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INTRODUCTION 1/3

OBJECTIVE

» A staggered discretization for the Euler system in 2D

O¢p + div (pu) =0,
O (pu) + div (pu ® u) + Vp =0,
O (pE) + div (pEu) + div (pu) =0.

2
u
E:%—i—e? and p=(y—1)pe, v>1

» “Staggered” <> the discrete unknowns are stored at different points

e scalar unknowns (density p, internal energy e, pressure p) on centers

e velocity u on vertices
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INTRODUCTION 2/3

MOTIVATION

Staggered grids are of interest for flows with incompressible features J

~ avoid odd/even decoupling, checkerboard instabilities.
» Incompressible “multifluid” flows (a dispersed phase in a fluid phase)
Byary + div (aptip) = 0, [Berthelin, Goudon, Minjeaud, 2016]

O (apup) + div (O‘pup @ up + W(O‘p)) = Dap(uf —up) — %VP + apg,
P
Ocay + div (ajuy) =0,

. m (0%
O(agur) + div (apur ® up) — pAuy = mijap(up —uf) — m*chp +ayg,

af+ap =1 — div(apup—f-afuf):O.
» Low Mach number flows [Goudon, Llobell, Minjeaud, 2020]
8:p'® + div (p(s)u(f)) =0,

8 (0 u®) + div (6 u® @ u®) + évp@ o,

+Limit € — 0 = divu® =0
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INTRODUCTION 8/

DIFFICULTY AND STRATEGY

In the definition of the total energy F = % + e: J

kinetic and internal energies do not share the same location

u
ol u
u
» discretization of a non-conservative version + corrective terms
Op + div (pu) -0 [Herbin, Kheriji, Latché, 2013]

d:(pu) 4 div (pu ® u) + Vp =0, p=(y—1pe, ~v>1
O (pe) + div (peu) = —pdiv u.
» transfert of discrete fields and operators between the different grids

~» ad hoc averaged quantities and operators

[Goudon, Krell, Llobell, Minjeaud, 2021]
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MESHES AND NOTATION 1/2

» The discrete unknowns are constant on different meshes

Primal Mesh Dual mesh Diamond mesh.

e Density ps,o+ and internal energy ey o+ on the diamond cell Dy o+

Po,o*x = ('Y - 1)p0,o'*eo',a*~
e Velocity fields (ux,ux+) on the primal cell K and on the dual cell K*.
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MESHES AND NOTATION 2/2

» We introduce also the following additional notation

For an edge s = [xk,Xx+]| between two diamonds Dy o+ and D_, ./

€o,0* +egl,o,*/ Ux + ug=
e 1= T and up,, 1= S

o nDa’s.
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vp)K = W Z ‘Ulpa,a* NK,o, AV
D, ,x€Dk 4
1 *
(Vp)k~ = | > ot peornke,or, ‘

Dy o €D g
» discrete divergence operator (on diamond cells)

1
(V-u)g’o*:m > lslup,.,

S€EOD, o

with up, E:ZW%‘nDU 5°
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vp)K = W Z ‘Ulpa,a* NK,o, AV
D, ,+€Dk 4
1 *
(Vp)k+- = " > ot Ipe,ernke o, v
Dy g% €D g

» discrete divergence operator (on diamond cells)

(V-u), . = ﬁ (|O'|(uL*uK)'nK,cr+|U*|(UL**UK*)'YIK*,U* )

[Domelevo, Omnes 2005]
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DISCRETE OPERATORS AND DUALITY RELATIONSHIP

DISCRETE OPERATORS
» discrete pressure gradient (on primal and dual cells)

1
(Vox =1 22 loloornre, AV
D, ,+ €DK 4
1 . v
(Vo) = ey 3 0" oo nkeon, ’
DU‘,G‘*EDK*

» discrete divergence operator (on diamond cells)

1 *
(V . U)U’U* S =7 <\0\(uL*uK)~nK,a+|U |(UL* —UK*)'HK*,G* s

2|Dg,ox |
[Domelevo, Omnes 2005]
LOCAL DUALITY RELATIONSHIP

There exists conservative fluxes ¢p, s for all Do, for all s, (0 = K|L),
|K N Doluk - (Vp)x +|L N Dylur - (Vp)r

+ o lol(uz —ur) nrce = 3 Iskgoen
s€0D,

[Goudon, Krell, Llobell, Minjeaud, 2020]
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MASS & MOMENTUM BALANCE EQUATIONS
THE MASS BALANCE EQUATIONS

9 (p) +div (pu) =0 |

» The densities are updated as follows

ﬁo’ o* = Po,o* 1
: S |slFp,. =0
5t [Dour] 517D, =0,
’ SEID, ,*

where the mass fluxes Fp, , = .Fga . +Fp, . (~ pu-n) with

.7-'2,' :}""(pg,g*,c(es),uDa,s) and ]-'5015:]-'_(;7 , c(eg),qus).

