Y .

Ev E
.

(✗ ✗ 4) × ✗ ✗ Y

Ev = {⑥ , y), x , q ) l NEX , YEY }



Tu:r,AtB- += M ( r⑦ AÏE B)
it :P d- A →B

CITY = {(r, (a) BD / ) a) , b) c- In }

EEf.tt?p,D,?!pg??#T--rx0BxOA-BEs A ⑦ D⑦ A-
BÂ BXOB .

Et 7- {C,
E
,
a
,
b
,
c) / (ta) Ets

,

b
, c) Et }

TairtAThD.AtC_n-_P@DF_7AxODT_sciT-.r.DtCCITI = { LYS, c) Hak, a) c-Œil a. c) c-Œil}

T = P CA⑦ B) ¥ t'⑦ A⑦BÉ c

ÎÎÂÈp+ ⇐D= {&,
@ ix. c) 14 , a.

b
,
c) ⇐Œil }

T : +1 EID = { ☒ } .

1T
= t'④ 1 ¥ M e

'

÷÷:÷.
ETI = {✗ * , c) | @ , c) c-Œil



Mfim ni an exponentiel modalihy
* hormonal ou Rel Function Mfm : ✗ ts Rfinx

Mfim R Enfin ✗ ✗ nfim Y

Mfimr -_ {Cas ,
- - -

,
ah]

,
Cbs

,
. .

.

,
bu])Hidi, bi ) c- R}

comultiploaalion ( digging) Sx : ! ✗ → ! ! ✗

SA c- Mfr4 ✗ ✗ Mfinlnfinx )
Fx = { Cm ,

[ma. . . _, mk] ) l mat . - • +mis = m }
couvrit (déréliction) Ç :

! ✗ → ✗

Ex c- Mfin ✗ ✗ ✗

Ex -_ {CH ,
u) l x c- × }

* comonoid structure ( structure) .

contraction ex : ! ✗ → I. ✗ ④ ! ✗

ex E Mfe.mil/xMfinXxnfinXCx--{ Em ,
mi

,
mi) l m -

_ mrtmz}

voeakening w× : ? ✗ → 1

wx enfin ✗ ✗ { * 4
n'
✗ = {47*1}

* Seely Isomorphismes (monoidalstênglh)

unit : mo : 1 → 1. T

mo E { * } × Mfin {d }
mo = { ( * ,

[3) }

strengths : mz : ! ✗ ④ ! Y → !@ & Y)
mz E Mfin ✗ ✗ Mfim Y × Rfim ( ✗ ⑤ Y )
ma = {(res . . _

'

rek]
, Cyr . -

→yé) , [ ( 1. xD ,
-

→Chien,Hy , / , 24yd]}
Rh : mo and me are bijections .



Fo M
,

A 1- B T :
P ④ ! AÏE t'④ A D

IT r
,

! A 1- A
T-

_ {& ,
[a]

,
8) l ✗ a, 8) c-To }

Toi ! P t B

T : ! on 1- ! B

T : ! As ④ . - ⑦ !Amy ?@a & . . -
& An)Î ? ! (As& .

. _ IAN/→ ! L ! As ④ . - - ④ ! Am)→!B
1. MIN I. [Fo]
le

1T
= { Ems , . . . .mn) , [ bq . . - ibn] ) / 3- ME , . .

.

,
m
,
st ma= m? + - - + m!

R e oe

mtn ,
- - - ,

m! St
mm = min + . . _

+mtn

Ki finie ,
. . _

, min ,
bi c- To }

HOT.T'
o r + D

y : p ④ ! A → B.④ 1 & D
T F

,

! A t D

E- {Y ,
[3,5) IG ,

8) c-To}

to : r , ! A
,

! A 1- A 1T
: p ④ I. A ÎÎ P ④ !A⑦ ! A D

T : r
,

! A t D

E- {&, m , 17ms
,
ma s.tn -

_ mstmz }&
,
ms

, mz ,
8) c-To



Rel and MR.cl LNL model
.

