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Incompressible Navier-Stokes problem with variable density

Unknowns

� ρ : the density
� u : the velocity field
� p : the pressure

Equations

(NS)


∂t(ρu) + div(ρu⊗ u) + div (−2ηDu + pId) = f , in ]0, T [×Ω,

div(u) = 0, in ]0, T [×Ω,

∂tρ+ div(ρu) = 0, in ]0, T [×Ω.

with Du = 1
2
(∇u + t∇u)

Ω a polygonal open bounded connected subset of R2, T > 0,
f ∈ (L2(Ω))2,
η ∈ C2(Ω) with 0 < Cη ≤ η(x) ≤ Cη, ∀x ∈ Ω.

Boundary conditions

u = 0, on ]0, T [×∂Ω.

Closure to the model∫
Ω

p(., x)dx = 0.

Initial conditions

u(0, .) = uinit in Ω,

ρ(0, .) = ρinit ≥ 0 in Ω.
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Water drop

Experience

Numerical simulation
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the DDFV strategy
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K Primal cells K∗ Dual cells D Diamond cells

 uM = (uK)K∈M  uM∗ = (uK∗)K∗∈M∗  pD = (pD)D∈D
 uT = (uM,uM∗),  ρD = (ρD)D∈D

 Discrete operators : ∇DuT and divT (ξD).
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Discrete operators

Discrete gradient ∇D :
(
R2
)T −→ (M2(R))D

where

{
∇DuT (xL − xK) = uL − uK,

∇DuT (xL∗ − xK∗) = uL∗ − uK∗ .

∇DuT =
1

2mD
(mσ(uL − uK)⊗ ~nσK +mσ∗(uL∗ − uK∗)⊗ ~nσ∗K∗) .

 DDuT =
1

2

(
∇DuT +

t(∇DuT )) .
 divDuT = Tr∇DuT .

⊗

⊗

�

�
xL∗

xK∗

xL

xK

~nσK

σ=K|L

σ∗=K∗|L∗
~nσ∗K∗

Diamond

Discrete divergence divT : (M2(R))D −→
(
R2
)T

K ∈M, divKξD =
1

mK

∑
σ⊂∂K

mσξ
D~nσK.

Discrete duality property

JdivT ξD,uT KT = −(ξD : ∇DuT )D
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A discrete convection operator

On the continuous level∫
D

div(ρ(x)u(x))dx =
∑

s∈∂D

∫
s

u(s) · ~n ρ(s), ∀D ∈ D.

On the discrete level, with upwind fluxes

divcD : (ρD,uT ) ∈ RD ×
(
R2
)T 7→ (

divcD(ρD,uT )
)
D∈D ∈ RD

divcD(ρD,uT ) =
1

mD

∑
s=D|D′∈∂D

Fs,D

where

� Fs,D = ms

(
(us,D)+ ρD − (us,D)− ρD′

)
� us,D =

uK + uK∗

2
· ~nsD for s = [xK, xK∗ ] ∈ ∂D,

� x+ = max(x, 0) and x− = −min(x, 0)

� divDuT =
1

mD

∑
s∈∂D

msus,D

� divDuT = divcD(1D,uT )

xK∗

xD

xD′

D′

xL∗ xL

D

xK

s
~nsD
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Properties

Scheme

 
ρn+1
D − ρnD

δt
+ divcD(ρnD,u

n
T ) = 0.

Maximal principle

�ρnD ≥ 0

�δt ≤
(
‖uT ‖∞

1

mD

∑
s∈∂D

ms

)−1 I ρn+1
D ≥ 0

Homogeneous states are preserved

�ρnD ≡ 1

�divDunT = 0
I ρn+1

D ≡ 1

Projection

�ρn+1
K =

1

mK

∑
D∈DK

m(D ∩ K)ρn+1
D , ∀K ∈M,

�ρn+1
K∗ =

1

mK∗

∑
D∈DK∗

m(D ∩ K∗)ρn+1
D , ∀K∗ ∈M∗.

Stella Krell 8/26



Non-linear term

On the continuous level∫
K

div(ρ(x)u(x)⊗ u(x))dx =
∑
σ∈∂K

∫
σ

(ρ(s)u(s) · ~nσK)u(s), ∀K ∈M.

On the discrete level, with upwind fluxes

divcK(ρnD,u
n
T ,u

n+1
T ) =

1

mK

∑
σ∈∂K

(FnK,σ)+un+1
K − (FnK,σ)−un+1

L

How to define FK,σ ∼
∫
σ

ρu · ~nσK ?

We want FnK,σ to verify

mK
ρn+1
K − ρnK
δt

+
∑
σ∈∂K

FnK,σ = 0.

