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Gravitational waves vs electromagnetic radiation

electromagnetic radiation: 
signals propagate in a curved 
spacetime

gravitational waves: 
deformation of the space time 
itself



Gravitational wave sources: a new window on our Universe

inflation, reheating, phase 
transition …

hot and dense: photons 
are scattered

time

astrophysical GW sources

GW

GW

Big Bang observer

Gravitational waves from early Universe bring us information of “very first” instants of time 



Gravitational wave sources: a new window on our Universe

inflation, reheating, phase 
transition …

hot and dense: photons 
are scattered

time

astrophysical GW sources

GW

GW

Big Bang observer

Any time-varying mass distribution is source of gravitational radiation



How we detect: interferometry in one slide 

An incoming wave gives anisotropic 
deformation of the two arms: combining 
the two reflected light beams, we can 
analyse whether the instrument has been 
“perturbed” or not and reconstruct the 
gravitational wave signal

Simplified idea



Resolvable signal vs stochastic background

GW from resolvable event 
(catalogue approach)

stochastic background: incoherent  
superposition of GW signals

“waveform” similar to noise
typically within instrumental noise threshold

LVC 

time (sec)

st
ra

in

quantity directly observable is the strain strain is not directly observable:  
we only observe quantities quadratic in the strain 
(we need to match outputs of two detectors to  
extract background signal)



Match filtering and parameter estimation 



Which is the arm length needed

merger of stellar mass compact objects 

merger of massive compact objects 

massive compact objects inspiraling 

10�13pc ' 1km
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inspiraling of stellar mass compact objects 

As a rule of thumb: M / 1/f
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Which is the arm length needed

� � (arm length)
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The instrument “does not see” the wave for 

The longer the wavelength, the longer the arm length has to be 

10�13pc ' 1km
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merger of stellar mass compact objects 

merger of massive compact objects 

massive compact objects inspiraling 

inspiraling of stellar mass compact objects 



Which is the arm length needed

on earth 10�13pc ' 1km
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in space
on Earth

using array of pulsars

� � (arm length)
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The instrument “does not see” the wave for 

The longer the wavelength, the longer the arm length has to be 

merger of stellar mass compact objects 

merger of massive compact objects 

massive compact objects inspiraling 

inspiraling of stellar mass compact objects 



Pulsar-
Timing 
Arrays

LISA (>2030) LIGO, Virgo, LIGO-India, 
Kagra, Cosmic Explorer,  
Einstein Telescope (>2030)

The new era of gravitational wave astronomy

LIGO-Virgo first 
detections 
2016-18

Sources

CMB polarization

DETECTORS

SOURCES

changed



The Hz band 

LIGO-Virgo first 
detections 
2016-18

Sources

SOURCES

ground based detectors: arm length few km

LIGO, Virgo, LIGO-India, Kagra, 
Einstein Telescope (>2035) 
Cosmic Explorer

changed



Catalogue of detected binary black holes

O1-O3 runs

https://www.youtube.com/watch?v=oF_C-HfUamE


LIGO-Virgo first 
detections 
2016-18

Sources

SOURCES

LISA: three satellites in triangular configuration at 2.5 Gm 
We detect frequencies in the mHz band 

The mHz bandchanged



Expected sources from LISA 



Expected sources from LISA 

The strongest sources: (i) MBHBs (massive black hole binaries) 



Expected sources from LISA 

The strongest sources: (ii) Galactic white dwarf binaries 

(dwarfs observable in EM)



Expected sources from LISA 

Weak and hard to detect sources: (i) extreme mass ratio inspirals 



Expected sources from LISA 

Weak and hard to detect sources: (ii) stellar mass binaries (iii) stochastic GW signal



nano Hz band 

LIGO-Virgo first 
detections 
2016-18

Sources

SOURCES

Pulsar timing arrays: we monitor the period of an array of pulsars. 
Perturbations in the period is indication that spacetime Earth-pulsar has been deformed

changed



Mergers of compact objects

Title: BBH gravitational lensing of gw150914 
Author: Simulating eXtreme Spacetimes Lensing (SXS)

https://commons.wikimedia.org/w/index.php?title=File%3ABBH_gravitational_lensing_of_gw150914.webm


GW model for mergers of compact objects



credit: A. Le Tiec 



Post newtonian expansion 
perturbation scheme in (v/c)

credit: A. Le Tiec 



numerical methods to 
study regime  
of strong gravity  
(high velocities)

credit: A. Le Tiec 



Expansion in inverse mass ratio. To zeroth order, the path of the 
lighter object is a geodesic in Kerr spacetime. Corrections due to 
the finite mass of the lighter object are included as an effective 
force on the object (self-force)

credit: A. Le Tiec 



GW model(s)



GW model(s)

effective one body and 
phenomenological  
models describe entire 
parameter space



GW model(s)

Approaches that potentially describe the entire dynamics



End of overview



OutlineOutline

The new era of gravitational wave physics: theory and observations 

Derivation of the quadrupole formula: binary system in quasi-circular orbit

Waveform at cosmological distance

Solution of GW equation in vacuum: counting dofs and TT gauge blackboard

blackboard

Effect of lensing on the waveform: amplification factor blackboard

Effects of redshift variation over observation time 



Solution of GW equation in vacuum
blackboard



Mass quadrupole radiation



Weak-field sources with arbitrary velocities

⇤h̄µ⌫ = �16⇡G

c4
Tµ⌫

@µh̄µ⌫ = 0

hµ⌫ � h/2⌘µ⌫ energy momentum 
tensor of matter

Tµ⌫ = 0
Tµ⌫ 6= 0

If the gravitational field generated is sufficiently weak: expansion around flat space-
time. In Lorentz gauge



General solution of this equation

⇤h̄µ⌫ = �16⇡G

c4
Tµ⌫

h̄µ⌫(x) = �16⇡G

c

4

Z
d

4
xG(x� x

0)Tµ⌫(x
0)
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General solution of this equation
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The solution depends on boundary conditions. Just like in EM case, the appropriate 
solution for a radiation problem is the retarded one (we only integrate along past light cone observer)
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0|�(ctret � ct

0)
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We can plug this in the equation above and fix the gauge to TT gauge with usual projector 

hTT
ij = ⇤ijpqhpq = ⇤ijpqh̄pq
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Weak-field sources with arbitrary velocities

Fixing completely the gauge freedom, the solution can be written as 
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Plugging this expansion in the expression for the GW field, at lowest order
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Mass quadrupole radiation

{
using conservation of energy 
momentum tensor one can eliminate 
momenta of         in favor of momenta of 
energy density        (check it!) T 00

<latexit sha1_base64="uBVlOzFf1HS5H8dQWifsYAwjhLY=">AAAB+HicdVC7SgNBFJ2NrxhfUUubwSBYhVkRtAzaWEbIC5I1zE5u4pjZ2WXmrhCX/IOtVnZi699Y+C/urhHi61SHc87lHo4fKWmRsTensLC4tLxSXC2trW9sbpW3d1o2jI2ApghVaDo+t6CkhiZKVNCJDPDAV9D2x+eZ374FY2WoGziJwAv4SMuhFBxTqdW4Shib9ssVt8pyUPaLfFkVMkO9X37vDUIRB6BRKG5t12URegk3KIWCaakXW4i4GPMRdFOqeQDWS/K2U3oQW44hjcBQqWguwvxFwgNrJ4GfJgOO1/anl4l/ed0Yh6deInUUI2iRPUKpIH9khZHpDEAH0gAiz5oDlZoKbjgiGEm5EKkYp7uU5vf4n7SOqi6rupfHldrZbJki2SP75JC45ITUyAWpkyYR5Ibckwfy6Nw5T86z8/IZLTizm13yDc7rB7irk0Y=</latexit><latexit sha1_base64="uBVlOzFf1HS5H8dQWifsYAwjhLY=">AAAB+HicdVC7SgNBFJ2NrxhfUUubwSBYhVkRtAzaWEbIC5I1zE5u4pjZ2WXmrhCX/IOtVnZi699Y+C/urhHi61SHc87lHo4fKWmRsTensLC4tLxSXC2trW9sbpW3d1o2jI2ApghVaDo+t6CkhiZKVNCJDPDAV9D2x+eZ374FY2WoGziJwAv4SMuhFBxTqdW4Shib9ssVt8pyUPaLfFkVMkO9X37vDUIRB6BRKG5t12URegk3KIWCaakXW4i4GPMRdFOqeQDWS/K2U3oQW44hjcBQqWguwvxFwgNrJ4GfJgOO1/anl4l/ed0Yh6deInUUI2iRPUKpIH9khZHpDEAH0gAiz5oDlZoKbjgiGEm5EKkYp7uU5vf4n7SOqi6rupfHldrZbJki2SP75JC45ITUyAWpkyYR5Ibckwfy6Nw5T86z8/IZLTizm13yDc7rB7irk0Y=</latexit><latexit sha1_base64="uBVlOzFf1HS5H8dQWifsYAwjhLY=">AAAB+HicdVC7SgNBFJ2NrxhfUUubwSBYhVkRtAzaWEbIC5I1zE5u4pjZ2WXmrhCX/IOtVnZi699Y+C/urhHi61SHc87lHo4fKWmRsTensLC4tLxSXC2trW9sbpW3d1o2jI2ApghVaDo+t6CkhiZKVNCJDPDAV9D2x+eZ374FY2WoGziJwAv4SMuhFBxTqdW4Shib9ssVt8pyUPaLfFkVMkO9X37vDUIRB6BRKG5t12URegk3KIWCaakXW4i4GPMRdFOqeQDWS/K2U3oQW44hjcBQqWguwvxFwgNrJ4GfJgOO1/anl4l/ed0Yh6deInUUI2iRPUKpIH9khZHpDEAH0gAiz5oDlZoKbjgiGEm5EKkYp7uU5vf4n7SOqi6rupfHldrZbJki2SP75JC45ITUyAWpkyYR5Ibckwfy6Nw5T86z8/IZLTizm13yDc7rB7irk0Y=</latexit><latexit sha1_base64="uBVlOzFf1HS5H8dQWifsYAwjhLY=">AAAB+HicdVC7SgNBFJ2NrxhfUUubwSBYhVkRtAzaWEbIC5I1zE5u4pjZ2WXmrhCX/IOtVnZi699Y+C/urhHi61SHc87lHo4fKWmRsTensLC4tLxSXC2trW9sbpW3d1o2jI2ApghVaDo+t6CkhiZKVNCJDPDAV9D2x+eZ374FY2WoGziJwAv4SMuhFBxTqdW4Shib9ssVt8pyUPaLfFkVMkO9X37vDUIRB6BRKG5t12URegk3KIWCaakXW4i4GPMRdFOqeQDWS/K2U3oQW44hjcBQqWguwvxFwgNrJ4GfJgOO1/anl4l/ed0Yh6deInUUI2iRPUKpIH9khZHpDEAH0gAiz5oDlZoKbjgiGEm5EKkYp7uU5vf4n7SOqi6rupfHldrZbJki2SP75JC45ITUyAWpkyYR5Ibckwfy6Nw5T86z8/IZLTizm13yDc7rB7irk0Y=</latexit>

