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Motivation

Karol Mikula’s group of our department were working on European
projects
@ cooperation with biologists (CNRS-Department of
development biology, Institute Pasteur and Institute Curie,
Paris), bioengineers (University Bologna), computer scientist
(ecole Polytechnique Paris) and supercomupting centers
((IN2P3, Lyon, STUBA, Bratislava)-European projects
Embryomics and BioEmergences
@ an automated reconstruction of the vertebrate early
embryogenesis in space and time
o extraction of the cell trajectories and the cell lineage tree
@ reconstruction of the morphogenetics fields
@ comparison of untreated and treated cell populations
developement
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Steps in computational embryogenesis reconstruction

Video
o data acquisition
image filtering
cell nuclei center detection
cell nuclei segmentation

whole embryo segmentation

cell tracking and cell trajectories extraction
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Smooth initial noisy image and preserve edges
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Denoising the image via nonlinear difusion
equations
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Modified Perona-Malik Equation

Modified Perona-Malik Equation

In the sense of Catté, Lions, Morel and Coll (1992) [CLMC(]

ou—V.(9(|VGs xu|)Vu) =0 inQr=1xQ,
dyu=0 on I x9dQ,
u(0,-) =wup in €,
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Modified Perona-Malik Equation

Data for Perona-Malik Equation

Q C R? - rectangular domain I = [0,7] is a scaling interval
Let g(s) -Lipschitz continuous decreasing function

g(0) =1,0 < g(s) = 0 for s — o0,

G, € C®(R?) -smoothing kernel with compact support K,
Jp2 Go(2)dr =1 Go(x) — 6, for 0 = 0, d,- Dirac function at
point x

Uug € LOO(Q)
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Modified Perona-Malik Equation

Weak solution [CLMC]

u € Lo(I, WH2(Q)) satisfying the identity

T
//ucr;—ftx d:cdt—i—/uo() (0,z) de—
0 Q

Q
//g(lVG(7 s u|)Vu(t,z)Ve(t,z) de dt =0 Vo € U.

U = {p e Ch%([0,T]xQ), Ve.ii = 0on (0,T) x dQ ,(T,.) = 0}.

Existence of unique weak solution - [CLM(]
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Modified Perona-Malik Equation
@000

Numerical approximation

Numerical approximation

Mikula and Ramarosy (2001) [MR]
scale discretization - uniform with constant scale step 7
space approximation - Finite volume method

Angela Handlovitova

Slovak University of Technology, Bratislava

Numerical solutions for image processing problems Part |



Modified Perona-Malik Equation
[e] lele}

Numerical approximation

Scale approximation

i - I
o uniform scale step 7 = Ny

e u" an approximation of u(t,z) at scale t,, = nt
o first time derivative is replaced by the backward difference

un_un—l
T

o modified Perona-Malik equation can be rewritten into the
form of semi-implicit scheme:
n—1
= V.(9(|VGy xu" ) Vu™)

u"—u
I
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Modified Perona-Malik Equation
[e]e] le}

Numerical approximation

Space approximation-finite volume method

@ 75, - uniform mesh of Q with cells p of measure m(p)

o N(p)- set of all neighbours for cell p

@ ey - the common interface of p and ¢ -non-zero measure
m(epq)

o & -the set of all these edges for all volumes p € 7,

@ x, € p - representative point for every p

o For every pair p,q € N(p), =22, is equal to a unit normal

" mg—mp|
vector 1,4 to ey, and oriented from p to ¢

dpq = |zp — 74|
Zpq be the point of ey, intersecting the segment 7,7,
. m(epq)
Tpq == Tf;q.
Approximated solution is piecewise constant function in space

and scale.
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Modified Perona-Malik Equation
[e]e]e] ]

Numerical approximation

L n—1

WUt = V.(g(|]VGo * u" ) Vu™) Integrating the equation on
finite volume p and by application of the divergence theorem we

get the integral formulation

n—1

g_up Z an 1T ( un)
p)

geN(p

O:meuoxd:v

L,
gpd" = 9(IVGo * ltn-1,2pg)|)
where @ is a periodic extension of the discrete image computed in
the n — 1-th scale step.
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Modified Perona-Malik Equation
L o]