0,5 o/ o*

» Sound speed c(e) = /(v — 1)e.
» Flux splitting functions F+ and F~ inspired from the kinetic framework

Froen) =47 [ el uze(©)ds
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MASS & MOMENTUM BALANCE EQUATIONS
THE MASS BALANCE EQUATIONS

9 (p) +div (pu) =0 J

» The densities are updated as follows

ﬁg o* — Po,o* 1
: E F =0
5t t Do ] 81 pz0 =0,
’ SEID, ,*

where the mass fluxes Fp, , = ]-'ga . +Fp, . (~ pu-n) with

.FE)L =Ft (pO',O'*ac(eﬁ)?uDa,s) and ]:50,5 =7 (po/,g*’vc(eﬁ)qua,s)'

o,

» Sound speed c(e) = /(v — 1)e.

» Flux splitting functions 7 and F~ inspired from the kinetic framework

0 if u < —c,
Frloeuy=3 L+’ itll<e, and F (pcu) = —F (pc,—u).
U if u > ¢,
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MAass & MOMENTUM BALANCE EQUATIONS
THE MOMENTUM BALANCE EQUATIONS 1/2

» Transfer of the mass balance equation on primal and dual cells
[Ansanay, Babik, Latché, Vola, ’11][Goudon, Krell, Llobell, Minjeaud, ’20]

e Average density on a primal cell K
_ |Ds,ox N K|
o= 3 Peeni,
Dy ox €DK
o Average mass fluxes Fk ., outgoing from a primal cell K

Frio = Fieg + Fri.on

with
+ _ |[DoorNK Is| -+ |Do,ox N L Is|
Fio = Do ] 5 1ol Pee T D] S o[ Baa’
G S€OD, e S€OD,
sCL sCK

[Goudon, Krell, 2014]
e The fluxes Fx , are conservative.
e The average densites px satisfy the following conservative equations

Pr — PK 1
P —PK L = Y Frco = 0.
5t TIK] 1P
D, ,+«€9Kk
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MAass & MOMENTUM BALANCE EQUATIONS
THE MOMENTUM BALANCE EQUATIONS 2/2

8t(pu)+div (pu®u)+Vp:O J

» The velocities are updated as follows

PrUK — PKUK

1
+0= > |olGk.e + (Vp)k =0,

5t K|
D, .« €D g
Pr+UK* — PK*UK* 1 .
v on 4+ (Vp)ks =0,
5t + |K*| Z |U |gK 5 +( p)K
D, o+ €D g

where the momentum fluxes Gk ,» and Gr=* o+ (~ p(u-n)u) are defined by

-+ ~ -+ —
Or,0 = Frouxk+Fg ,ur and Gr*or = Fpox ox UKk*+F e o Urs.
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INTERNAL ENERGY EQUATION 1/2
KINETIC ENERGY BALANCE EQUATION

01 (p) + div (pu) = 0 IR ( uur)
= ) -_— d - Vp-u=0
8t(pu)+div(pu®u)+Vp:() t(ﬂ D) >+ v ( pu 2 +Vp-u

» Multiplying the momemtum balance eq. on primal mesh by ug, we find

Pi okl % lugll® 1
2 2 — K v ‘ug = —R )
5t + |K| E lo|Kk,o + (Vp)k - Uk K
D, o+€Dk

1
where Kic.o = 5 (F ol |2 + Fi o Juz]|?) and

Pr 1= 2, 1 ~ (U —uk|® |Gk —ur|?
Ry = 2K ik — = 7 - .
x = oo [Ux—ux] K] > el K,[,( 5 5

D, ;€DK

» A similar result holds on dual cells K*
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INTERNAL ENERGY EQUATION 2/2

0t (pe) + div (peu) + pdivu = 0 )