T ij
<latexit sha1_base64="cs1hR5Va0eclKnDNzFqp3smEJHk=">AAAB+HicdVDJSgNBFOxxjXGLevTSGARPYUYEPQa9eIyQDZIxvOm8xE56FrrfCHHIP3jVkzfx6t948F+cGSPErU5FVT1eUV6kpCHbfrMWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vfJH5rVvURoZBnSYRuj4MAzmQAiiVmvXrRI6mvVLZqdg5uP2LfFllNkOtV3rv9kMR+xiQUGBMx7EjchPQJIXCabEbG4xAjGGInZQG4KNxk7ztlB/GBijkEWouFc9FnL9IwDdm4ntp0ge6MT+9TPzL68Q0OHMTGUQxYSCyRyQV5o+M0DKdAXlfaiSCrDlyGXABGohQSw5CpGKc7lKc3+N/0jyuOHbFuTopV89nyxTYPjtgR8xhp6zKLlmNNZhgI3bPHtijdWc9Wc/Wy2d0wZrd7LFvsF4/AGyjk7k=</latexit><latexit sha1_base64="cs1hR5Va0eclKnDNzFqp3smEJHk=">AAAB+HicdVDJSgNBFOxxjXGLevTSGARPYUYEPQa9eIyQDZIxvOm8xE56FrrfCHHIP3jVkzfx6t948F+cGSPErU5FVT1eUV6kpCHbfrMWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vfJH5rVvURoZBnSYRuj4MAzmQAiiVmvXrRI6mvVLZqdg5uP2LfFllNkOtV3rv9kMR+xiQUGBMx7EjchPQJIXCabEbG4xAjGGInZQG4KNxk7ztlB/GBijkEWouFc9FnL9IwDdm4ntp0ge6MT+9TPzL68Q0OHMTGUQxYSCyRyQV5o+M0DKdAXlfaiSCrDlyGXABGohQSw5CpGKc7lKc3+N/0jyuOHbFuTopV89nyxTYPjtgR8xhp6zKLlmNNZhgI3bPHtijdWc9Wc/Wy2d0wZrd7LFvsF4/AGyjk7k=</latexit><latexit sha1_base64="cs1hR5Va0eclKnDNzFqp3smEJHk=">AAAB+HicdVDJSgNBFOxxjXGLevTSGARPYUYEPQa9eIyQDZIxvOm8xE56FrrfCHHIP3jVkzfx6t948F+cGSPErU5FVT1eUV6kpCHbfrMWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vfJH5rVvURoZBnSYRuj4MAzmQAiiVmvXrRI6mvVLZqdg5uP2LfFllNkOtV3rv9kMR+xiQUGBMx7EjchPQJIXCabEbG4xAjGGInZQG4KNxk7ztlB/GBijkEWouFc9FnL9IwDdm4ntp0ge6MT+9TPzL68Q0OHMTGUQxYSCyRyQV5o+M0DKdAXlfaiSCrDlyGXABGohQSw5CpGKc7lKc3+N/0jyuOHbFuTopV89nyxTYPjtgR8xhp6zKLlmNNZhgI3bPHtijdWc9Wc/Wy2d0wZrd7LFvsF4/AGyjk7k=</latexit><latexit sha1_base64="cs1hR5Va0eclKnDNzFqp3smEJHk=">AAAB+HicdVDJSgNBFOxxjXGLevTSGARPYUYEPQa9eIyQDZIxvOm8xE56FrrfCHHIP3jVkzfx6t948F+cGSPErU5FVT1eUV6kpCHbfrMWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vfJH5rVvURoZBnSYRuj4MAzmQAiiVmvXrRI6mvVLZqdg5uP2LfFllNkOtV3rv9kMR+xiQUGBMx7EjchPQJIXCabEbG4xAjGGInZQG4KNxk7ztlB/GBijkEWouFc9FnL9IwDdm4ntp0ge6MT+9TPzL68Q0OHMTGUQxYSCyRyQV5o+M0DKdAXlfaiSCrDlyGXABGohQSw5CpGKc7lKc3+N/0jyuOHbFuTopV89nyxTYPjtgR8xhp6zKLlmNNZhgI3bPHtijdWc9Wc/Wy2d0wZrd7LFvsF4/AGyjk7k=</latexit>



Plugging this expansion in the expression for the GW field, at lowest order
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Mass quadrupole radiation

{

{

using conservation of energy 
momentum tensor one can eliminate 
momenta of         in favor of momenta of 
energy density        (check it!) T 00
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second moment of energy 
density distribution

T ij
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Why a quadrupole?

There is no monopole      and no dipole      radiation for GWs. Why?M P i

It is impossible to put a graviton in a state with total angular momentum  
(graviton is massless particle with helicities       ). Monopole and dipole radiation 
would correspond to a total angular momentum of 0 and 1 respectively  
(see analogy for photons, no monopole)

±2

group theory argument 

j = 0, 1

hTT
ij         depends on time derivatives of the multipole moments (static source does 

not radiate and and      and       are conserved quantities)M P i

linear theory



Weak-field and velocity expansions

Generation of gravity waves in the context of the linear theory: weak field 

For self gravitating systems being Ekin = �(1/2)U

weak field       low velocities  $

! v2/c2 = Rs/(2r)

observer



Mass quadrupole radiation: polarizations

hTT
ij (t,x) =

X

A=+,⇥
hA(t,x)e

A
ij(n)

n

x

y

z

✓

�

h+(t, ✓,�) =
1

r

G

c4

h
¨M11(cos

2 �� sin

2 � cos

2 ✓) + ¨M22 . . .
i

h⇥(t, ✓,�) =
1

r

G

c4

h
(

¨M11 � ¨M22) sin 2� cos ✓ + 2

¨M12 cos 2� cos ✓�
i

(see M. Maggiore’s book,  
chapter 3.3, Vol. 1)

Writing explicit expression for TT projector in spherical coordinates, one obtains

Exercise
source



Compact binary systems



Mass quadrupole for binary system 

Binary system with masses        and       . We consider the reference frame of center of mass. 
The relative coordinate is performing circular motion in (x, y) plane 

m1 m2

x0(t) = R cos

⇣
!St+

⇡

2

⌘

y0(t) = R sin
⇣
!St+

⇡

2

⌘

z0(t) = 0

M

ij = µx

i
0(t)x

j
0(t)

x

y

z

µ

reduced mass

we use this quadrupole moment in the expression for 
the two polarisations with angular dependence

µ = m1m2/(m1 +m2)
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Mass quadrupole for binary system 

the system is not invariant under 
rotations around the z axis

since the orbit is circular, a rotation of the source around z is equivalent to a time  
translation                                dependence on      can be reabsorbed in time redefinition�� = !s�t �
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x

✓
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Mass quadrupole for binary system 

radiation observed depends on the angle 
between line of sight and normal to the orbit 
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since the orbit is circular, a rotation of the source around z is equivalent to a time  
translation                                dependence on      can be reabsorbed in time redefinition�� = !s�t �



Quasi-circular orbit  

Emission of GWs coasts energy 

!2
s =

G(m1 +m2)

R3

For circular orbits 

to compensate the loss of energy by  GW 
emission, the radius  R has to decrease 

E
orbit

= E
kin

+ E
pot

= �Gm
1

m
2

2R

if the radius decreases, the frequency increases



Quasi-circular orbit  

We can find the evolution of frequency and radius by writing 

[P ]
quadr

= �dE
orbit

dt

ḟgw =
96

5
⇡8/3

✓
GMc

c3

◆5/3

f11/3
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fgw = !gw/(2⇡)

We find (…)

Mc =
(m1m2)3/5

(m1 +m2)1/5
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chirp mass



Quasi-circular orbit  

We can find the evolution of frequency and radius by writing 

[P ]
quadr

= �dE
orbit

dt

ḟgw =
96

5
⇡8/3

✓
GMc

c3

◆5/3

f11/3
gw

fgw = !gw/(2⇡)

We find (…)

          formally diverges at a finite time that we call tcoalfgw

⌧ = t� t
coal

time to coalescence

Mc =
(m1m2)3/5

(m1 +m2)1/5
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Changes in the waveform  

We examine how the corresponding waveform of the GW changes. Let us go back 
to motion of relative coordinate

x

y

x(t) = R(t) cos(�(t)/2)

y(t) = R(t) sin(�(t)/2)

�(t) =

Z t

t0

dt0!gw(t
0)



Changes in the waveform  

x

y

x(t) = R(t) cos(�(t)/2)

y(t) = R(t) sin(�(t)/2)

�(t) =

Z t

t0

dt0!gw(t
0)

When computing the waveform (for quasi-circular motion)

in the argument of the trigonometric functions !gwt ! �(t)

in the amplitude !gw ! !gw(t)

contribution of time 
derivatives is negligible

We examine how the corresponding waveform of the GW changes. Let us go back 
to motion of relative coordinate



�(t) = 2⇡

Z t

t0

dt0fgw(t
0)

ḟgw =
96

5
⇡8/3

✓
GMc

c3

◆5/3

f11/3
gw

Final results for quasi-circular motion 
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Final results for quasi-circular motion 

h+(t) =
4

r

✓
GMc
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1 + cos
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h⇥(t) =
4
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✓
GMc

c2

◆5/3 ✓⇡fgw(t)
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◆2/3

cos ✓ sin[�(t)]



h+(t) =
4

r

✓
GMc

c2

◆5/3 ✓⇡fgw(t)

c

◆2/3 ✓
1 + cos

2 ✓

2

◆
cos[�(t)]

h⇥(t) =
4

r

✓
GMc

c2

◆5/3 ✓⇡fgw(t)

c

◆2/3

cos ✓ sin[�(t)]

Both the frequency and the amplitude increase as the coalescence is approached 

chirping

Final results for quasi-circular motion 



Binary systems as standard sirens 



Gravitational standard sirens

In (not so good) analogy with type Ia Supernovae (SNIa)

Supernovae: standard candles

they emit the same energy when 
exploding: we know their luminosity 

we have a separate measurement of 
redshift

by measuring the flux, we infer 

dL =
p
L/(4⇡F )



Gravitational standard sirens

In (not so good) analogy with type Ia Supernovae (SNIa)

Supernovae: standard candles

they emit the same energy when 
exploding: we know their luminosity 

we have a separate measurement of 
redshift

by measuring the flux, we infer 

dL =
p
L/(4⇡F )

Hubble diagram 

Fitting points in this plot we test luminosity 
distance-redshift relation: we set constraints on 
cosmological models and cosmological 
parameters 

dL(z|⌦m, H0,⌦⇤, ...)
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Gravitational standard sirens

In (not so good) analogy with type Ia Supernovae (SNIa)

Supernovae: standard candles

they emit the same energy when 
exploding: we know their luminosity 

we have a separate measurement of 
redshift

by measuring the flux, we infer 

dL =
p
L/(4⇡F )

Binary systems: standard candles?

Question: can we use binary 
system of compact objects to 
test the luminosity distance-
redshift relation?

We need to write the waveform at 
the observer and test whether we 
can have independent 
reconstruction of redshift and 
luminosity distance 



Waveform in a cosmological context

Up to now we considered: flat universe with no expansion and no perturbations

Which is the effect of the expansion of the Universe and of cosmological  
perturbations on the waveform? 



observer

3) lensing by massive structures

1) effects due to peculiar velocities Different effects, e.g. 