Convergence analysis

Stability results

[MR]- Mikula and Ramarosy (2001)
Stability and convergence properties in Lo(Q7)
max Z (ul)zm(p) <y
0<I<Nmax P -
PGTh
Nmax 2

Z k Z m(@pq) <y

_ (p q eg pq
and the constants C1, (s do not depend on the h, T.
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Modified Perona-Malik Equation
oe

Convergence analysis

Convergence [MR]

wp, -finite volume numerical solution This solution is piecewise
constant on each finite volume and in each scale step.
There exists u € L? (Q7) (weak solution of modified Perona-Malik
equation)

Upp — U IN L? (Qr)

as h,m — 0.

Convergence results for explicit scheme Kriva (2003) [Kr]
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Modified Perona-Malik Equation
0

Error estimates

Error estimates Kriva, H (2005) [KrH]

Let the relation between scale and space discretization fulfils
7=Ch,
Then for the error estimates for Perona-Malik weak solution and

numerical solution obtained via finite volume method it holds

Nmaz

//Iu 1, T) = Up g (tnt1,7)|* < Ch

nOIn

2

m—1
Z/Zm(e )d Yo~y 1 /Vu-n < Ch.
P dpq m(epq) P N
€pq
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Modified Perona-Malik Equation
oce

Error estimates

Numerical experiment Kriva (2011) [FVCA 6]

Figure: Image filtering by Perona-Malik model: the original image (left
top) noisy image (right top) and the filtering results after 5, 10, 20 time
steps
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering

Nonlinear tensor diffusion model Weickert (1998)
[W1,W2,W3]

%—V(DVU)ZO, in Qr =1 xQ,

U(JL‘,O) = Uo(l'), n{2,
(DVu)-n=0, onI x 090.
Motivation
The diffusion tensor D steers the smoothing process such that the
diffusion is:
o strong in preferred directions, e.g. along edges (in 2D images)
or along 2D edge surfaces (in 3D images),
@ low in the perpendicular direction.
One can achieve a better connectivity of coherent structures.
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering

Structure tensor

Structure tensor
o ug(z,t) = (G xu(-t))(x), t>0,
o Jp(Vug) = (Gp * (VupVui"))(x), p >0,

a b
on:(b c)'

The structure tensor possesses the eigenvalues 1y > p9o and the
orthogonal eigenvectors v and w.
The orientation of w is identical with the coherence

ki=a, a€(0,1), akl,

e i = pe,
2= a+(1—a)exp(ﬁ), C >0, else
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering

Diffusion tensor

DAt (P ,
B8 v

where
()
A= 1 2 :
V2 U1
k1 O
B =
0 K9
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
000

Numerical discretization

Numerical discretization Drblikovd Mikula (2007)[DM]

Original equation

ou
E—V~(DVU)—0,

Discretization in time (k is uniform time step) - semi-implicit
method finite volume method in space (W is arbitrary finite
volume )

n—1

Uy, —u
VW (W) — Z (D" V™) -y pds = 0,

g oc€fwNEint ©
Uy — u’vlv_l 1 .
T 2 Slum(e) =0,
c€EwNEint
n(,n ~ 1 n—1 n
P (U p,) & mo) L (D IVu™) - nyeds.
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Numerical discretization

ear Tensor Anisotropic Diffusion in Coherence

Enhancing Image Filtering

Five-point scheme

By

W

Es

Ey

Perona-Malik equation

u — V- (9(|VGy * u|)Vu) = 0.

