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Introduction
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Goal

Consider the incompressible Navier-Stokes problem:
∂tu+ (u · ∇)u− div(σ(u, p)) = f in Ω× [0,T ],

div(u) = 0 in Ω× [0,T ],

u = 0 on ∂Ω× [0,T ],

u(0) = uinit in Ω,

with σ(u, p) =
2

Re
Du− pId and Du =

1

2
(∇u+ t∇u).

⇝ develop a non-overlapping iterative Schwarz algorithm with DDFV schemes
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Example of Domain Decomposition algorithm

Limit problem:

Schwarz iterates:
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Historical background

▶Laplace problem:
♦Schwarz (1870) → overlapping
♦Lions (1990) → non-overlapping

▶ Isotropic diffusion :
♦Achdou-Japhet-Nataf-Maday (2002), Cautrès-Herbin-Hubert (2004), ...

▶Anisotropic diffusion :
♦Gander-Halpern-Hubert-Krell (2018)

▶Advection-diffusion-reaction :
♦Gander-Halpern (2007), Halpern-Hubert (2014)

▶Navier-Stokes equations :
♦Finite differences : Blayo-Cherel-Rousseau (2016)
♦Finite elements : Lube-Müller-Otto (2001), Girault-Rivière-Wheeler (2005) ...

⇓
incompressibility constraint, local interface conditions

take convection into account, no restriction on Reynolds

6



Historical background

▶Laplace problem:
♦Schwarz (1870) → overlapping
♦Lions (1990) → non-overlapping

▶ Isotropic diffusion :
♦Achdou-Japhet-Nataf-Maday (2002), Cautrès-Herbin-Hubert (2004), ...

▶Anisotropic diffusion :
♦Gander-Halpern-Hubert-Krell (2018)

▶Advection-diffusion-reaction :
♦Gander-Halpern (2007), Halpern-Hubert (2014)

▶Navier-Stokes equations :
♦Finite differences : Blayo-Cherel-Rousseau (2016)
♦Finite elements : Lube-Müller-Otto (2001), Girault-Rivière-Wheeler (2005) ...

⇓
incompressibility constraint, local interface conditions

take convection into account, no restriction on Reynolds

7



Discrete Duality Finite Volume method
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DDFV meshes

Primal mesh

⇝ uM = (uK)K∈M

Dual mesh

⇝ uM
∗
= (uK∗ )K∗∈M∗

Diamond mesh

⇝ ∇DuT , pD
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Our unknowns are:
uT = (uM, uM

∗
) and pD
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DDFV operators(1/2)

Discrete gradient

The operator ∇D : (R2)T 7→ (M2(R))D where

∇DuT(xL − xK) = uL − uK,

∇DuT(xL∗ − xK∗ ) = uL∗ − uK∗ .

∇DuT =
1

2mD
[mσ(uL − uK)⊗ n⃗σK +mσ∗ (uL∗ − uK∗ )⊗ n⃗σ∗K∗ ] .

[S. Krell, Stabilized DDFV schemes for the incompressible Navier-Stokes equations, 2011]

⇝ divDuT = Tr(∇DuT).

⇝ DDuT =
∇DuT +t (∇DuT)

2
.

⇝ σD(uT, pD) =
2

Re
DDuT−pDId.

⊗

⊗

⊠

⊠
xL∗

xK∗

xL

xK

n⃗σK

σ= K|L

σ∗ = K∗|L∗

n⃗σ∗K∗
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DDFV operators (2/2)

Discrete divergence

divT : ξD ∈ (M2(R))D 7→ divTξD ∈ (R2)T where:

divKξD =
1

mK

∑
σ⊂∂K

mσξ
Dn⃗σK, ∀K ∈ M

divK
∗
ξD =

1

mK∗

∑
σ∗⊂∂K∗

mσ∗ξDn⃗σ∗K∗ , ∀K∗ ∈ M∗ ∪ ∂M∗

Discrete duality property

▶ On the continuous level:

∫
Ω
divξ · u = −

∫
Ω
ξ : ∇u+

∫
∂Ω

ξn⃗ · u

▶ On the discrete level:

[[divTξD, uT]]T = −(ξD : ∇DuT)D + (γD(ξD )⃗n, γT(uT))∂Ω

[S. Krell, Stabilized DDFV schemes for the incompressible Navier-Stokes equations, 2011]

Brezzi-Pitkäranta stabilization term

∆DpD =
1

mD

∑
s=D|D′∈ED

d2D + d2
D′

d2D
(pD

′
− pD) ∀D ∈ D
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DDFV discretization for Navier-Stokes problem with
B-schemes
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DDFV for Navier-Stokes : (P)

At each time step we solve:

mK

uK − ūK

δt
+

∑
σ⊂∂K

mσFσK = mKfK ∀K ∈ M

mK∗
uK∗ − ūK∗

δt
+

∑
σ∗⊂∂K∗

mσ∗Fσ∗K∗ = mK∗ fK∗ ∀K∗ ∈ M∗

divD(uT)− βh2T∆
DpD = 0 ∀D ∈ D

with u∂M = u∂M
∗
= 0 and

∑
D∈D mDpD = 0 .

