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Knots & Seifert Surfaces ASeifertsurface I

NKisan oriented S' embedded inSE
is an oriented surface embedded in SB

with boundarya knot
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The Scifet Pairing
I a Seifertsurface of genus g

H2,2) =429 has a natural alternating pairings
the intersection pairing

italso hasa natural non-symmetric pairing
Seifert:H'/2,4) xH12,1) +I

(a,b)1-(k(a
+

,
B)

the alternating part of Seifertis the intersection pairing
the symmetric partis called the quadratic form ofI

- butitshould be thought of as

a quadratic form up to SPI) equivalence



Diagram

genus g ->Spygk) - equivalence classes

Seifertsurfaces ofZg-ary quadratic forms
.

.

(with mod 2 conditions)
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genus Eg->Sequivalent.Casematis
knots



Kyle Hayden, Seungwon Kim, Maggie Miller, JungHwan Park, and Isaac Sundberg, Seifert surfaces in the 4-ball arXiv:2205.15283 [math.GT]

The HaydenKimMiller- Park - Sundbarg example
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+Gy2
Not SpLl=SL2) - equivalent

Noteven GL,K) - equivalent -> surfaces still differentwhen pushed into D*



Where the HKMPS example comes from:

Any separating curve on a

genus I surfacegives a

knot with two genus
I

Seifertsurfaces.

Work in progress with

Menny Aka, Peter Feller, Andreas Wieser

characterizing which pairs of quadratic
forms are attained this way



Speg-orbits ofquadratic forms
for g=1 Spc=SL and this isSL acting on binaryquadratic forms'

Invarianttheory
- Invariants of a quadratic form with matrixQ given by

crefts ofdetCt.S QFrelatedtoAlexander polynomia.
- orbits contain extra arithmetic info related toAlexander Module

+ Blanchfield pairing

Asymptotic counting of Spag equivalence classes of quadratic forms

with bounded invariants
·

applying Bhargava'saveraging method

to getanalogous results



↑

orientedclass groupCITRI
Genus one knots D =Im square free

m FO
= Efratgenratode?3/

The diagram:

genus 1 SL,RS - equivalence classes

Seifert surfaces of binary quad forms
-CI(I(**))

of disc D
->

are aditD

t ↓ fie
W

genus 1
knot ofdisc D- SLRSS) - equivalence classes

1 =det -D)
of binary quad forms<-> C1(n)(*))

over [S] ofditD



The kernel

0 -> kerix-CH**)
* CI(n)(**) -> 0

Ker xis generatedby9p[C4:**)} plm = *

they satisfy I(ppm)
=

[1]

kerix =513 if m =p prime

Cohen-Lenstra lets us model CI((**))

can extend toa model of CI/(m](**))

by assuming uprandom subjectto 9pm=[1]



Predictions of the model.

-with probability 1 ker isCHK)**])2

CI(m) (**) =CHC)/CHG)**2
for D=0 expected size log D

- however in the familym=pso prime

we know Keri =913 and CI(m) (**) = CI((**))
*

for DFO expected
combining, predict size I

& II(n](3)1 I *
De[X,0]
D =
1 - 4m
D sa free

with main term coming from D
=I-4p



Back to SeifertMatrices - predictions and results

removing the square free condition we expectthe same asymptotics

Theorem:[M-Xias]

#S-equivalence classes of 2x2 Seifert matrices

with discriminant1-4p=[X,033 IX
Conjecture.
#S-equivalence classes of 2x2 Seifert matrices

3with discriminant1-4me[X, 0), m notprime
IX logX

Thm:[M]

This count is o(X*)- can we do better?