Nine-point scheme

B| B | B
E.| W | Es
Es E; | Eg

Angela Handlovitova

Nonlinear tensor diffusion equation

ug — V- (DVu) = 0.
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
o] o]
Numerical discretization

Diamond-cell finite volume scheme

o o o
TN
Ny,
° Tw o'. ——-> o TE
o
zs
o ° o
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
ooe

Numerical discretization

Semi-implicit finite volume scheme

ult, —ul nom
WkW Z¢Uhk()0,

aeewn&nt
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
[ ]

Convergence analysis

Convergence analysis Drblikova Mikula (2007)[DM]

Convergence analysis
o Lemma 1 (Uniform boundedness) There exists a positive
constant C' such that ||uhv’f||L2(QT) <C.

o Lemma 2(Time translate estimate) For any s € (0,T) there
exists a positive constant C such that
[ (upp (z,t+8) — upy, (1)) dedt < Cs.
Qx(0,T—s)
o Lemma 3 (Space translate estimate) For any vector ¢ € R?
there exists a positive constant C' such that
[ (upg (x4 &,1) — upp (2, 1) dedt < CE .
Qx(0,T)
Theorem
The sequence uy, ,, converges strongly in L?(Qr) to the unique
weak solution u as h, k — 0.
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
[ ]

Error estimates

Drblikova, H., Mikula [DHM] (2009) Error estimate

Theorem

Let the exact solution fulfill the following regularity properties:
Vu e LOO(QT)! U € LQ(QT), (S LQ(I, W2’2(Q)),

Vuy € Lo(I, Loo(£2)). Let e}y, = u(xw, t,) — ufy, and

ez, t) = WZT ey x{x € Wix{tn—1 <t <t,}. Then, there
€/n
exist a constant C, such that for sufficiently small A

/|ehk| dm+2/]ehk—ehk1| da:+2/z no— el 2dt

n=1¢ n=1; "  0€Emn:
<C(h?+k)

for every m =1, ..., Npax-
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Modified Perona-Malik Equation Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering Level set equation
o]

Practical experiment Drblikova (2008)

Top: the original image and the filtered image after 10 time steps.
Bottom: the edge detections of these images.
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Nonlinear Tensor Anisotropic Diffusion in Coherence Enhancing Image Filtering
oce

Practical experiment Drblikova (2008)

Denoising the image using mean curvature
flow problem
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Level set equatior

Level set formulation of the mean curvature flow problem
Sethian Osher (1988), (1996) [S], [OS]

ug — |Vu|V. (;—ZO =0,in Q x [0, 7T
the initial condition
u(z,0) = up(z), a.e. v €,

zero Dirichlet or Neumann boundary conditions
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Level set equatior

Regularized level set equation

Evans-Spruck regularization (1991)[ES]
given small parameter € > 0

Ve?+ | Vul? T\ Ve[ Vu?
|Vul: = /&2 + |[Vu|?

Existence of "viscose solution” of the problem.
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Level set equatior
[ ]
Standard explicit finite difference scheme

Explicit finite difference scheme on rectangular grids

S. Osher and J. A. Sethian,(1988), J. A. Sethian, (1999)
Equation in 2D- case:

2, .2 2, 2
Uy (U + &%) + uyy (uy + ) — 2uguyUyy
u? + u2 + €2

Ut

Discretization- squares with the side of the length A
Unknowns at the n-th time step - u;’

;-
(CR— nooyn
B o e O O S /v o S |
Ti,7 T 2h v Yig T 2h ’
noo oyl noo oy
n o __ u’L—‘,—l,‘] 2uza] + ul_lv] n o __ uz+17.7 2u7’$.] + uz_l’]
Ugzjj = 12 v Uyy; = 2 '

n n n n
R N i W s B e RS Rl SO W RS |
Uy j =

4h? ’
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Level set equatior
[ le]e}

Scheme based on finite volume methodology in 2D

Discretization in time semi-implicit scheme

Uniform discrete time step
_ T
T=N
the time derivative - the backward difference

The nonlinear terms of the equation - previous time step

1 u —ynt _v vu®
|Vur—1|. T - Ve,
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Level set equatio
(o] le}