For this we define xK∗

xL

σ

xK

xL∗D sK,K∗ = [xKxK∗]

D ∩ K

FnK,σ = −m(D ∩ L)

mD

∑
s∈∂D,s⊂K

Fns,D +
m(D ∩ K)

mD

∑
s∈∂D,s⊂L

Fns,D

(Goudon, Krell, Llobell & Minjeaud, ’21)
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DDFV Scheme

DDFV scheme

Find un+1
T ∈ E0 and pn+1

D ∈ RD such that,

ρn+1
T un+1

T − ρnT unT
δt

+ divcT (ρnD,u
n
T ,u

n+1
T )

+ divT (−2ηDDDun+1
T + pn+1

D Id) = fn+1
T ,

divDun+1
T = 0,

∑
D∈D

mDp
n+1
D = 0,

Energy stability

1

2δt
‖
√
ρn+1
T un+1

T ‖2T −
1

2δt
‖
√
ρnT u

n
T ‖2T +

1

2δt
‖
√
ρnT (un+1

T − unT )‖2T

+Cη|||∇
Dun+1
T |||22 ≤ Jfn+1

T ,un+1
T KT .

IExistence and uniqueness
(Goudon & Krell, ’14)
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Green-Taylor vortex

Exact solution

u =

(
− cos(2πx) sin(2πy)e−2tη

sin(2πx) cos(2πy)e−2tη

)

p = −1

4
(cos(4πx) + cos(4πy))e−4tη

ρ = 1

η = 1

T = 1 and δt = 5.10−3

Primal mesh
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Convergence rate

Velocity gradient & Velocity Pressure
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Stella Krell 12/26



Variable density

Exact solution

u =

(
−y cos(t)

x cos(t)

)
p = sin(x) sin(y) sin(t)

ρ(r, θ, t) = 2 + r cos(θ − sin(t))

η = 1

T = 3.10−2 and δt = 7, 5.10−5

Primal mesh
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Convergence rate

Velocity gradient & Velocity Pressure & Density
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Rayleigh-Taylor instability

Parameter

�Ω =]0, 0.5[×]− 2, 2[.

�ρinit(x, y) = 2 + tanh
(
y+0.1 cos(2πx)

0.01

)
,

�uInit ≡ 0,

�η = 1
1000

,

� f = (0,−ρ)

Primal mesh

u = 0

u = 0

u · ~n = 0

2ηDu~n · ~τ = 0

u · ~n = 0

2ηDu~n · ~τ = 0
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Rayleigh-Taylor instability
Re = 1000

Density ratio equal to 7. Density ratio equal to 19.
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Outflow boundary conditions

Physical domain

Computational domain

Γ1 Γ2

Γ0

Γ0



∂tu + (u · ∇)u− div(σ(u, p)) = 0; in Ω× [0, T ],

div(u) = 0 in Ω× [0, T ],

u = g1 on Γ1 × (0, T ),

u = 0 on Γ0 × (0, T ),

σ(u, p)~n +
1

2
(u · ~n)−(u− uref)= σref~n on Γ2 × (0, T )

u(0) = uinit in Ω

with uref, σref : reference flow, σ(u, p) =
2

Re
Du− pId.

(Bruneau & Fabrie ’94)
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Variational formulation

Let Ψ ∈ V = {ψ ∈ (H1(Ω))2, ψ|Γ1 = 0, ψ|Γ0 = 0, div(ψ) = 0}.

∫
Ω

∂tu ·Ψ +

∫
Ω

(u · ∇)u ·Ψ

1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

−
∫

Ω

div(σ(u, p)) ·Ψ = 0

−1

2

∫
Γ2

(u · ~n)u ·Ψ
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Variational formulation

Let Ψ ∈ V = {ψ ∈ (H1(Ω))2, ψ|Γ1 = 0, ψ|Γ0 = 0, div(ψ) = 0}.

∫
Ω

∂tu ·Ψ +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

−
∫

Ω

div(σ(u,p)) ·Ψ = −1

2

∫
Γ2

(u · ~n)u ·Ψ
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Variational formulation

Let Ψ ∈ V = {ψ ∈ (H1(Ω))2, ψ|Γ1 = 0, ψ|Γ0 = 0, div(ψ) = 0}.

∫
Ω

∂tu ·Ψ +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

+
2

Re

∫
Ω

Du : DΨ−
∫

Γ2

(σ(u, p)~n) ·Ψ = −1

2

∫
Γ2

(u · ~n)u ·Ψ
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Variational formulation

Let Ψ ∈ V = {ψ ∈ (H1(Ω))2, ψ|Γ1 = 0, ψ|Γ0 = 0, div(ψ) = 0}.

∫
Ω

∂tu ·Ψ +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

+
2

Re

∫
Ω

Du : DΨ−
∫

Γ2

(σ(u, p)~n) ·Ψ = −1

2

∫
Γ2

(u · ~n)u ·Ψ

with

σ(u, p)~n = −1

2
(u · ~n)−(u− uref) + σref~n
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Variational formulation

Let Ψ ∈ V = {ψ ∈ (H1(Ω))2, ψ|Γ1 = 0, ψ|Γ0 = 0, div(ψ) = 0}.