(1) accurate description of 
the emitted signal

(2) description of the evolution of 
the signal during propagation

observed signal
Only recently studied

+ =

2) evolution of redshift during the observation time 

Waveform modeling in a cosmological context

4) wave effects beyond ray optics 

emitting source



Waveform in a cosmological setting



Preliminary: waveform close to the source 

We consider a FLRW universe with scalar perturbations

The solution found expanding around a flat background is used to describe the 
GW close to the source 

ds

2 = �(1 + 2 )dt2 + a

2(1� 2�)�ijdx
i
dx

j

r ! rphys = asr



Close to the source we have:  (                          )r ! rphys = asr

h+(⌧s) =
4
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2/3 1 + cos
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cos ✓ sin(�s(⌧s))

Near

Preliminary: waveform close to the source 

how can we write this waveform at the observer: blackboard presentation



From the source to the observer

I want to rewrite the solution in terms of quantities defined at the observer (far 
from the source)

h+(⌧s) =
4
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dp = asr = dL/(1 + zs)
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because the phase is 
constant along null 
geodesics



From the source to the observer

Far 
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I want to rewrite the solution in terms of quantities defined at the observer (far 
from the source)

h+(⌧s) =
4
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(GMc)
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Near



Which parameters can be extracted

h+(⌧o) =
4
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observed waveform

from ratio between two polarisation: extract inclination angle 

what can be extracted looking at the evolution of frequency with time? 

We see that: 

df
o

dt
o

= C((1 + z
s

)M
c

)f11/3
o

depends on redshifted chirp mass

from what is left we extract the luminosity distance

redshift degenerate with chirp mass



Effect of redshift evolution on frequency and phase



no info on redshift can be extracted

Waveform and cosmology: our goal 

Goal: study waveform at observer taking into account redshift evolution: is there  
 way to extract redshift information? 

We take into account the evolution of redshift

We neglect the evolution of redshift during the time of observation

We study evolution of frequency with time. We proceed in two steps

contribution of perturbations

background contribution



Waveform and cosmology: our goal 

Goal: study waveform at observer taking into account redshift evolution: is there  
 way to extract redshift information? 

       redshift information can be extracted 

We take into account the evolution of redshift

We neglect the evolution of redshift during the time of observation

contribution of perturbations

background contribution

no info on redshift can be extracted
We study evolution of frequency with time. We proceed in two steps



 redshift degenerate with acceleration source!these two contributions to redshift 
evolution compete….

Waveform and cosmology: our goal 

       redshift information can be extracted 

We take into account the evolution of redshift

We neglect the evolution of redshift during the time of observation

contribution of perturbations

background contribution

Goal: study waveform at observer taking into account redshift evolution: is there  
 way to extract redshift information? 

no info on redshift can be extracted
We study evolution of frequency with time. We proceed in two steps



Case 1: redshift evolution neglected
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Case 1: redshift evolution neglected
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Neglecting the evolution of redshift over 
the time of observation

df
o

dt
o

= C((1 + z
s

)M
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)f11/3
o

dependence on redshift only through 
Mc(1 + z)

redshift degenerate with chirp mass                       redshift info cannot be extracted



Case 2: evolution of redshift taken into account 

We relax the hypothesis that the redshift is constant during the time of observation
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Case 2: evolution of redshift 
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contribution perturbations

We have to consider the evolution of the background redshift and of perturbations. 
The idea is to expand                    around (1 + z
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Exercise (see Bonvin et al. 2016)

We need to evaluate the following integral



By doing so, we find 

Evolution of redshift: final results  
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already taken into account 
in GW experiments 
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Some numerical estimates 
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This leading order term can be split into the sum of three contributions

velocity cluster with respect CMB frame

velocity  source inside galaxy 

velocity galaxy inside the cluster
�X

H0
(zs) =

↵

2

v2s
r

e · n
H0(1 + z̄)

modulus velocity

angle between 
acceleration and line 
of sightdistance from the 

center galaxy/ cluster

-1-

-2-

-3-

v̇s ⇠ v2s/r
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Some numerical estimates 
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Some numerical estimates 
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peculiar velocity 
                        very 
close to the center of 
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the cluster              
with average velocity  
 

vs = 3000km/s

r = 10kpc

r = 100kpc

v2 = 1000km/s

zs

Bonvin et al. 2017
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background 
contribution

We compare the two dotted lines (two different value of velocity)
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Can we extract an info on redshift? 
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depends on redshift 
and cosmological 
parameters

depends also on the unknown 
acceleration of the binary 
along the line of sight

We expect the contribution from the peculiar acceleration to seriously degrade 
the possibility of using binaries as standard candles

We need separate redshift 
determination

Summarizing: because of redshift evolution over the observation time, we found 



Corrections to the phase from redshift evolution

Equal mass binaries with                      entering the LISA detector at                            
                    and staying in band for 5 years

Mc = 20M•

fmin = 0.004

Bonvin et al. 2017



Summarizing 

The dependance of the waveform on the binary acceleration along the line of 
sight make it difficult to extract a redshift information from the signal

The shift in the phase induced by the evolution of redshift over the time of 
observation has a size observable by future LISA 

The binary parameters are biased by the acceleration effect. To remove this 
bias: add new search parameters \epsilon to templates 



this reduces the precision  with which parameters binary are recovered but possibly measure 
binary acceleration

Summarizing 

The dependance of the waveform on the binary acceleration along the line of 
sight make it difficult to extract a redshift information from the signal

The shift in the phase induced by the evolution of redshift over the time of 
observation has a size observable by future LISA 

The binary parameters are biased by the acceleration effect. To remove this 
bias: add new search parameters \epsilon to templates 



but if an optical counterpart is present…

Summarizing 

The dependance of the waveform on the binary acceleration along the line of 
sight make it difficult to extract a redshift information from the signal

The shift in the phase induced by the evolution of redshift over the time of 
observation has a size observable by future LISA 

The binary parameters are biased by the acceleration effect. To remove this 
bias: add new search parameters \epsilon to templates 



In (not so good) analogy with type Ia Supernovae (SNIa)

Supernovae: standard candles Binary systems: standard sirens

they emit the same energy when 
exploding: we know their luminosity 

we have a separate measurement of 
redshift

energy emitted depends on the system 

redshift? 

by measuring the two polarizations, we 
can extract dL

by measuring the flux, we infer 

dL =
p
L/(4⇡F )

Good! We do not rely on the 
similarity of objects

Gravitational standard sirens



we need optical counterpart

In (not so good) analogy with type Ia Supernovae (SNIa)

Supernovae: standard candles Binary systems: standard sirens

they emit the same energy when 
exploding: we know their luminosity 

we have a separate measurement of 
redshift

energy emitted depends on the system 

redshift? 

by measuring the two polarizations, we 
can extract dL

by measuring the flux, we infer 

dL =
p
L/(4⇡F )

Good! We do not rely on the 
similarity of objects

Gravitational standard sirens



Effect of lensing on the waveform



Distortion of bundle of “rays” due to gravitational 
potential of structures. Effects: 

Lensing of gravitational waves

1) deflection: apparent angular position source biased 

2) magnification: observed brightness biased 

3) time delay : between multiple images, if produced

Earth

source

foreground 
galaxy



Distortion of bundle of “rays” due to gravitational 
potential of structures. Effects: 

Lensing of gravitational waves

1) deflection: apparent angular position source biased 

2) magnification: observed brightness biased 

3) time delay : between multiple images, if produced

 2)                      beyond ray-optics effects (wave effects) important for wavelength of the 
size of deflectors i.e. astrophysical scale (e.g. LISA, PTA) vs electromagnetic case                                                                     

�GW � ��

Differences with respect to the electromagnetic case: 

Earth

source

foreground 
galaxy

1)  Different detection methods (not limited by angular resolution detector  -> time resolution)  

New mathematical techniques to describe propagation need to be developed



Lensing effects on the waveform: degeneracies introduced

Lensing magnification: source brightness is (de)-magnified by the gravitational potential of 
massive structures along the line of sight

observer observer

sensitivity curve  
Einstein telescope



sensitivity curve  
Einstein telescope

if the fainter signal is magnified, and we neglect 
lensing, we interpret it as GW signal from sources 
with higher masses and at lower distance 

Lensing magnification: source brightness is (de)-magnified by the gravitational potential of 
massive structures along the line of sight

