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INCOMPRESSIBLE NAVIER-STOKES PROBLEM WITH VARIABLE DENSITY

UNKNOWNS
¢ p : the density
+ u : the velocity field
+ p: the pressure
EQUATIONS
O(pu) + div(pu ® u) + div (—2nDu + pld) = £, in |0, T[XxQ,
(NS) div(u) =0, in |0, T[x €,
Ocp + div(pu) = 0, in ]0, T[x Q.
with Du = 1(Vu+ 'Vu)
o Q a polygonal open bounded connected subset of R?, T > 0,
o fe (L)) _
o 1€ C?*Q) with 0 < C, <n(@) <Cy, Ve

BOUNDARY CONDITIONS INITIAL CONDITIONS

u =0, on ]0,T[x0f. u(0,.) = Uinit in ,
p(0,.) = pinit > 0 in Q.
CLOSURE TO THE MODEL

/Qp(.,m)dac =0.
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WATER DROP

EXPERIENCE

NUMERICAL SIMULATION
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THE DDFV STRATEGY

p Diamond cells

k* Dual cells

k Primal cells

~ ot = (k) cem ~u™ = (Ui ) e e ~ po = (pp)peo
(o ot =
- ur = (@), ~ po = (po)oes

~~ Discrete operators : V°us and diVT(ED)-
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DISCRETE OPERATORS

DISCRETE GRADIENT V? : (R?)” — (M2(R))®
D *
where { Viur(ze —zc) = ue —ux, ’

D _ 4
UT(Q'/'L* — I)C*) = Ug* — Uic*. l’n@- o=

VPur =
. QmD

(mo(uz — ux) @ fior + Myx (Upx — Ui ) @ pxpex) N,

1
~ DDUT = 5 (VDUT + t(VDuT)) .
~ divPur = TtV ur. Diamond
DISCRETE DIVERGENCE div” : (M2(R))® — (R?)”

. 1 _,
ceM, divee® = —E Mo & Rox.
m
oCOK

DISCRETE DUALITY PROPERTY

[[dingg, ur]r = —(o : Vgu—r)g
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A DISCRETE CONVECTION OPERATOR

ON THE CONTINUOUS LEVEL

/D div(p(z)u(z))de = > /u(s) -1 p(s), Vp €D.

s€cOD Js

ON THE DISCRETE LEVEL, WITH UPWIND FLUXES
dive® : (po,ur) € R® x (]RQ)T — (dive” (po, ur))

e R®

DeD

1
D(p97u7’) = E Fs,‘D
Mp s—p|p’cdD

dive

where

¢ Fs,D = Mms ((us,”D)Jr PD — (Us,D)7 pD’)

U + U
¢ Usp = T s Nsp for s = [il')c,x)c*] S 89,
+ 7 = max(x,0) and = = — min(z, 0) I
. D 1
o diviur=— Z MsUs,p
™MD 5D
o divPus = dive?(

1o, uT)
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PROPERTIES

SCHEME
n—+1 _.n
w22 T PD L Giye® (po,ur) =0.
ot
MAXIMAL PRINCIPLE
ep >0
1 -1 »ontt >0
vt < (Jurlle i = m )
Mp scoD

HOMOGENEOUS STATES ARE PRESERVED

n —
*P = B >pn+1 =1
=

odivPul =0

PROJECTION

1
et = — 3 m(pnk)pptt, Ve em,
MK pedg

1
oot S m(pnk*)pp!, Ve € m*.
MK* DED
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NON-LINEAR TERM

ON THE CONTINUOUS LEVEL

/Kdiv(p( ) 2 ol Z/ ) fac)u(s), Vi €M

occdk
ON THE DISCRETE LEVEL, WITH UPWIND FLUXES

. n+1 71 + n+1 n —_.n+1
dive™ (p5, v, 0 ) = — E ue — (Fe,) ug
UEBK

How to define Fx , ~ / pu -y ?

o

We want F)* , to verify

nlﬁfigti;:fﬁé + j{: =0
ot oedK o

For this we define
, m(pNcL ’ m(pNK
p,=-2200 o g MO0
mp s€dD,sCK mop 5€dD,sCL

(Goudon, Krell, Llobell & Minjeaud, *21)

n
Fsp
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DDFV SCHEME

DDFV SCHEME

Find u}"' € Eo and p4"" € R® such that,

n+1__n+1 n 2
pr — pTuT : +1
i T& + dive” (p5, u’r, ufr )
+ div‘r(—QngDD oAl pi',HId) = f7"—'+17
div@u;-+1 =0, > m optt =0,