∫
Ω

∂tu ·Ψ +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

+
2

Re

∫
Ω

Du : DΨ−
∫

Γ2

(σ(u, p)~n) ·Ψ = −1

2

∫
Γ2

(u · ~n)u ·Ψ

with

σ(u, p)~n = −1

2
(u · ~n)−(u− uref) + σref~n

The variational formulation writes :∫
Ω

∂tu ·Ψ +
2

Re

∫
Ω

D(u) : D(Ψ) +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

= −1

2

∫
Γ2

(u · ~n)+(u ·Ψ) +
1

2

∫
Γ2

(u · ~n)−(uref ·Ψ) +

∫
Γ2

(σref~n) ·Ψ

because x+ x− = x+.
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DDFV variational formulation

∫
Ω

∂tu ·Ψ +
2

Re

∫
Ω

D(u) : D(Ψ) +
1

2

∫
Ω

(u · ∇)u ·Ψ− 1

2

∫
Ω

(u · ∇)Ψ · u

= −1

2

∫
Γ2

(u · ~n)+(u ·Ψ) +
1

2

∫
Γ2

(u · ~n)−(uref ·Ψ) +

∫
Γ2

(σref~n) ·Ψ

DDFV variational formulation

s
un+1
T − unT
δt

,ΨT

{

T
+

2

Re
(DDun+1

T ,DDΨT )D+
1

2
JdivcT (unT ,u

n+1
T ),ΨT KT

−1

2
JdivcT (unT ,ΨT ),un+1

T KT = −1

2

∑
D∈Dext∩Γ2

(FnK,σ)+ γσ(un+1
T ) · γσ(ΨT )

+
1

2

∑
D∈Dext∩Γ2

(FnK,σ)−γσ(uref
T )·γσ(ΨT )+

∑
D∈Dext∩Γ2

mσ(σref
D ~n)·γσ(ΨT ).

IExistence and uniqueness
(Goudon, Krell & Lissoni, ’19)
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Discrete energy estimate

�Let (uT,[0,T ], pD,[0,T ]) ∈
(
(R2)T

)N+1 × (RD)N+1 be the solution of the

DDFV scheme, where uT,[0,T ] = vT,[0,T ] + uref
T .

I For N > 1, ∃C > 0, depending on Ω,uref,uinit,Re such that :

N−1∑
j=0

‖vj+1
T − vjT ‖22 ≤ C, ‖vNT ‖22 ≤ C,

N−1∑
j=0

δt
1

Re
‖DDvj+1

T ‖22 ≤ C, δt
1

Re
‖DDvNT ‖22 ≤ C,

N−1∑
j=0

δt
∑
D∈Dext

(FK,σ(vjT + uref
T ))+(γσ(vj+1

T ))2 ≤ C.
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Convergence results

Exact solution and non-conformal mesh :

Iu(t, x, y) =

(
−2π cos(πx) sin(2πy) exp(−5ηtπ2)
π sin(πx) cos(2πy) exp(−5ηtπ2)

)
,

I p(t, x, y) = −π
2

4
(4 cos(2πx) + cos(4πy)) exp(−10tηπ2)

The final time is T = 0.03 and we set δt = 3× 10−5.

NbCell Ervel Ratio Ergradvel Ratio Erpre Ratio

64 1.424E-01 - 1.612E-01 - 6.127E+00 -
208 4.095E-02 1.80 7.316E-02 1.14 1.725E+00 1.83
736 1.019E-02 2.00 3.489E-02 1.07 5.836E-01 1.56
2752 2.559E-03 1.99 1.710E-02 1.03 1.947E-01 1.58
10624 6.493E-04 1.98 8.474E-03 1.01 6.189E-02 1.65
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Simulations of a flow in a pipe (1/3)

0.3

0.3

Ω

Ω′
Ω′′

Γ2(Ω′′) Γ2(Ω′)Γ1

Ω = [0, 5]× [0, 1]→ 12118 cells, Ω′ = [0, 3]× [0, 1]→ 8636 cells

Ω′′ = [0, 1.5]× [0, 1]→ 6534 cells

g1(x, y) =

(
6y(1− y)

0

)
on Γ1

uref(x, y) =

(
6y(1− y)

0

)
on Γ2

σref(u, p) · ~n =

(
0

6η(1− 2y)

)
on Γ2

with η = 4× 10−3, δt = 0, 035.
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Simulations of a flow in a pipe (2/3)

Re = 100

Stella Krell 24/26



Simulations of a flow in a pipe (3/3)

Re = 1000
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Perspectives

IMore numerical tests.

IThe proof of the convergence of the scheme.

IMixture flows with a complex constraint

div(u) = div

(
φ̄

η
(1− ρ)∇p− ∇ρ

η

)
, in ]0, T [×Ω.

I Improved computation of uref and σref

Thank you for your attention
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