observer observer

biased  
reconstruction 
source parameters

Lensing effects on the waveform: degeneracies introduced



h
obs

=
p
µh

<latexit sha1_base64="g64ZGoBFUOrKFoD714/Idk67PFU=">AAACEXicbVDLSsNAFJ34rPUVdSnCYBFcSElEUASh4MZlBfuAJpTJ9LYdOnk4cyOWkJWf4Fe41ZU7cesXuPBfTGMW2npWh3Pu5d5zvEgKjZb1aczNLywuLZdWyqtr6xub5tZ2U4ex4tDgoQxV22MapAiggQIltCMFzPcktLzR5cRv3YHSIgxucByB67NBIPqCM8ykrrk37CYOwj0moafT9MLRtwoTx49T52hIu2bFqlo56CyxC1IhBepd88vphTz2IUAumdYd24rQTZhCwSWkZSfWEDE+YgPoZDRgPmg3yWOk9CDWDEMagaJC0lyE3xsJ87Ue+1426TMc6mlvIv7ndWLsn7mJCKIYIeCTQygk5Ic0VyLrB2hPKEBkk8+BioByphgiKEEZ55kYZ4WVsz7s6fSzpHlcta2qfX1SqZ0XzZTILtknh8Qmp6RGrkidNAgnD+SJPJMX49F4Nd6M95/ROaPY2SF/YHx8A1Y+ng8=</latexit><latexit sha1_base64="g64ZGoBFUOrKFoD714/Idk67PFU=">AAACEXicbVDLSsNAFJ34rPUVdSnCYBFcSElEUASh4MZlBfuAJpTJ9LYdOnk4cyOWkJWf4Fe41ZU7cesXuPBfTGMW2npWh3Pu5d5zvEgKjZb1aczNLywuLZdWyqtr6xub5tZ2U4ex4tDgoQxV22MapAiggQIltCMFzPcktLzR5cRv3YHSIgxucByB67NBIPqCM8ykrrk37CYOwj0moafT9MLRtwoTx49T52hIu2bFqlo56CyxC1IhBepd88vphTz2IUAumdYd24rQTZhCwSWkZSfWEDE+YgPoZDRgPmg3yWOk9CDWDEMagaJC0lyE3xsJ87Ue+1426TMc6mlvIv7ndWLsn7mJCKIYIeCTQygk5Ic0VyLrB2hPKEBkk8+BioByphgiKEEZ55kYZ4WVsz7s6fSzpHlcta2qfX1SqZ0XzZTILtknh8Qmp6RGrkidNAgnD+SJPJMX49F4Nd6M95/ROaPY2SF/YHx8A1Y+ng8=</latexit><latexit sha1_base64="g64ZGoBFUOrKFoD714/Idk67PFU=">AAACEXicbVDLSsNAFJ34rPUVdSnCYBFcSElEUASh4MZlBfuAJpTJ9LYdOnk4cyOWkJWf4Fe41ZU7cesXuPBfTGMW2npWh3Pu5d5zvEgKjZb1aczNLywuLZdWyqtr6xub5tZ2U4ex4tDgoQxV22MapAiggQIltCMFzPcktLzR5cRv3YHSIgxucByB67NBIPqCM8ykrrk37CYOwj0moafT9MLRtwoTx49T52hIu2bFqlo56CyxC1IhBepd88vphTz2IUAumdYd24rQTZhCwSWkZSfWEDE+YgPoZDRgPmg3yWOk9CDWDEMagaJC0lyE3xsJ87Ue+1426TMc6mlvIv7ndWLsn7mJCKIYIeCTQygk5Ic0VyLrB2hPKEBkk8+BioByphgiKEEZ55kYZ4WVsz7s6fSzpHlcta2qfX1SqZ0XzZTILtknh8Qmp6RGrkidNAgnD+SJPJMX49F4Nd6M95/ROaPY2SF/YHx8A1Y+ng8=</latexit><latexit sha1_base64="g64ZGoBFUOrKFoD714/Idk67PFU=">AAACEXicbVDLSsNAFJ34rPUVdSnCYBFcSElEUASh4MZlBfuAJpTJ9LYdOnk4cyOWkJWf4Fe41ZU7cesXuPBfTGMW2npWh3Pu5d5zvEgKjZb1aczNLywuLZdWyqtr6xub5tZ2U4ex4tDgoQxV22MapAiggQIltCMFzPcktLzR5cRv3YHSIgxucByB67NBIPqCM8ykrrk37CYOwj0moafT9MLRtwoTx49T52hIu2bFqlo56CyxC1IhBepd88vphTz2IUAumdYd24rQTZhCwSWkZSfWEDE+YgPoZDRgPmg3yWOk9CDWDEMagaJC0lyE3xsJ87Ue+1426TMc6mlvIv7ndWLsn7mJCKIYIeCTQygk5Ic0VyLrB2hPKEBkk8+BioByphgiKEEZ55kYZ4WVsz7s6fSzpHlcta2qfX1SqZ0XzZTILtknh8Qmp6RGrkidNAgnD+SJPJMX49F4Nd6M95/ROaPY2SF/YHx8A1Y+ng8=</latexit>
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<latexit sha1_base64="mdWmoDi9Kr4miDVXUiLvNC1dQs0=">AAACInicbVBNS8NAEN34bf2qevSyWARPJRFB8STowaOC1UJTymQ7rYubZNmdiBLyL/wJ/gqvevImngT9LyYxB9v6To/3Zpg3L9BKWnLdT2dqemZ2bn5hsba0vLK6Vl/fuLJxYgS2RKxi0w7AopIRtkiSwrY2CGGg8Dq4PSn86zs0VsbRJT1o7IYwjORACqBc6tWbN73UJ7ynNA5slvnaxJpi7g8MiNTL0tMRO+vVG27TLcEniVeRBqtw3qt/+/1YJCFGJBRY2/FcTd0UDEmhMKv5iUUN4haG2MlpBCHablr+lfGdxEIeRqPhUvFSxL8bKYTWPoRBPhkC3dhxrxD/8zoJDQ67qYx0QhiJ4hBJheUhK4zMC0PelwaJoEiOXEZcgAEiNJKDELmY5A3W8j688e8nydVe03Ob3sV+4/ioamaBbbFttss8dsCO2Rk7Zy0m2CN7Zi/s1Xly3px35+N3dMqpdjbZCJyvH5KKpkE=</latexit><latexit sha1_base64="mdWmoDi9Kr4miDVXUiLvNC1dQs0=">AAACInicbVBNS8NAEN34bf2qevSyWARPJRFB8STowaOC1UJTymQ7rYubZNmdiBLyL/wJ/gqvevImngT9LyYxB9v6To/3Zpg3L9BKWnLdT2dqemZ2bn5hsba0vLK6Vl/fuLJxYgS2RKxi0w7AopIRtkiSwrY2CGGg8Dq4PSn86zs0VsbRJT1o7IYwjORACqBc6tWbN73UJ7ynNA5slvnaxJpi7g8MiNTL0tMRO+vVG27TLcEniVeRBqtw3qt/+/1YJCFGJBRY2/FcTd0UDEmhMKv5iUUN4haG2MlpBCHablr+lfGdxEIeRqPhUvFSxL8bKYTWPoRBPhkC3dhxrxD/8zoJDQ67qYx0QhiJ4hBJheUhK4zMC0PelwaJoEiOXEZcgAEiNJKDELmY5A3W8j688e8nydVe03Ob3sV+4/ioamaBbbFttss8dsCO2Rk7Zy0m2CN7Zi/s1Xly3px35+N3dMqpdjbZCJyvH5KKpkE=</latexit><latexit sha1_base64="mdWmoDi9Kr4miDVXUiLvNC1dQs0=">AAACInicbVBNS8NAEN34bf2qevSyWARPJRFB8STowaOC1UJTymQ7rYubZNmdiBLyL/wJ/gqvevImngT9LyYxB9v6To/3Zpg3L9BKWnLdT2dqemZ2bn5hsba0vLK6Vl/fuLJxYgS2RKxi0w7AopIRtkiSwrY2CGGg8Dq4PSn86zs0VsbRJT1o7IYwjORACqBc6tWbN73UJ7ynNA5slvnaxJpi7g8MiNTL0tMRO+vVG27TLcEniVeRBqtw3qt/+/1YJCFGJBRY2/FcTd0UDEmhMKv5iUUN4haG2MlpBCHablr+lfGdxEIeRqPhUvFSxL8bKYTWPoRBPhkC3dhxrxD/8zoJDQ67qYx0QhiJ4hBJheUhK4zMC0PelwaJoEiOXEZcgAEiNJKDELmY5A3W8j688e8nydVe03Ob3sV+4/ioamaBbbFttss8dsCO2Rk7Zy0m2CN7Zi/s1Xly3px35+N3dMqpdjbZCJyvH5KKpkE=</latexit><latexit sha1_base64="mdWmoDi9Kr4miDVXUiLvNC1dQs0=">AAACInicbVBNS8NAEN34bf2qevSyWARPJRFB8STowaOC1UJTymQ7rYubZNmdiBLyL/wJ/gqvevImngT9LyYxB9v6To/3Zpg3L9BKWnLdT2dqemZ2bn5hsba0vLK6Vl/fuLJxYgS2RKxi0w7AopIRtkiSwrY2CGGg8Dq4PSn86zs0VsbRJT1o7IYwjORACqBc6tWbN73UJ7ynNA5slvnaxJpi7g8MiNTL0tMRO+vVG27TLcEniVeRBqtw3qt/+/1YJCFGJBRY2/FcTd0UDEmhMKv5iUUN4haG2MlpBCHablr+lfGdxEIeRqPhUvFSxL8bKYTWPoRBPhkC3dhxrxD/8zoJDQ67qYx0QhiJ4hBJheUhK4zMC0PelwaJoEiOXEZcgAEiNJKDELmY5A3W8j688e8nydVe03Ob3sV+4/ioamaBbbFttss8dsCO2Rk7Zy0m2CN7Zi/s1Xly3px35+N3dMqpdjbZCJyvH5KKpkE=</latexit>
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<latexit sha1_base64="XM6R+zWimB4S66PSD555Gw5McXI=">AAACLHicbVDLSgNBEJyN7/ha9ehlMAgRIeyKYBAEwYsXQcGokMTQO+nEwdkHM71isuyv+Al+hVc9eRHx6ne4G3MwiXUqqrrp6vIiJQ05zodVmJqemZ2bXyguLi2vrNpr61cmjLXAmghVqG88MKhkgDWSpPAm0gi+p/Dauz/J/esH1EaGwSX1Imz60A1kRwqgTGrZ1YYPdCdAJWdpK2kQPlISeiZNb/tHf6yyu9sfsXdadsmpOAPwSeIOSYkNcd6yvxrtUMQ+BiQUGFN3nYiaCWiSQmFabMQGIxD30MV6RgPw0TSTwYcp344NUMgj1FwqPhDx70YCvjE938sm89Bm3MvF/7x6TJ1qM5FBFBMGIj9EUuHgkBFaZtUhb0uNRJAnRy4DLkADEWrJQYhMjLMui1kf7vj3k+Rqr+I6Ffdiv3R8OGxmnm2yLVZmLjtgx+yUnbMaE+yJvbBX9mY9W+/Wp/X1O1qwhjsbbATW9w/zP6ny</latexit><latexit sha1_base64="XM6R+zWimB4S66PSD555Gw5McXI=">AAACLHicbVDLSgNBEJyN7/ha9ehlMAgRIeyKYBAEwYsXQcGokMTQO+nEwdkHM71isuyv+Al+hVc9eRHx6ne4G3MwiXUqqrrp6vIiJQ05zodVmJqemZ2bXyguLi2vrNpr61cmjLXAmghVqG88MKhkgDWSpPAm0gi+p/Dauz/J/esH1EaGwSX1Imz60A1kRwqgTGrZ1YYPdCdAJWdpK2kQPlISeiZNb/tHf6yyu9sfsXdadsmpOAPwSeIOSYkNcd6yvxrtUMQ+BiQUGFN3nYiaCWiSQmFabMQGIxD30MV6RgPw0TSTwYcp344NUMgj1FwqPhDx70YCvjE938sm89Bm3MvF/7x6TJ1qM5FBFBMGIj9EUuHgkBFaZtUhb0uNRJAnRy4DLkADEWrJQYhMjLMui1kf7vj3k+Rqr+I6Ffdiv3R8OGxmnm2yLVZmLjtgx+yUnbMaE+yJvbBX9mY9W+/Wp/X1O1qwhjsbbATW9w/zP6ny</latexit><latexit sha1_base64="XM6R+zWimB4S66PSD555Gw5McXI=">AAACLHicbVDLSgNBEJyN7/ha9ehlMAgRIeyKYBAEwYsXQcGokMTQO+nEwdkHM71isuyv+Al+hVc9eRHx6ne4G3MwiXUqqrrp6vIiJQ05zodVmJqemZ2bXyguLi2vrNpr61cmjLXAmghVqG88MKhkgDWSpPAm0gi+p/Dauz/J/esH1EaGwSX1Imz60A1kRwqgTGrZ1YYPdCdAJWdpK2kQPlISeiZNb/tHf6yyu9sfsXdadsmpOAPwSeIOSYkNcd6yvxrtUMQ+BiQUGFN3nYiaCWiSQmFabMQGIxD30MV6RgPw0TSTwYcp344NUMgj1FwqPhDx70YCvjE938sm89Bm3MvF/7x6TJ1qM5FBFBMGIj9EUuHgkBFaZtUhb0uNRJAnRy4DLkADEWrJQYhMjLMui1kf7vj3k+Rqr+I6Ffdiv3R8OGxmnm2yLVZmLjtgx+yUnbMaE+yJvbBX9mY9W+/Wp/X1O1qwhjsbbATW9w/zP6ny</latexit><latexit sha1_base64="XM6R+zWimB4S66PSD555Gw5McXI=">AAACLHicbVDLSgNBEJyN7/ha9ehlMAgRIeyKYBAEwYsXQcGokMTQO+nEwdkHM71isuyv+Al+hVc9eRHx6ne4G3MwiXUqqrrp6vIiJQ05zodVmJqemZ2bXyguLi2vrNpr61cmjLXAmghVqG88MKhkgDWSpPAm0gi+p/Dauz/J/esH1EaGwSX1Imz60A1kRwqgTGrZ1YYPdCdAJWdpK2kQPlISeiZNb/tHf6yyu9sfsXdadsmpOAPwSeIOSYkNcd6yvxrtUMQ+BiQUGFN3nYiaCWiSQmFabMQGIxD30MV6RgPw0TSTwYcp344NUMgj1FwqPhDx70YCvjE938sm89Bm3MvF/7x6TJ1qM5FBFBMGIj9EUuHgkBFaZtUhb0uNRJAnRy4DLkADEWrJQYhMjLMui1kf7vj3k+Rqr+I6Ffdiv3R8OGxmnm2yLVZmLjtgx+yUnbMaE+yJvbBX9mY9W+/Wp/X1O1qwhjsbbATW9w/zP6ny</latexit>