DED

ENERGY STABILITY

n+1 n+1 _ n a2
o o I — | RO+ o /A — u)

+C, IVuF I < [ ur Ly

» Existence and uniqueness
(Goudon & Krell, ’14)
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GREEN-TAYLOR VORTEX

Exact solution

ue <— cos(2mx) sin(27ry)62”’>

sin(27x) cos(2my)e 2"

1 _
p= —Z(cos(47rx) + cos(4my))e "
p=1
n=1

T=1and 6t =5.10"3

Stella Krell
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CONVERGENCE RATE

Velocity gradient & Velocity

—O6— Velocity gradient
—— Velocity

Rate : 0.99

107 B 10

Stella Krell

Pressure
10°
i Rate : 1.23
10°t 1
10° :
107 10 10
Mesh size
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VARIABLE DENSITY

Exact solution

B <y cos(t))
"o x cos(t)
p = sin(z) sin(y) sin(¢)
p(r,0,t) = 24 rcos(f — sin(t))

n=1
T =310"2 and 6t = 7,5.107°

Stella Krell

Primal mesh
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CONVERGENCE RATE

Velocity gradient & Velocity Pressure & Density
10" : 107 ;
—&— Velocity gradient
—%— Velocity
10° 0s 1
Rate : 0.95 1072 |
Rate : 1.30
10° 1
Rate : 1.33 .
10 E
107 1
Rate : 0.78
-5 4
10 : 10 :
10° 107 10° 107 10 10°
Mesh size Mesh size
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RAYLEIGH-TAYLOR INSTABILITY

PARAMETER
+Q =]0,0.5[x] — 2,2].

+ pinit(z,y) = 2 + tanh (71"*'0‘10?8?(2”)) ,

¢ Uit = 0,
_ 1

*7 = T000°

+f =(0,—p)

PRIMAL MESH

u-n=20

&
=]}
Il
o O

=0

!l

2nDuil - T = 2nDuii -

u=20
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RAYLEIGH-TAYLOR INSTABILITY
RE = 1000

Density ratio equal to 7.  Density ratio equal to 19.
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OUTLINE

VARIABLE DENSITY

e OUTFLOW BOUNDARY CONDITIONS
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OUTFLOW BOUNDARY CONDITIONS

Computational domain
—
Ty !

Iy

IEEEEEE
[

T'o !

Physical domain

ou+ (u-V)u—div(o(u,p)) = 0; in  Qx[0,T],
div(u) =0 in  Qx[0,7T],
u=g, on I'i x(0,7),
u=0 on T x (0,7),
o, o) %(u R = T s @m T (0T
u(0) = Winst in Q
2
with Uyef, ovef @ reference flow, o(u,p) = = Du — pld.

Re
(Bruneau & Fabrie ’94)
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VARIATIONAL FORMULATION

Let U e V ={¢ € (H'(Q)? ¢|r, =0,¢|r, = 0,div(y) = 0}.

/Qé‘tu~\ll+/ﬂ(u~V)u~\I'
—/Qdiv(a(mp))-\ll =0
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VARIATIONAL FORMULATION

Let U e V ={¢ € (H'(Q)? ¢|r, =0,¢|r, = 0,div(y) = 0}.

/Qé‘tudll—i-%/ﬂ(u-V)uWI/f%/Q(U-V)\I%u
— [ aivtotup) v =5 [ (-du-v

2
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VARIATIONAL FORMULATION

Let U e V ={¢ € (H'(Q)? ¢|r, =0,¢|r, = 0,div(y) = 0}.

/8tu~\P+1/(u-V)u~\I/fl/(u-V)\I%u
Q 2 Ja 2 Ja

+é/§;Du:D\II—/FZ(U(u7p)ﬁ)-\I/:—5'/Fz(u-ﬁ)u-‘ll
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VARIATIONAL FORMULATION

Let U e V ={¢ € (H'(Q)? ¢|r, =0,¢|r, = 0,div(y) = 0}.