Scheme based on finite volume methodology in 2D

Space discretization

We can denote p as the finite volume with measure of m(p), eP? as
the edge (face) between two finite volumes p and ¢ and N(p) as
the set of all finite volume neighbors

o by application of the divergence theorem we get the
integral formulation

1 ur—yn 1 _ 1 ou™
J e 4T = > a1l o 48
P gEN (p)ePd
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Level set equatior
[efe] ]

Scheme based on finite volume methodology in 2D

Space discretization in 2D H, Mikula, Sgallari (2003)

. --=PY ]
Aq3 Ly Aq1

2 -union of finite volumes p, x, -representative point in each p
N(p) the set of all nodes ¢ connected to the node p by an edge
opq cardinality N(p) = Np, |zp, — 24| = dpq
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Level set equatior
90000000

Co-volume scheme

Co volume scheme in 2D

Evaluate regularized gradients on each triangle :]Vu%_lle
N(opq) the set of all triangles connected with the edge oy,

cgq =m(T Nopg)

[ S S R .« -
DN DN DN ¢
1N S S I
I N I > I N I
i N N i
I \\\ \\\ \\\
R A U N
N i~ ™~ I
[N [ I I
L N L h L N L
| | N NN
I N NN N

N N
* s DA ]

N

N N N I
L N L L bl L
I I N I N I
1 NI NN AN
L e
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Level set equatior
0@000000

Co-volume scheme

Fully discrete semi implicit co-volume scheme
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Level set equatior
[e]e] lelele]ele

Co-volume scheme

Results H. Mikula, Sgallari (2003) [HMS]

Theorem There exists limit uj of a subsequence u} _, the
solutions of proposed numerical scheme, for ¢ — 0. Moreover for
this solution the following estimates hold:

Il oo () < 1l o)
IVuhllL, @) < ||VU2||L1(Q), 1<n<N
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Level set equatior
[e]e]e] lele]ele

Co-volume scheme

Modified co volume scheme in 2D

Co volume grids
Evaluate gradients on each triangle
m(p) = h?, m(opg) = h, dpg=h

N

N

i

i

k4

£

i

I

i

s N

Kook

i RN i

L L - L

| N

[ N AN NN
I R S -
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Level set equatior
[e]e]e]e] leele
Co-volume scheme

Fully discrete semi implicit modified co-volume scheme

1 1 1 1
a —_— = — ,
- |Vu;lq_1|5 2 |v |a |V |a
gl L L E
p : n—1
|Vup e

1
P 4€N(p) |Vupq |a

where T . T2 € N (o).
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Level set equatior
[e]e]e]e]e] Jele

Co-volume scheme

Fully discrete semi implicit modified co-volume scheme

For example for triangle with points x,, z4,, x,, we have

P‘H

h2
Uy — ug)m(opq) - -
et mp) up 4T > an? ) = bt m(p) up .
9eN(p) p
X1
5k a
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Level set equatio
00000080

Co-volume scheme

Co volume scheme in 3D S.Corsaro, K.Mikula, A.Sarti,
F.Sgallari [CMSS] 2006

~

3D implementation - every cubic voxel is splitted into 6 pyramids. The
neighbouring pyramids of neighbouring voxels are joined together to form
octahedron (diamond cell for the face) which can be itself used to
evaluate gradients of solution on the face or it can be further split into 4
tetrahedras, elements of 3D triangulation on which we can evaluate
nonlinearities depending on gradients.

Angela Handlovi¢ova Slovak University of Technology, Bratislava

Numerical solutions for image processing problems Part |



Level set equatior

Co-volume scheme

Results H., Mikula (2008) [HM]

Theorem: There exists unique solution uj of the numerical
scheme for any value of the regularization parameter ¢ and for any
time step n = 1,..., N. Moreover approximation scheme has
stability and consistency property.
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Level set equatior

Eymard et al finite volume scheme

Eymard, H., Mikula: Regularized mean curvature flow

w=g(Vahai (Focs) =
with the initial condition
u(z,0) = up(z), a.e. €,
and the boundary condition

u(z,t) =0, a.e. (x,t) € 002 x Ry,

For regularized level set equation f(x) = g(z) = min(v22 + a2,b)
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Level set equatior