The two signals are perfectly degenerate if 
the fainter is amplified of 

Reconstruction of luminosity distance and  
chirp mass is biased. If source is magnified:

µ = 10
<latexit sha1_base64="RCLxO12aSao9kxWnU/wo576IMrA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkSDSUQSIPKbGi82UTjtydrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2gkgKi6776ZSWlldW18rrlY3Nre2d6u5e24ax4dDioQxNN2AWpNDQQoESupEBpgIJnWBylfmdBzBWhPoWpxH4io21GAnOMJXafRVfeu6gWnPrbg66SLyC1EiB5qD61R+GPFagkUtmbc9zI/QTZlBwCbNKP7YQMT5hY+ilVDMF1k/ytDN6FFuGIY3AUCFpLsLvjYQpa6cqSCcVwzs772Xif14vxtGFnwgdxQiaZ4dQSMgPWW5EWgPQoTCAyLLkQIWmnBmGCEZQxnkqxmkvlbQPb/77RdI+qXtu3bs5rTXOimbK5IAckmPikXPSINekSVqEk3vyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf32vykwo=</latexit><latexit sha1_base64="RCLxO12aSao9kxWnU/wo576IMrA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkSDSUQSIPKbGi82UTjtydrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2gkgKi6776ZSWlldW18rrlY3Nre2d6u5e24ax4dDioQxNN2AWpNDQQoESupEBpgIJnWBylfmdBzBWhPoWpxH4io21GAnOMJXafRVfeu6gWnPrbg66SLyC1EiB5qD61R+GPFagkUtmbc9zI/QTZlBwCbNKP7YQMT5hY+ilVDMF1k/ytDN6FFuGIY3AUCFpLsLvjYQpa6cqSCcVwzs772Xif14vxtGFnwgdxQiaZ4dQSMgPWW5EWgPQoTCAyLLkQIWmnBmGCEZQxnkqxmkvlbQPb/77RdI+qXtu3bs5rTXOimbK5IAckmPikXPSINekSVqEk3vyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf32vykwo=</latexit><latexit sha1_base64="RCLxO12aSao9kxWnU/wo576IMrA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkSDSUQSIPKbGi82UTjtydrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2gkgKi6776ZSWlldW18rrlY3Nre2d6u5e24ax4dDioQxNN2AWpNDQQoESupEBpgIJnWBylfmdBzBWhPoWpxH4io21GAnOMJXafRVfeu6gWnPrbg66SLyC1EiB5qD61R+GPFagkUtmbc9zI/QTZlBwCbNKP7YQMT5hY+ilVDMF1k/ytDN6FFuGIY3AUCFpLsLvjYQpa6cqSCcVwzs772Xif14vxtGFnwgdxQiaZ4dQSMgPWW5EWgPQoTCAyLLkQIWmnBmGCEZQxnkqxmkvlbQPb/77RdI+qXtu3bs5rTXOimbK5IAckmPikXPSINekSVqEk3vyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf32vykwo=</latexit><latexit sha1_base64="RCLxO12aSao9kxWnU/wo576IMrA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkSDSUQSIPKbGi82UTjtydrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2gkgKi6776ZSWlldW18rrlY3Nre2d6u5e24ax4dDioQxNN2AWpNDQQoESupEBpgIJnWBylfmdBzBWhPoWpxH4io21GAnOMJXafRVfeu6gWnPrbg66SLyC1EiB5qD61R+GPFagkUtmbc9zI/QTZlBwCbNKP7YQMT5hY+ilVDMF1k/ytDN6FFuGIY3AUCFpLsLvjYQpa6cqSCcVwzs772Xif14vxtGFnwgdxQiaZ4dQSMgPWW5EWgPQoTCAyLLkQIWmnBmGCEZQxnkqxmkvlbQPb/77RdI+qXtu3bs5rTXOimbK5IAckmPikXPSINekSVqEk3vyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf32vykwo=</latexit>

D
obs

=
D
p
µ

⌧ D
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understimate distance

overstimate chirp mass

Case-study

Lensing magnification: source brightness is (de)-magnified by the gravitational potential of 
massive structures along the line of sight

Lensing effects on the waveform: degeneracies introduced

sensitivity curve  
Einstein telescope



Lensing amplification on waveform 

Rµ⌫ � 1

2
gµ⌫R =

8⇡G

c4
Tµ⌫
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for a vacuum solution

We need to study GW propagation 
on the lens background

blackboard

For the moment we treat wave as scalar wave, 
neglecting interaction spin curvature



x = (rescaled) image position

y = (rescaled) source position

y

x

H̃L(f) = F (f)H̃(f)
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time-delay function

F (f) =
4M`Gf
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Z
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integral over all 
possible image 
positions

amplification  
factor

Traditional approach: GW treated as scalar wave

Wave effects in lensing: amplification factor

⇤hµ⌫ +Rµ↵�⌫h
↵� = 0

<latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit>

td =
1

2
|x� y|2 � (x)
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difference in length wrt unperturbed path integral lens potential along path



Wave effects in lensing: amplification factor

H̃L(f) = F (f)H̃(f)
<latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit>

time-delay function

F (f) =
4M`Gf
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Z
d2x exp [2⇡iftd(x,y)]
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<latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit>

geometric optics: finite 
number of images, stationary 
points of time-delay

@td(x,y)

@x
= 0

<latexit sha1_base64="HD3mwHn6HdzfxDXPVoGgk/58Ylk=">AAACL3icbVDLSgNBEJyNrxhfUY9eBoOgIGFXBEURAl48RjAqZEPonXTi4OyDmV4xLPsxfoJf4VVP4kHx6l+4u0bxVaeiqnp6urxISUO2/WSVxsYnJqfK05WZ2bn5heri0qkJYy2wJUIV6nMPDCoZYIskKTyPNILvKTzzLg9z/+wKtZFhcELDCDs+DALZlwIok7rVfbevQSRuBJokKE7d3nriev3kOk03ecGGabqRfiU+zfTA7lZrdt0uwP8SZ0RqbIRmt/rs9kIR+xiQUGBM27Ej6iT5w0JhWnFjgxGISxhgO6MB+Gg6SXFkytdiAxTyCDWXihcifp9IwDdm6HtZ0ge6ML+9XPzPa8fU3+0kMohiwkDki0gqLBYZoWXWHvKe1EgE+c+Ry4AL0ECEWnIQIhPjrM5K1ofz+/q/5HSr7th153i71tgbNVNmK2yVrTOH7bAGO2JN1mKC3bA7ds8erFvr0XqxXj+iJWs0s8x+wHp7B/mEqvY=</latexit><latexit sha1_base64="HD3mwHn6HdzfxDXPVoGgk/58Ylk=">AAACL3icbVDLSgNBEJyNrxhfUY9eBoOgIGFXBEURAl48RjAqZEPonXTi4OyDmV4xLPsxfoJf4VVP4kHx6l+4u0bxVaeiqnp6urxISUO2/WSVxsYnJqfK05WZ2bn5heri0qkJYy2wJUIV6nMPDCoZYIskKTyPNILvKTzzLg9z/+wKtZFhcELDCDs+DALZlwIok7rVfbevQSRuBJokKE7d3nriev3kOk03ecGGabqRfiU+zfTA7lZrdt0uwP8SZ0RqbIRmt/rs9kIR+xiQUGBM27Ej6iT5w0JhWnFjgxGISxhgO6MB+Gg6SXFkytdiAxTyCDWXihcifp9IwDdm6HtZ0ge6ML+9XPzPa8fU3+0kMohiwkDki0gqLBYZoWXWHvKe1EgE+c+Ry4AL0ECEWnIQIhPjrM5K1ofz+/q/5HSr7th153i71tgbNVNmK2yVrTOH7bAGO2JN1mKC3bA7ds8erFvr0XqxXj+iJWs0s8x+wHp7B/mEqvY=</latexit><latexit sha1_base64="HD3mwHn6HdzfxDXPVoGgk/58Ylk=">AAACL3icbVDLSgNBEJyNrxhfUY9eBoOgIGFXBEURAl48RjAqZEPonXTi4OyDmV4xLPsxfoJf4VVP4kHx6l+4u0bxVaeiqnp6urxISUO2/WSVxsYnJqfK05WZ2bn5heri0qkJYy2wJUIV6nMPDCoZYIskKTyPNILvKTzzLg9z/+wKtZFhcELDCDs+DALZlwIok7rVfbevQSRuBJokKE7d3nriev3kOk03ecGGabqRfiU+zfTA7lZrdt0uwP8SZ0RqbIRmt/rs9kIR+xiQUGBM27Ej6iT5w0JhWnFjgxGISxhgO6MB+Gg6SXFkytdiAxTyCDWXihcifp9IwDdm6HtZ0ge6ML+9XPzPa8fU3+0kMohiwkDki0gqLBYZoWXWHvKe1EgE+c+Ry4AL0ECEWnIQIhPjrM5K1ofz+/q/5HSr7th153i71tgbNVNmK2yVrTOH7bAGO2JN1mKC3bA7ds8erFvr0XqxXj+iJWs0s8x+wHp7B/mEqvY=</latexit><latexit sha1_base64="HD3mwHn6HdzfxDXPVoGgk/58Ylk=">AAACL3icbVDLSgNBEJyNrxhfUY9eBoOgIGFXBEURAl48RjAqZEPonXTi4OyDmV4xLPsxfoJf4VVP4kHx6l+4u0bxVaeiqnp6urxISUO2/WSVxsYnJqfK05WZ2bn5heri0qkJYy2wJUIV6nMPDCoZYIskKTyPNILvKTzzLg9z/+wKtZFhcELDCDs+DALZlwIok7rVfbevQSRuBJokKE7d3nriev3kOk03ecGGabqRfiU+zfTA7lZrdt0uwP8SZ0RqbIRmt/rs9kIR+xiQUGBM27Ej6iT5w0JhWnFjgxGISxhgO6MB+Gg6SXFkytdiAxTyCDWXihcifp9IwDdm6HtZ0ge6ML+9XPzPa8fU3+0kMohiwkDki0gqLBYZoWXWHvKe1EgE+c+Ry4AL0ECEWnIQIhPjrM5K1ofz+/q/5HSr7th153i71tgbNVNmK2yVrTOH7bAGO2JN1mKC3bA7ds8erFvr0XqxXj+iJWs0s8x+wHp7B/mEqvY=</latexit>