/8tu~\I/+l/(u-V)u~\I/fl/(u-V)\I%u
Q 2 Jao 2 Ja
2
+—/Du:D\II—/ o(u, ﬁ-\llz—f/ u-nu-v
=/ [ etwpm v = [ @

with

= 1 - =
U(u7 p)n = _E(u : n) ('l.l - uref) + Orefll
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VARIATIONAL FORMULATION

Let ¥ € V = {¢ € (H'(?)*,¢|r, = 0,9|r, = 0,div(3) = 0}.
1 1
/Qé‘tu-\ll—i—i/ﬂ(uAV)uWI/fi/n(u-V)\IJ-u
2

with

= 1 = =
o(u,p)ii = —i(u 1) (U — Uyer) + Orefid

The variational formulation writes :

/atu q/+—/ ;/Q(u-V)u-\Ilf%/Q(u-V)\I/-u

—*Q/F}“ )t (u- ) + ;/H(wﬁ)*(umf-ww/ (0resi) - W0

2

because z + 2~ =z .
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DDFV VARIATIONAL FORMULATION

/Btu \I/—i—f/ +%/Q(u~V)u~\IJf%/Q(u~V)\IJ-u

= —§/Fz<u-ﬁ>+<u-w>+§/rz<u-ﬁ>-<umf-w>+/ (0resi) -

T2

DDFV VARIATIONAL FORMULATION

n 1 . n
Tv‘leﬂ +ﬂ(D®uTM,DD‘If7)®+§Hd1VC (u7,uy™), O]y
T

. n n 1 n o n o
—iﬂdlch(uT, Ur),u +1]]T = —3 Z (FK70)+ vy (UT+1) -7 (Ur)

DEDextNTa
1 n — T re ref — o
t5 > (FR)TVEE)TE Y maleB )7,
DEDextNl'y DEDextNI'a

» Existence and uniqueness
(Goudon, Krell & Lissoni, ’19)
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DISCRETE ENERGY ESTIMATE

o Let (u™0T] 20,7y ¢ (R*7) NHL & (R®)N+! be the solution of the
DDFV scheme, where u™[07) = ySI[0.71 4 el

» For N > 1, 3C > 0, depending on €, u™f, u;,:;, Re such that :

N-1
Z IV =vip< e, VT <C,
=0
N-1 1
575*8“[)9 Vi3 < ¢, 5t*I|DD 73 <C,
=

S Y (B (v 4w () < C

j=0 DEDext
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CONVERGENCE RESULTS

Exact solution and non-conformal mesh :

»u(t,z,y) = (

»p(t,x,y) = 7%2(4 cos(2mx) + cos(4my)) exp(—10tnm?)

—27 cos(7x) sin(2my) exp(—5ntr?)
wsin(mz) cos(2my) exp(—5ntn?) )’

The final time is T = 0.03 and we set 6t = 3 x 107°.

NbCell Ervel Ratio Ergradvel Ratio Erpre Ratio
64 1.424E-01 - 1.612E-01 - 6.127E+00 -

208 4.095E-02 1.80 7.316E-02 1.14 1.725E400 1.83
736 1.019E-02 2.00 3.489E-02 1.07 5.836E-01 1.56
2752 2.559E-03  1.99 1.710E-02 1.03 1.947E-01 1.58
10624 6.493E-04 1.98 8.474E-03 1.01 6.189E-02 1.65
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SIMULATIONS OF A FLOW IN A PIPE (1/3)

Q/

r, Q T () Do ()

Q

Q=[0,5 x [0,1] — 12118 cells, ' = [0,3] x [0,1] — 8636 cells
Q" =[0,1.5] x [0,1] — 6534 cells

g (z,y) = (6y(10_ y)> on I'y

Urer(2,y) = <6y(10_ y)> on Iy

L 0

with 7 =4 x 1073, 6t = 0,035.
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SIMULATIONS OF A FLOW IN A PIPE (2/3)

Re =100
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SIMULATIONS OF A FLOW IN A PIPE (3/3)

Re = 1000
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PERSPECTIVES

» More numerical tests.
» The proof of the convergence of the scheme.
» Mixture flows with a complex constraint

div(u) = div (%(1 —p)Vp— %) , in 0, T[xQ.

» Improved computation of uyer and oyet

THANK YOU FOR YOUR ATTENTION
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