⇒
Rel ! = MREI

,ET Rel
,
④ ,
1

-
X- Rfi X

R enfin ✗ ✗ Y A?çrfinx ✗ Mfui Y

X - X

{ ([ se] , g) In, y c- R} Enfin✗ ✗ 4 RE ✗ ✗ Y

Classical LL

• 1- = 1 = {* } ✗
"

= ✗ → t ✗
"

= @→ 1)→ t
=

✗ ✗ {* } ✗ {* |
= ✗ .

T'
o : p

,
A + D

Ti : P 1- At
,
D F- {&, @ ,

l# a ),8) c-To }

RI : dedieu the interpretation of mandalas coquets .

A ④ B = (A- & Bt )
"

[A⑦ B) = [A] ⑦ [B]
IT E r ✗ CA ⑤B)

ItrÏ_ += { & , @,a)) l fa) C- To }
Ti t P

,
1-⑤B

T E (Awt B)xD

Æt F- {( ha) , 5) | (a) 8) c- Te }
Tt A & B

,
D u { (② b) , 5) | (b, 8) c-Ii }



Rd is the basic ingrédient
Bi-orthogonab.by

Bibliography . IT
proof offALL then [IT] thesame

in Cole
,

fin
,
Rel

,
Plok

Principle : Objects : LAI
,
LA whee

.
IAI is a set of RELL Pooh

;
Finn

,
Pete

• orthogonalité relation on & : xtyr Non holt Spaces .

• Et = { n' truck , n' 1- ne }
morphismes : R : IAI → IBI that "

préserves
" b

Risi a relation.

Example : Coherent spaces :

obj : IAI
,
ba c- PLIAD sexy iff #Cuny ) s 1

morphe: REIAIXIBI s.tt net CA
,

R - x = { bel 3- a c-te @, b)ER} C-§
.

y
'ECE R"

. y
'
= {a / Jb c-y

' Lastik } c-LA#

•

CA
-on = MR c- A xD .

Déterminisme
. / For exponentiel , use the finito multilignestriche

. . .
set of finite multidiques .

8- imilênenspaos Finie mutisats colson support au clefs .

obj : LAI
,

Fa c- PHAI) xty iff xny finit

morpb : R E / AI ✗ IBI st R - FA c- FB
R ! Fa

'
E Fat

•
Finite mon déterminisme

•
This model enjoy a limeaeized version = tindacesavedouspaeenodd
•

this model dindes diff d- calculus and Bill

Probabiliste Coherent Spaces

IAI

objet : IAI
,
J'
a
E Rt x

, y c- RÎ
"

xtyifflu.gs:{
xayas.IR

c- péjlx
/ BI

morphin st txt Pa
,
R - x C- PB .

•
Discuté probability Eoin]

, E) c- Pa , }
Discrete probabiliste

• Fix points .
.
Conditionnel

. language .



Exercice

Compute the semantics of

f1 t 1
+ ✗ z

t 1 t 1
+ ✗ 2

1- 1-
,
1-

,
1 1- 1-

,
1-

,
1 t 1-

,
1-

,
1 t 1-

,
1-

,
1

1- 1-
,
1-
,
1

⑦R.tt ,
1-
,
1

④ R

'- +
,
1-
,
1

⑦R.tt ,
1-
,
1

⑦ R

1- 1-
,
-1,1+01 tt , -1,1+01 1-1,41+01 1- t.tn

,
1+01

t
1-
, 1-21,1+01 1-1,1-22,1+01

&

1-
1- 21

,

1- & 1-
,
1+01

der ✗ 2

1- ? (1-21) , ? (1-21) , 101
contre

1- ? (Lott )
,
1+01

compare leith the semantics of :
1- dx

"

. if x then if x then tt : Bo

du ff
etre if x thenthese

ff