Fermat’s 
principle

diffraction efficient: 
infinite number of rays 
contribute destructively 

amplification  
factor

Traditional approach: GW treated as scalar wave

2M`Gf
<latexit sha1_base64="JV7ZkzVlffKQMPVcNyQhZ2y2h+Y=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBYhd0Q0DJgoY0QwTwgWcLdyU0cMvtw5q4QlhR+ha1WdmLrp1j4L27WLTTxVIdz7uWee7xISUO2/WkVVlbX1jeKm6Wt7Z3dvfL+QduEsRbYEqEKddcDg0oG2CJJCruRRvA9hR1vcjH3Ow+ojQyDW5pG6PowDuRICqBUcmv8epD0UanZJR8NyhW7amfgy8TJSYXlaA7KX/1hKGIfAxIKjOk5dkRuApqkUDgr9WODEYgJjLGX0gB8NG6ShZ7xk9gAhTxCzaXimYi/NxLwjZn6XjrpA92ZRW8u/uf1Yhqdu4kMopgwEPNDJBVmh4zQMm0D+VBqJIJ5cuQy4AI0EKGWHIRIxTitp5T24Sx+v0zatapjV52beqVRz5spsiN2zE6Zw85Yg12xJmsxwe7ZE3tmL9aj9Wq9We8/owUr3zlkf2B9fANnm5XP</latexit><latexit sha1_base64="JV7ZkzVlffKQMPVcNyQhZ2y2h+Y=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBYhd0Q0DJgoY0QwTwgWcLdyU0cMvtw5q4QlhR+ha1WdmLrp1j4L27WLTTxVIdz7uWee7xISUO2/WkVVlbX1jeKm6Wt7Z3dvfL+QduEsRbYEqEKddcDg0oG2CJJCruRRvA9hR1vcjH3Ow+ojQyDW5pG6PowDuRICqBUcmv8epD0UanZJR8NyhW7amfgy8TJSYXlaA7KX/1hKGIfAxIKjOk5dkRuApqkUDgr9WODEYgJjLGX0gB8NG6ShZ7xk9gAhTxCzaXimYi/NxLwjZn6XjrpA92ZRW8u/uf1Yhqdu4kMopgwEPNDJBVmh4zQMm0D+VBqJIJ5cuQy4AI0EKGWHIRIxTitp5T24Sx+v0zatapjV52beqVRz5spsiN2zE6Zw85Yg12xJmsxwe7ZE3tmL9aj9Wq9We8/owUr3zlkf2B9fANnm5XP</latexit><latexit sha1_base64="JV7ZkzVlffKQMPVcNyQhZ2y2h+Y=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBYhd0Q0DJgoY0QwTwgWcLdyU0cMvtw5q4QlhR+ha1WdmLrp1j4L27WLTTxVIdz7uWee7xISUO2/WkVVlbX1jeKm6Wt7Z3dvfL+QduEsRbYEqEKddcDg0oG2CJJCruRRvA9hR1vcjH3Ow+ojQyDW5pG6PowDuRICqBUcmv8epD0UanZJR8NyhW7amfgy8TJSYXlaA7KX/1hKGIfAxIKjOk5dkRuApqkUDgr9WODEYgJjLGX0gB8NG6ShZ7xk9gAhTxCzaXimYi/NxLwjZn6XjrpA92ZRW8u/uf1Yhqdu4kMopgwEPNDJBVmh4zQMm0D+VBqJIJ5cuQy4AI0EKGWHIRIxTitp5T24Sx+v0zatapjV52beqVRz5spsiN2zE6Zw85Yg12xJmsxwe7ZE3tmL9aj9Wq9We8/owUr3zlkf2B9fANnm5XP</latexit><latexit sha1_base64="JV7ZkzVlffKQMPVcNyQhZ2y2h+Y=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBYhd0Q0DJgoY0QwTwgWcLdyU0cMvtw5q4QlhR+ha1WdmLrp1j4L27WLTTxVIdz7uWee7xISUO2/WkVVlbX1jeKm6Wt7Z3dvfL+QduEsRbYEqEKddcDg0oG2CJJCruRRvA9hR1vcjH3Ow+ojQyDW5pG6PowDuRICqBUcmv8epD0UanZJR8NyhW7amfgy8TJSYXlaA7KX/1hKGIfAxIKjOk5dkRuApqkUDgr9WODEYgJjLGX0gB8NG6ShZ7xk9gAhTxCzaXimYi/NxLwjZn6XjrpA92ZRW8u/uf1Yhqdu4kMopgwEPNDJBVmh4zQMm0D+VBqJIJ5cuQy4AI0EKGWHIRIxTitp5T24Sx+v0zatapjV52beqVRz5spsiN2zE6Zw85Yg12xJmsxwe7ZE3tmL9aj9Wq9We8/owUr3zlkf2B9fANnm5XP</latexit>

⇤hµ⌫ +Rµ↵�⌫h
↵� = 0

<latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit>



Let us start from the full covariant equation for GW propagation and look for a perturbative 
expansion around the ray optics solution 

How can we take spin into account 

H̃L(f) = F (f)H̃(f)
<latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit>

time-delay function

F (f) =
4M`Gf

i

Z
d2x exp [2⇡iftd(x,y)]

<latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit>

integral over all 
possible image 
positions
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⇠ 8⇡GM`(1 + z`)
<latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit>

amplification  
factor

Traditional approach: GW treated as scalar wave

interesting regime

⇤hµ⌫ +Rµ↵�⌫h
↵� = 0

<latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit>



H̃L(f) = F (f)H̃(f)
<latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit><latexit sha1_base64="CrQxMrSysI2XLdeocPVo3vyRv3c=">AAACE3icbVC7SgNBFJ2NrxhfUUsLB4MQm7ArgiIIAUFSWEQwD0himJ3cxCGzD2buCmFJ6Sf4FbZa2YmtH2DhvzgbF9HEUwyHc+7lzjluKIVG2/6wMnPzC4tL2eXcyura+kZ+c6uug0hxqPFABqrpMg1S+FBDgRKaoQLmuRIa7vA88Rt3oLQI/GschdDx2MAXfcEZGqmb322jkD2IK+Oby2L/4OzCPD+S4d18wS7ZE9BZ4qSkQFJUu/nPdi/gkQc+csm0bjl2iJ2YKRRcwjjXjjSEjA/ZAFqG+swD3YknQcZ0P9IMAxqCokLSiQi/N2LmaT3yXDPpMbzV014i/ue1IuyfdGLhhxGCz5NDJiNMDmmuhGkIaE8oQGTJz4EKn3KmGCIoQRnnRoxMZTnThzOdfpbUD0uOXXKujgrl07SZLNkhe6RIHHJMyqRCqqRGOLknj+SJPFsP1ov1ar19j2asdGeb/IH1/gXniZ0M</latexit>

Traditional approach: GW treated as scalar wave

time-delay function

F (f) =
4M`Gf

i

Z
d2x exp [2⇡iftd(x,y)]

<latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit><latexit sha1_base64="jUDQ3ZuZbP/DlbWoazVzonAkbG8="></latexit>

integral over all 
possible image 
positions

⇠ 8⇡GM`(1 + z`)
<latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit><latexit sha1_base64="r/Qi7+FSDw8p9ntjdHi+hc0ZaWk=">AAACE3icbVC7SgNBFJ2Nrxhfq5YWDgYhIoRdEUwZsNBGiGAekA1hdnITh8w+mLkrxCWln+BX2GplJ7Z+gIX/4u66hSae6nDOvdx7jhtKodGyPo3CwuLS8kpxtbS2vrG5ZW7vtHQQKQ5NHshAdVymQQofmihQQidUwDxXQtsdn6d++w6UFoF/g5MQeh4b+WIoOMNE6pv7jhYerTmhoBdX/dgBKacV+/g+p0d9s2xVrQx0ntg5KZMcjb755QwCHnngI5dM665thdiLmULBJUxLTqQhZHzMRtBNqM880L04CzKlh5FmGNAQFBWSZiL83oiZp/XEc5NJj+GtnvVS8T+vG+Gw1ouFH0YIPk8PoZCQHdJciaQhoAOhAJGlnwMVPuVMMURQgjLOEzFKKislfdiz6edJ66RqW1X7+rRct/JmimSPHJAKsckZqZNL0iBNwskDeSLP5MV4NF6NN+P9Z7Rg5Du75A+Mj29Cbp1B</latexit>

amplification  
factor

14

⇤hµ⌫ +Rµ↵�⌫h
↵� = 0

<latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit><latexit sha1_base64="zIa0UIsYntdko1/kmGX81nQLMqM=">AAACKnicbZDLSgNBEEV7fBtfUZduGoMgCGFGRN0IIW5cqhgTyMRQ05amsadn6K4Ww5A/8RP8Cre6cifizg9xJmbhq1aXc6uoqhulSlry/VdvbHxicmp6ZrY0N7+wuFReXjm3iTMCGyJRiWlFYFFJjQ2SpLCVGoQ4UtiMbg4Lv3mLxspEn1E/xU4M11peSQGUo255N6wnd7zXzcLYhdoNtk6/JKi0B2GEBAXtXWTfyODA75YrftUfFv8rgpGosFEdd8vv4WUiXIyahAJr24GfUicDQ1IoHJRCZzEFcQPX2M6lhhhtJxv+N+AbzgIlPEXDpeJDiN8nMoit7cdR3hkD9exvr4D/eW1HV/udTOrUEWpRLCKpcLjICiPz4JBfSoNEUFyOXGouwAARGslBiBy6PMlSnkfw+/u/4ny7GvjV4GSnUquPkplha2ydbbKA7bEaO2LHrMEEu2eP7Ik9ew/ei/fqvX21jnmjmVX2o7yPT/4CqF0=</latexit>

! � 1
<latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit>

(perturbative parameter)

fast varying phase

Idea: WKB expansion for spin-2 field

complex 
polarization 
tensor

Let us start from the full covariant equation for GW propagation and look for a perturbative 
expansion around the ray optics solution 

Cusin, Lagos, Phys.Rev.D101 (2020) 

Dalang, Cusin, Lagos (2021)