Eymard et al finite volume scheme

Hypotheses (H)

@ Q is a finite connected open subset of R%, d € N*, with
boundary 0f) defined by a finite union of subsets of
hyperplanes of R?,

Q Uy € H&(Q),
Q@ r € L?(2x]0,T]) for all T > 0,
Q@ g€ C%Ry;[a,b]), with 0 < a < b,

@ fcC°Ry;[a,b]) is a Lipschitz continuous
(non-strictly) increasing function,
and x — x/f(x) is strictly increasing on R .
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Level set equatior

Eymard et al finite volume scheme

Weak solution

Under hypotheses (H), we say that u is a weak solution if, for all
T >0,

Q we L*0,T; HY(2)) and u; € L*(92x]0,T[) (hence
u € C%0,T; L3(R))).

9“(' 0) = ug

[ e+ = iy ) e -

dxdt,
/ /Qg|Vua:t

Yo € L2(0,T; Hi ().
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Level set equatior

Eymard et al finite volume scheme

Eymard et all finite volume method in 2D

h>0 2q—2,=h Ty e L, e

TZNT-T

Q = (0, Nh) x (0, Mh)

(Tp, 7).y

(ToynT)..ccul

M = {all finite volumes p, with representative point x,},

& = { all edges o with representative point x, },

&y is the subset of all o € £ such that o C Op, for all p e M,
N, is the subset of all ¢ € M neighboring to p, for all o € &,
M is the subset of p € M such that o € &,.

Angela Handlovi¢ova Slovak University of Technology, Bratislava

Numerical solutions for image processing problems Part |



Level set equatior

Eymard et al finite volume scheme

Discrete H norm Eymard, Gallouet, Herbin

Hp € RM x R such that u, = 0 for all o € eyt

1
Ny(u)? = I Z gi(ua —up)?, VpEM, Yu€ Hp. (1)

oc&, P9

lulfp = IpINy(u)? ()

pEM
defines a norm on Hp.
Relation on interior edges
ug-i—l _ ug—i—l N ug—i—l _ ug—H o (3)
F(Np(u™)) dpo— f(Ng(u™)) dgo
Vo € Ent with M, = {p,q}, Vn € N, (4)
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Level set equatior

Eymard et al finite volume scheme

Semi-implicit scheme

Integrating regularized level set equation in every finite volume p
and using divergence theorem

Ipl(up ™ — up) 1

P P |U’ n+1 n+1y __
7 g(Np(u™)) f(Np(u™)) Jezgp dpa( P )
T;L—H

—— VpeM, VneN,
7 g(Np(u™))

1

ug = — /uo(w)d:v, Vp € M, (5)
Ipl Jp

(n+1)7
'r‘n+1 = / /T(I,t)dfl?dt, Vp € M, vn S Na (6)
n

T p
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Level set equatio
Eymard et al finite volume scheme

Discrete solutions and terms for fully implicit scheme

n+1

p )
upt! — g

2pr(a,t) = 2—2F,

Np . (z,t) = Np(u"+1),

un—i—l _ un—i—l

Gp(x,t) = dAnpg,
’ dpg

u'D,T(x7 t) =u

n-+1 n—+1
Ug ™ — Uy

Hp - (x,t) =d n,,,
D@ 8) =4 N )y ™
U;H-l _ ug 74;1—1—1

ver ) = T W@ ) el T e
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Level set equatio

Eymard et al finite volume scheme

Convergence result

Let Hypotheses (H) be fulfilled. Let (Dy,, Tm)men be a sequence
of space-time discretizations of 2x]0,7[, such that hp,, and
Tm > 0 tends to 0 as m — oo. Let, for all m € N, up,, ,, be
such that semi implicit or fully implicit scheme hold.