» The internal energies are updated as follows

pmo—*éa,a* — Po,o*€o,0* 1

5t t Dol > lslén,,

$€OD, %

+ Poox (V1) o = Roox,
where the numerical fluxes £p, . (~ peu - n) are defined by
EDys = €o,0*Fb, . + €0 o' Fi, o
and
R, .. — |Do,ox N K|Rk + |Do,ox N LIRL
' 2|Dg,o |

" |Doox N K*|Rg* + |Dg,ox N L*|Rp«
2|Dg,o* | '
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STABILITY ANALYSIS

» Positivity of the density

Under the following CFL-like conditions

ot
|D *| Z |5|[)‘+(657uDa,f.)]+ <1, ()‘Jr(e?u) = u+c(e)),
G S€EOD, o*

the non negativity of the density po,o* is preserved:

Poox 20 = P, .- 20.

» Positivity of the internal energy

Under more restrictive CFL-like conditions, if ps,o+ > 0 we have
¢+ Rg >0, and Rg= > 0,

+ the positivity of the internal energy is preserved

erox 20 = €50+ =0.
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TOTAL ENERGY BALANCE EQUATION 1/2
THE RESULT

» An average kinetic energy Eﬁ‘i}x on diamond cell

|Do.o+ N Klpxc|luxc||* + [Do.o= N Lipz [[uc|®

Exn. =
’ 4|DO' U*|pa o*
4 |Dow N K7 |p- u- |I* + [Doo O L*|pr-[luc-||*
4‘D0 o'*lpa o*

» Total energy E, ,+ on diamond cell
Es o = €50 + E{:“;*

» The total energy F, o+ satisfies the following conservative equation

ﬁa U*Ea,o'* — Po,o* Eo‘,a* 1
: 5|71
5t T 1Dour] > BT,
’ S€EOD, o
1
S~ Z ‘5|qDa,s = 07
|DU o | SEOD, ,*
where

o T; Dos is a conservative flux through the interfaces of diamond cells,

> lslgp, .. is a conservative discrete version of div (pu).

® 1D, 1
s€OD

» This result is useful to prove the consistency a la Lax Wendroff
[Herbin, Latché, Minjeaud, Therme, 2021]
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TOTAL ENERGY BALANCE EQUATION 2/2

SKETCH OF THE PROOF 1/3

» It is based on

+ local discrete duality relationship  ~ gp,

+ transfert of operators between the grids ~» Tp, ,
» Both are deduced from the following result

Let us assume that fluxes Fx o, for all K, for all o are given.
There exist fluxes Fip, s for all Do, for all s such that
Fp,s=—Fp_, s if s = Ds|D,s (conservativity),

and, for all D,, o = K|L,
|D, |divPe = (|K N D, |divE + LN Dg|divL) - (FK,U + FL,U),

where

1 1
divPs = D] Z Fp, s and div® = & Z Fro.
7! seop, cEOK

v

[Goudon, Krell, Llobell, Minjeaud, 2021]
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 2/3

Let us assume that fluxes Fx o, for all K, for all o are given.

There exist fluxes Fip, s for all D,, for all s such that
Fp,s=—Fp_, s if s = Ds|D,s (conservativity),

and, for all D,, o = K|L,

|D, |divPe = (|K N D, |divE + LN Dg|divL) - (FK,U + FL,U),

» First choice : Fi o = uk|0|ps,o*nKk,o.
+ non-conservative quantities : Fr o = —ur|o|ps,o+nK,o.
o divF =ug - (Vp)k
+ The result above leads to the discrete Green formula

|K N Doluk - (Vp)k +|L N Dolur - (Vp)r

+Pooelol(ur —ux) nxe = Y lslap,.s
s€EOD,
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 2/3

Let us assume that fluxes Fx o, for all K, for all o are given.

There exist fluxes Fip, s for all D,, for all s such that
Fp,s=—Fp_, s if s = Ds|D,s (conservativity),

and, for all D,, o = K|L,

|D, |divPe = <|K N Do|div® +|LN Da|divL) - (FK,U + FL,U),

» Second choice : conservative fluxes Fk ..
14 FK,0+FL,U =0
+ The result above leads to the transfert of conservative operators

|D,|divPe = (\K N Do|div® +|L N Dg|divL).

+ Transfert of kinetic energy fluxes

S sikp,, = Ber 0K s~ e Peo AL S~ e

S€EOD, ,* |K| c€dK |L| oc€dL
o,
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 2/3

Let us assume that fluxes Fx o, for all K, for all o are given.