WKB expansion for GW propagation



kµkµ = 0
<latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit>

kµrµk
⌫ = 0

<latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit>

gravitons follow null geodesic

polarization tensor is transverse and 
parallel transported and flux is conserved

order !2
<latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit>

order !
<latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit>

geometric optics

kµ ⌘ rµ�
<latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit>

! � 1
<latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit>

WKB for spin-2 field

Lensing of spin-2 field beyond ray optics 



Geometric optics equations

polarisation parallel transported

flux of gravitons conserved

from Hilbert gauge

from equation of motion

graviton number current density conserved 
(hence number gravitons in a ray bundle is 
conserved, via Gauss theorem )



kµkµ = 0
<latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit>

kµrµk
⌫ = 0

<latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit>

gravitons follow null geodesic

beyond geometric optics

Beyond geometric optics the 
polarization tensor is not parallel 
transported along a ray and 
develops a longitudinal component

polarization tensor is transverse and 
parallel transported and flux is conserved

order !2
<latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit>

order !
<latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit>

order !0
<latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit>

geometric optics

kµ ⌘ rµ�
<latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit>

! � 1
<latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit><latexit sha1_base64="F9RkgvlBben2iQIiM1CcjZ5ig6U=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg/JiaL1ZWNOOfusuzVSZEV8BS1UdIiWb6HgX3BMCkiYajSzq52dIFHSkut+OqWV1bX1jfJmZWt7Z3evun/Qtjo1AltCK226AVhUMsYWSVLYTQxCFCjsBOPrmd95QGOlju9okmA/gjCWIymAcsnv6QhD6IUh9wbVmlt3C/Bl4s1Jjc3RHFS/ekMt0ghjEgqs9T03oX4GhqRQOK30UosJiDGE6Oc0hghtPysiT/lJaoE0T9BwqXgh4u+NDCJrJ1GQT0ZA93bRm4n/eX5Ko8t+JuMkJYzF7BBJhcUhK4zMu0A+lAaJYJYcuYy5AANEaCQHIXIxzcup5H14i98vk/ZZ3XPr3u15rXE1b6bMjtgxO2Ueu2ANdsOarMUE0+yJPbMX59F5dd6c95/RkjPfOWR/4Hx8A11GlU0=</latexit>

WKB for spin-2 field

Lensing of spin-2 field beyond ray optics 

new transport properties



Newman Penrose scalars (projection of the GW Riemann tensor on the tetrad). 6 dofs in total in a  
generic theory of gravity

spin 0

spin 0

spin 1

spin 2

Polarizations of a GW in full generality: a step back

Tetrad of vectors: defines an observer

define polarisation screen

Orthogonality properties

the only present in general relativity



driving force matrix 

d2⇠i

dt2
= R0i0j⇠

j

<latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit>

geodesic deviation equation (      vector between two nearby rays)⇠i
<latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit>

Effect of GW on test particles can be described by

Sij(t) ⌘ R0i0j
<latexit sha1_base64="t09ue2Oe0oyotuwDqjdAYWkvA/o=">AAACFnicbVC7TsNAEDzzJrwClDQnIqTQRDZCghJBQxkeCUhJZK2PBRbOD+7WSMhyzyfwFbRQ0SFaWgr+BTukAMJUo5ld7ewEiSbLrvvhjIyOjU9MTk1XZmbn5heqi0ttG6dGYUvFOjanAVjUFGGLiTWeJgYhDDSeBNd7pX9yi8ZSHB3zXYK9EC4iOicFXEh+dfXIz+gqr/N6F29SupXdEPhSgc4Ocz9zyb3K/WrNbbh9yGHiDUhNDND0q5/ds1ilIUasNFjb8dyEexkYJqUxr3RTiwmoa7jATkEjCNH2sv4vuVxLLXAsEzSStOyL+HMjg9DauzAoJsuk9q9Xiv95nZTPt3sZRUnKGKnyEJPG/iGrDBUloTwjg8xQJkdJkVRggBkNSVCqENOitUrRh/f3+2HS3mh4bsM72Kzt7A6amRIrYlXUhSe2xI7YF03REkrci0fxJJ6dB+fFeXXevkdHnMHOsvgF5/0LER6fdg==</latexit><latexit sha1_base64="t09ue2Oe0oyotuwDqjdAYWkvA/o=">AAACFnicbVC7TsNAEDzzJrwClDQnIqTQRDZCghJBQxkeCUhJZK2PBRbOD+7WSMhyzyfwFbRQ0SFaWgr+BTukAMJUo5ld7ewEiSbLrvvhjIyOjU9MTk1XZmbn5heqi0ttG6dGYUvFOjanAVjUFGGLiTWeJgYhDDSeBNd7pX9yi8ZSHB3zXYK9EC4iOicFXEh+dfXIz+gqr/N6F29SupXdEPhSgc4Ocz9zyb3K/WrNbbh9yGHiDUhNDND0q5/ds1ilIUasNFjb8dyEexkYJqUxr3RTiwmoa7jATkEjCNH2sv4vuVxLLXAsEzSStOyL+HMjg9DauzAoJsuk9q9Xiv95nZTPt3sZRUnKGKnyEJPG/iGrDBUloTwjg8xQJkdJkVRggBkNSVCqENOitUrRh/f3+2HS3mh4bsM72Kzt7A6amRIrYlXUhSe2xI7YF03REkrci0fxJJ6dB+fFeXXevkdHnMHOsvgF5/0LER6fdg==</latexit><latexit sha1_base64="t09ue2Oe0oyotuwDqjdAYWkvA/o=">AAACFnicbVC7TsNAEDzzJrwClDQnIqTQRDZCghJBQxkeCUhJZK2PBRbOD+7WSMhyzyfwFbRQ0SFaWgr+BTukAMJUo5ld7ewEiSbLrvvhjIyOjU9MTk1XZmbn5heqi0ttG6dGYUvFOjanAVjUFGGLiTWeJgYhDDSeBNd7pX9yi8ZSHB3zXYK9EC4iOicFXEh+dfXIz+gqr/N6F29SupXdEPhSgc4Ocz9zyb3K/WrNbbh9yGHiDUhNDND0q5/ds1ilIUasNFjb8dyEexkYJqUxr3RTiwmoa7jATkEjCNH2sv4vuVxLLXAsEzSStOyL+HMjg9DauzAoJsuk9q9Xiv95nZTPt3sZRUnKGKnyEJPG/iGrDBUloTwjg8xQJkdJkVRggBkNSVCqENOitUrRh/f3+2HS3mh4bsM72Kzt7A6amRIrYlXUhSe2xI7YF03REkrci0fxJJ6dB+fFeXXevkdHnMHOsvgF5/0LER6fdg==</latexit><latexit sha1_base64="t09ue2Oe0oyotuwDqjdAYWkvA/o=">AAACFnicbVC7TsNAEDzzJrwClDQnIqTQRDZCghJBQxkeCUhJZK2PBRbOD+7WSMhyzyfwFbRQ0SFaWgr+BTukAMJUo5ld7ewEiSbLrvvhjIyOjU9MTk1XZmbn5heqi0ttG6dGYUvFOjanAVjUFGGLiTWeJgYhDDSeBNd7pX9yi8ZSHB3zXYK9EC4iOicFXEh+dfXIz+gqr/N6F29SupXdEPhSgc4Ocz9zyb3K/WrNbbh9yGHiDUhNDND0q5/ds1ilIUasNFjb8dyEexkYJqUxr3RTiwmoa7jATkEjCNH2sv4vuVxLLXAsEzSStOyL+HMjg9DauzAoJsuk9q9Xiv95nZTPt3sZRUnKGKnyEJPG/iGrDBUloTwjg8xQJkdJkVRggBkNSVCqENOitUrRh/f3+2HS3mh4bsM72Kzt7A6amRIrYlXUhSe2xI7YF03REkrci0fxJJ6dB+fFeXXevkdHnMHOsvgF5/0LER6fdg==</latexit>

Polarizations of a GW in full generality: a step back



For a wave propagating along the z direction, the driving force matrix can be written as 

general relativity 
(geometric optics)

d2⇠i

dt2
= R0i0j⇠

j

<latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit><latexit sha1_base64="tsFSRGckfd+9dXsREE+VXYkTi3s="></latexit>

geodesic deviation equation (      vector between two nearby rays)⇠i
<latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit><latexit sha1_base64="N/+SJVFDQq7z7/TanhLfYujLLhM=">AAAB93icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIOImUmOh82YRVzg/drRGRlW+ghYoO0fI5FPwLtnEBCVONZna1s+PHCg3Z9qe1tLyyurZe2ahubm3v7Nb29tsmSrQEV0Yq0l1fGFAYgktICrqxBhH4Cjr+5Cr3Ow+gDUbhLU1j8AIxDnGEUlAmuf1HvMNBrW437AJ8kTglqbMSrUHtqz+MZBJASFIJY3qOHZOXCk0oFcyq/cRALOREjKGX0VAEYLy0CDvjx4kRFPEYNEfFCxF+b6QiMGYa+NlkIOjezHu5+J/XS2h04aUYxglBKPNDhAqKQ0ZqzFoAPkQNRCJPDhxDLoUWRKCRCykzMclqqWZ9OPPfL5L2acOxG87NWb15WTZTYYfsiJ0wh52zJrtmLeYyyZA9sWf2Yk2tV+vNev8ZXbLKnQP2B9bHN4e6kzU=</latexit>

Effect of GW on test particles can be described by

driving force matrix Sij(t) ⌘ R0i0j
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Polarizations of a GW in full generality: a step back



C de Rham “Massive gravity”
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<latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit><latexit sha1_base64="RtYKAOIYSb1GhR8RrwPk9FIiy0s=">AAACBHicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ8OKxgv2ANobNdlqXbjZhd1IooVd/hVc9eROv/g8P/heTmIO2vss83pthZl4QS2HQcT6tysrq2vpGdbO2tb2zu2fvH3RMlGgObR7JSPcCZkAKBW0UKKEXa2BhIKEbTK5zvzsFbUSk7nAWgxeysRIjwRlmkm/bk/t0ECbziV+UK8e3607DKUCXiVuSOinR8u2vwTDiSQgKuWTG9F0nRi9lGgWXMK8NEgMx4xM2hn5GFQvBeGlx+ZyeJIZhRGPQVEhaiPB7ImWhMbMwyDpDhg9m0cvF/7x+gqNLLxUqThAUzxehkFAsMlyLLBKgQ6EBkeWXAxWKcqYZImhBGeeZmGQZ1bI83MXvl0nnrOE6Dff2vN50ymSq5Igck1PikgvSJDekRdqEkyl5Is/kxXq0Xq036/2ntWKVM4fkD6yPb5+imCo=</latexit>

kµrµk
⌫ = 0

<latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit><latexit sha1_base64="IWZbVEqj/DstGNbDvxO4KG5UbAE=">AAACEHicbVC7TsNAEDzzJrwClFCciJCoIhshQYMUiYYSJAJIibHWxyaccj5bd3tIkZWGT+AraKGiQ7T8AQX/gm1S8JpqNLOr3Zk4U9KS7797E5NT0zOzc/O1hcWl5ZX66tq5TZ0R2BapSs1lDBaV1NgmSQovM4OQxAov4sFR6V/corEy1Wc0zDBMoK9lTwqgQorqm4OrvJu4UVdDrCCqeClpNzr0o3rDb/oV+F8SjEmDjXES1T+616lwCWoSCqztBH5GYQ6GpFA4qnWdxQzEAPrYKaiGBG2YVylGfNtZoJRnaLhUvBLx+0YOibXDJC4mE6Ab+9srxf+8jqPeQZhLnTlCLcpDJBVWh6wwsqgH+bU0SATl58il5gIMEKGRHIQoRFf0VSv6CH6n/0vOd5uB3wxO9xotf9zMHNtgW2yHBWyftdgxO2FtJtgde2CP7Mm79569F+/1a3TCG++ssx/w3j4BecKdkQ==</latexit>