Then there exists a subsequence of (D, T, )men, again denoted
(D Tm)men, and there exists a function

u € L*(0,T; Hi(Q)), weak solution, such that

up,, , tends to @ in L>(0,T; L*(12)),

Np,, -, tends to |Va| in L2(Q2x]0,T]).
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Level set equatio

Eymard et al finite volume scheme

Sketch of the proof

o L stability of up,, ., existence and uniqueness of the
discrete solution

o L?(Q x (0,T)) estimate on discrete u; and estimate
LOO(O, T; HD)Of UD,, , Tm

@ convergence results:
up,, 7y — 4 in L2(Q x (0,T)). uw e L?(0,T; Hi(2))
o Gp,, 1, € L®(0,T; L*2)) Gp,, r,, — Vi weakly in
L%(Q x (0,T))%.
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Level set equatio

Eymard et al finite volume scheme

Sketch of the proof -continuation

Hp,, .. — H and ﬁDm,Tm — H weakly in L2(Q x (0,T))?

°
© Wp,, 7, — W
© zp,, m, — Ut weakly in L2(Q x (0,T)).
°
. Np,, (@, t)°

nlgnoo/ / i NDm,’Tm . t))d xdt = / /H x,t)-Vu(zx,t)dzdt.
o Np,, ., — |Va|in L2(Q x (0,T))
@ passing to the limit in equation
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Level set equatio

Eymard et al finite volume scheme

Example 1 noisy filtering 20 % salt-and-pepper noise

Dimensions of the image are N1 = Ny = 200.
linitial image (top left) filtering by FV after 1, 2, 3 time steps (top), and by the explicit FD after 1, 4, 30 time

steps (bottom).
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Level set equatio

Eymard et al finite volume scheme

Example 2- moving circle

The exact viscosity solution - the characteristic function of
Ry = {(z,y) € R?, 22 + 42 + 2t < 1} (the inside of the circle with
centre (0,0) and radius r(t) = /1 — 2t),[0, T] = [0,0.25].

Initial condition (top left), fully implicit FV with n = 50, n = 250 (top), explicit FD with n = 50, n = 250
(bottom) at time 0.25 (n-number of representation points along one side)

Angela Handlovi¢ova Slovak University of Technology, Bratislava

Numerical solutions for image processing problems Part |



Level set equatio

Generalizations of mean curvature flow equation

Geodesic mean curvature flow equation

Geodesic mean curvature flow equation
(Caselles, Kimmel, Sapiro and Chen, Vemuri, Wang)

Vu
up = |VulV. (g(|VGU * UI)W>

u(0,2) = I°(2),
Neumann boundary conditions
Numerical scheme combines approximation using in Perona-Malik
equation (term with function G) and numerical approximation for
level set equation.
Results: semi- implicit schemes:
Kacur, Mikula 1995
Weickert 1995
using co-volume scheme H. Mikula Sgallari 2003, 2006
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Level set equatio

Generalizations of mean curvature flow equation

Image segmentation

Subjective surface method -Sarti, Malladi, Sethian (2000)
e-regularization of the geodesic mean curvature flow equation

VAP, (gv—> |

Vet + |Vul?

9=9(|VGs = I°))

Numerical analysis for semi imlpicit scheme and space
aproximation by finite volume method- H., Tibensky (2018) [HT]
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Level set equatio

Generalizations of mean curvature flow equation

Image segmentation I

Generalized version with different weigths to advective and
diffusive parts

- K.Mikula., N.Peyriéras, M.Remesikovd, A.Sarti (2008, FVCA5)
and C.Zanella et al.(2010, IEEE TIP)

Vu

up = p1 g|VulV. (|Vu|

> + 2 Vg.Vu
efficient 3D implementations using semi-implicit scheme in
curvature part and up-wind schemes in advective part -
M.Remesikovd, R.Cunderlik, K.Mikula
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Level set equatior

Generalizations of mean curvature flow equation

Video

K. Mikula, R.Cunderlik, O.Drblikov4, M.Remegikova, M.Smigek,
R.Spir
(Bratislava)

P.Bourgine (Paris), N.Peyrieras (Gif-sur-Yvette), A.Sarti (Bologna)

Thank you for your attention!
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