There exist fluxes Fip, s for all D,, for all s such that
Fp,s=—Fp_, s if s = Ds|D,s (conservativity),

and, for all D,, o = K|L,

|D, |divPe = (|K N D, |divE + LN Dg|divL) - (FK,U + FL,U),

» Second choice : conservative fluxes Fi o .
* FK,0+FL,U =0
+ The result above leads to the transfert of conservative operators

|D,|divPe = (\K N D,|div™ + LN Do|divL).
+ Transfert of kinetic energy fluxes

Kp, . +Kb,.

Tpy.s = B

+&p,.,
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

divwg = Z Fr,o ae. on K

1
|K| cEOK
and

/wK ‘Ngo = Fro, YVoé€OIlK.

4

[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define

5
(o2

» The Green formula on |D, N K| gives

/ div (wk) = / WK *ND, s +/ WK *ND, s + /WK'DK,J
DsNK s1 D) o
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

divwg = Z Fr,o ae. on K

1
|K| cEOK
and

/wK ‘Ngo = Fro, YVoé€OIlK.

4

[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define

5
(o2

» The Green formula on |D, N K| gives

K
|Ds N K |div :/wK-ansl—{—/ wK-nDG,52+/wK-nK,a
51 52 o
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

divwg = Z Fr,o ae. on K

1
|K| oc€OK
and

/wK ‘Ngo = Fro, YVoé€OIlK.

4

[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define

5
(o2

» The Green formula on |D, N K| gives

|Ds N K|diVK =Fp, s + / WK *Np, sy + /wK ‘DKo

59 o
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

divwg = Z Fr,o ae. on K

1
|K| oc€OK
and

/wK ‘Ngo = Fro, YVoé€OIlK.

4

[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define
° ag
» The Green formula on |D, N K| gives

|Do N K|div™ = Fp, e, + FD, 55 + /wK ‘NK,o

o
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SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

divwg = Z Fr,o ae. on K

1
|K| oc€OK
and

/wK ‘Ngo = Fro, YVoé€OIlK.

4

[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define

5
(o2

» The Green formula on |D, N K| gives

|Do N K|div™ = Fp, s, + Fp, 55 + Fio
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TOTAL ENERGY BALANCE EQUATION 2/2
SKETCH OF THE PROOF 3/3

Let K a polygon. Let us assume that fluxes Fx , are given.
There exists a function wx € Haiv(K) such that

1
divwg = zdl Z Fk, a.e. on K
| | gEOK
and
/wK ‘Ngo = Fro, YVoé€OIlK.
[Ansanay, Babik, Latché, Vola, ’11] [Goudon, Krell, Llobell, Minjeaud, '21]

» For 0 € 0K and s C K, we define

5
(o2

» The Green formula on |D, N K| gives
|Dy N K|div® = Fp, o, + Fp, ey + F.0
» The sum with the same equality for L gives
|Dy N K|div® +|D, N L|div" = |D,|divPe + Fx.» + Fr o
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NUMERICAL SIMULATIONS

SEDOV EXPLOSION PROBLEM 1/2

pressure
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NUMERICAL SIMULATIONS
SEDOV EXPLOSION PROBLEM

2/2

— - exact solution
— h=117x10*
— x10 ¢

—h x10 ¢

— — exact solution
h=117x10*
—h
h=302x10 "

93 %10 ¢

5

density
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NUMERICAL SIMULATIONS
SIMULATION OF THE 2D MACH 3 WIND TUNNEL WITH A STEP

MAC grid

Triangle mesh

Density
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NUMERICAL SIMULATIONS
SIMULATION OF A 2D SUPERSONIC FLOW IN A CHANNEL WITH A CIRCULAR ARC B
(STEADY-STATE FLOW FROM LEFT TO RIGHT)

[Tsui, Wu, 2007]

Triangle mesh

0.5 I.0 1.5 2.0 2.5

Iso-Mac

Sebastian Minjeaud 21/22



CONCLUSION

CONCLUSION
» An explicit staggered scheme for the Euler system
» Preserving the positivity of p and e (under CFL conditions)

» A local conservative equation for an averaged total energy
+ Transfert of conservative operators between general grids

+ Local duality relationship

PERSPECTIVE
» Second order extension
» Time discretization for low Mach number flows

» Well-balanced discretization of source terms
(e.g. shallow-water with topography)

Sebastian Minjeaud 22/22