gravitons follow null geodesic

beyond geometric optics

polarization tensor is transverse and 
parallel transported and flux is conserved

order !2
<latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit><latexit sha1_base64="TifbsfULAtoiv9CMBc8dwBWnKAM=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BZ6RaKTtmegNu/yJdVZFPUuoV3txeK2MeAhAJj2o4dUScBTVIoHOfd2GAEYggDbKc0AB9NJ5l8MOYHsQEKeYSaS8UnIs5OJOAbM/K9NOkDXZmfXib+5bVj6p90EhlEMWEgskUkFU4WGaFlWg3yntRIBNnlyGXABWggQi05CJGKcdpVfraP/0mjUnbssnN+VKxWps3k2B7bZ4fMYcesys5YjdWZYLfsnj2wR+vOerKerZfP6Jw1ndlh32C9fgBnfptL</latexit>

order !
<latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit><latexit sha1_base64="gh+d4Vh545SSRZxFqj1BoJvGz7Y=">AAACCnicdVDJSgNBFOyJW4xbVPDipTEIHkKYCYIeA148RjALZEJ403mJTXoWut+IYcwf+BVe9eRNvPoTHvwXZ2KEuNWpqKrHK8qLlDRk229WbmFxaXklv1pYW9/Y3Cpu7zRNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyRmeZ37pGbWQYXNI4wq4Pw0AOpABKpV5xzyW8oSTUfdRu2S1P3NDHIfSKJadiT8HtX+TLKrEZ6r3iu9sPRexjQEKBMR3HjqibgCYpFE4KbmwwAjGCIXZSGoCPpptM+0/4YWyAQh6h5lLxqYjzFwn4xox9L036QFfmp5eJf3mdmAan3UQGUUwYiOwRSYXTR0ZomQ6DvC81EkHWHLkMuAANRKglByFSMU6XKszv8T9pViuOXXEujku16myZPNtnB+yIOeyE1dg5q7MGE+yW3bMH9mjdWU/Ws/XyGc1Zs5td9g3W6wcq25qn</latexit>

order !0
<latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit><latexit sha1_base64="k5H2OYvmhPZWAJGNYcUcWDY8b+k=">AAACDHicdVDLSgNBEJz1GeMr6kXwMhgEDyHsBkGPAS8eI5gHZGPonXTikNkHM71iWOIn+BVe9eRNvPoPHvwXd2OE+KpTUVVNd5cXKWnItt+sufmFxaXl3Ep+dW19Y7Owtd0wYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG55mfvMatZFhcEGjCDs+DALZlwIolbqFXZfwhpJQ91C7Jbc0dkMfB3BpdwtFp2xPwO1f5Msqsilq3cK72wtF7GNAQoExbceOqJOAJikUjvNubDACMYQBtlMagI+mk0w+GPOD2ACFPELNpeITEWcnEvCNGflemvSBrsxPLxP/8tox9U86iQyimDAQ2SKSCieLjNAyrQZ5T2okguxy5DLgAjQQoZYchEjFOO0qP9vH/6RRKTt22Tk/KlYr02ZybI/ts0PmsGNWZWesxupMsFt2zx7Yo3VnPVnP1stndM6azuywb7BePwBkYJtJ</latexit>

geometric optics

kµ ⌘ rµ�
<latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit><latexit sha1_base64="L6veu57GnvfRGCZ1M3d10zKcFyg=">AAACEnicbVA9SwNBEN2L3/ErainIYhCswp0IWgo2lhGMBnIhzG1Gs2Rv79ydDYQjnT/BX2GrlZ3Y+gcs/C9e4hWa+KrHezPMvBelSlry/U+vNDe/sLi0vFJeXVvf2KxsbV/bxBmBDZGoxDQjsKikxgZJUthMDUIcKbyJ+udj/2aAxspEX9EwxXYMd1reSgGUS53KXr+ThbEbhXjv5ICHGiIFhVTvyU6l6tf8CfgsCQpSZQXqncpX2E2Ei1GTUGBtK/BTamdgSAqFo3LoLKYg+nCHrZxqiNG2s0mOET9wFijhKRouFZ+I+Hsjg9jaYRzlkzFQz057Y/E/r+Xo9rSdSZ06Qi3Gh0gqnByywsi8IORdaZAIxp8jl5oLMECERnIQIhdd3lg57yOYTj9Lro9qgV8LLo+rZ37RzDLbZfvskAXshJ2xC1ZnDSbYA3tiz+zFe/RevTfv/We05BU7O+wPvI9v9SWeXA==</latexit>
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WKB for spin-2 field

Lensing of spin-2 field beyond ray optics 

new transport properties



beyond geometric optics

geometric optics

scalar longitudinal mode

scalar breathing mode

standard helicity-2 modes  
(cross and plus)

Cusin, Lagos, Phys.Rev.D101 (2020) 
Dalang, Cusin, Lagos (2021)

New polarization modes are excited by the interaction spin-curvature

driving force matrix 

GW Riemann tensor

Case study: GW propagating along z at emission, lensed by point-
like lens. Deformation of particle sphere described by:

new scalar modescross and plus 
polarisations

Lensing of spin-2 field beyond ray optics 

Sij(t) ⌘ R0i0j
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gravitons follow null geodesic

polarisation tensor is transverse and parallel 
transported and flux is conserved

beyond geometric optics

geometric optics

scalar longitudinal mode

scalar conformal mode

standard helicity-2 modes  
(cross and plus)

These new modes can be misinterpreted as smoking gun of modified gravity 

Deformation of sphere of particles

Lensing of spin-2 field beyond ray optics 



observer

3) lensing by massive structures

1) effects due to peculiar velocities Different effects, e.g. 

(1) accurate description of 
the emitted signal

(2) description of the evolution of 
the signal during propagation observed signal+ =

2) evolution of redshift during the observation time 

Summary of this course

4) wave effects beyond ray optics 

emitting source



observer

3) lensing by massive structures

1) effects due to peculiar velocities and accelerationDifferent effects, e.g. 

2) evolution of redshift during the observation time 

Summary of this course

4) wave effects beyond ray optics 

emitting source

we can’t extract redshift from waveform 

if we don’t take velocities into account: biased reconstruction 
source parameters



observer

3) lensing by massive structures

1) effects due to peculiar velocities and accelerationDifferent effects, e.g. 

2) evolution of redshift during the observation time 

Summary of this course

4) wave effects beyond ray optics 

emitting source

a magnified source appears as source with higher masses and from lower distance



observer

3) lensing by massive structures

1) effects due to peculiar velocities and accelerationDifferent effects, e.g. 

2) evolution of redshift during the observation time 

Summary of this course

4) wave effects beyond ray optics 

emitting source

beyond geometric optics new polarisation modes appear which could be 
misinterpreted as smoking gun modified gravity



The End
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ij ḣTT
ij ] = ⇤ij,kl(n)[

...
M ij

...
Mkl]

Power radiated per units of solid angle in the quadrupole approximation



Probing the expansion of the universe with GW



Binaries with electromagnetic counterpart 

optical/ radio emission allows the identification of redshift

luminosity distance extracted 
from the waveform

Tam
anini et al. 2016



Testing cosmological models: eLISA & sirens

Capability of different eLISA configurations to test expansion universe tested

Tamanini et al. 2016

Simulations of catalogues of standard sirens composed by MBH binaries whose 
GW radiation is observable by eLISA and supposed to have EM counterpart

Different two and three arms configurations are considered

For each configuration and each simulated catalogue, the capability to 
constrain cosmological models is tested via Fisher-matrix analysis



Fisher matrix analysis

Fisher matrix analysis to test the capability of different configurations of eLISA 
to constrain cosmological models 
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eLISA and standard sirens: what can be done

3 arms configuration have the potential to provide a test of the expansion of 
the universe up to            , complementary to other cosmological probes based 
on EM counterpart

              can be constrained to a level competitive with present SNIa results 

z ⇠ 8

Constraint on Hubble at 1-2% depending on the mission configuration (with all 
other parameters fixed to their best-fit value)

The lack of MBH standard sirens at low redshift allows to constraint dark energy 
only at the level of few percent.  

see Tamanini, Caprini 2017 for early time 
dark energy with standard sirens

(⌦M ,⌦⇤)



Conclusions

Coalescing binaries give a measurement of the luminosity distance

If they have an electromagnetic counterpart, an independent measurement of 
redshift is possible

We can extract an Hubble diagram, to constrain cosmological models 

Forecasts: by using standard sirens eLISA will be able to put constrains on the  
Hubble factor and on                competitive & complementary to the ones 
coming from SNIa                                                                (see Tamanini et al. 2017)

(⌦M ,⌦⇤)



Bias in the parameters

Fraction of events for which the injected symmetric mass ration (time to coalescence) is recovered 
better than 1%  (within 1 min) .  For             the results for low mass                    can be affected by 
the Monte Carlo finite precision. 

✏ > 50

⌘ =
m1m2

(m1 +m2)2
tc

symmetric mass ratio time to coalescence

Bonvin et al. 2017



Corrections to the phase from redshift evolution

When deeply in the inspiral regime, GW  is almost monochromatic (chirping 
negligible): phase shift can be reabsorbed in a shift of the binary parameters 

effects of peculiar acceleration can be absorbed into a tiny shift in the intrinsic 
parameters   



Other aspects of lensing



My recent work: statistical characterization of lensing/kinematic effects

Realistic detector observes a 
biased sample of the 
population: magnified 
sources are easier to detect 
than de-magnified ones  

lensed populationtrue population

observed 
sampledi

st
an

ce

di
st

an
ce

observer observer

Biased reconstruction of astrophysical and 
cosmological parameters (e.g. mass and luminosity 

distance of a binary system)  in population studies



Case study: Hubble diagram for LISA  
massive black hole binaries (pop III)
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Lensing induced bias: important for massive black 
hole binaries visible by LISA  
Velocity induced bias: important for neutron star 
binaries visible by Einstein Telescope

lensing bias important at high redshift:  
impact on statistical methods with dark sirens0 2 4 6 8 10 12
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Lensing: dominant source of uncertainty on distance reconstruction for high-redshift sources  
(velocity effects important for low-redshift population)

luminosity 
distance redshift

Future work: inclusion of selection biases in templates 



How NP depend on tetrad

class II transformation (n is unchanged) class I transformation (k is unchanged) 

The presence or absence of the components of various helicities depends upon the frame. 

The most general class of transformations that preserve orthogonality properties of the tetrad is 

(helicity defined by pure rotation around direction 
propagation wave)



Constraining extra polarization modes 

Signal from detector a of a network can be decomposed as 

instrumental noise

The antenna patterns depend on the source position and detector geometry 

Some examples: massive gravity (dRGT): scalar mode is breathing mode

massive scalar-tensor: combination of longitudinal and breathing modes 

massless scalar-tensor: breathing mode

tensor modes scalar modes

vector modes

Typically amplitude of longitudinal mode is proportional to scalar mass (which has to be small not to have 
fast decay) 



Geometric optics equations

polarisation parallel transported

flux of gravitons conserved

from Hilbert gauge

from equation of motion



Probability of developing a scalar mode 

defines area cross-section

If galaxies are lenses