⊗

⊗

⊠

⊠
xL∗

xK∗

xL

xK
n⃗σK

σ= K|L

The fluxes are a sum of a ”diffusion”and a ”convection” term:

mσFσK = mσ(Fd
σK + Fc

σK) ≈
∫
σ
σ(u, p) · n⃗+

∫
σ
(u · n⃗)u

▶The diffusion fluxes: mσFd
σK = −mσσ

D(uT, pD) n⃗σK.

▶The convection fluxes, with B : R → R+:

mσFc
σK = mσFσK

(
uK + uL

2

)
+mσB (FσK) (uK − uL),

[C. Chainais, J. Droniou, Finite volume schemes for non-coercive elliptic problems with neumann boundary conditions, 2011]
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δt
+

∑
σ⊂∂K

mσFσK = mKfK ∀K ∈ M

mK∗
uK∗ − ūK∗
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Well-posedness of (P)

Theorem (Well-posedness)

Let β > 0.
Assume that B be is an even Lipschitz continuous function such that B(s) ≥ 0,
∀s ∈ R. Then the scheme (P) is well-posed.

▶ If B(s) = 0 ⇒ centered discretization

▶ If B(s) = 1
2
|s| ⇒ upwind discretization

Generalization of the result of [S. Krell, Stabilized DDFV schemes for the
incompressible Navier-Stokes equations, 2011]
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Non-overlapping DDFV Schwarz algorithm for
Navier-Stokes problem
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The Navier-Stokes problem

▶ Find u : ΩT → R2 and p : ΩT → R such that:{
∂tu+ (u · ∇)u− div(σ(u, p)) = f in ΩT = Ω× [0,T ]

div(u) = 0 in ΩT

with T > 0, u = 0 on ∂Ω, u0 = uinit ∈ (L∞(Ω))2 .

▶ Domain decomposition:

Ω1 Ω2

Γ

Ω = Ω1 ∪ Ω2

▶ Transmission conditions on Γ, ℓ iteration index:

σ(uℓj , p
ℓ
j ) · n⃗j −

1

2
(uℓj · n⃗j )(u

ℓ
j ) + λuℓj

= σ(uℓ−1
i , pℓ−1

i ) · n⃗i −
1

2
(uℓ−1

i · n⃗i )(uℓ−1
i ) + λuℓ−1

i

div(uℓj ) + αpℓj = −div(uℓ−1
i ) + αpℓ−1

i

where n⃗j is the outer normal to Ωj , λ, α > 0.
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DDFV on composite meshes

xK∗

xK2 xK2

Γ

Ω = Ω1 ∪ Ω2

Γ

xK1
xK∗ xK∗ΨK∗

xL∗

xL xL

xL∗ΨL∗

xK1

Ω1 Ω2

Γ

xL∗

DDFV meshes.

[M.J. Gander L. Halpern, F. Hubert, S. Krell, Optimized Schwarz Methods for Anisotropic Diffusion with DDFV discretizations, 2018]
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DDFV scheme for the subdomain problem

We define the DDFV discretization for the transmission conditions, to which we refer
by

LTj ,µ

Ωj ,Γ
(uTj

, pDj
,ΨTj

, fT, hTj
, gDj

) = 0
Ωj

Γ

the following system:



mK

uK − ūK

δt
+

∑
σ⊂∂K

mσFσK = mKfK ∀K ∈ Mj

mK∗
uK∗ − ūK∗

δt
+

∑
σ∗⊂∂K∗

mσ∗Fσ∗K∗ = mK∗ fK∗ ∀K∗ ∈ M∗
j

mK∗
uK∗ − ūK∗

δt
+

∑
σ∗⊂∂K∗

mσ∗Fσ∗K∗ +m∂Ω∩∂K∗ΨK∗ = mK∗ fK∗ ∀K∗ ∈ ∂M∗
j,Γ

divD(uT)− βh2T∆
DpD = 0 ∀D ∈ Dj \DΓ

j

with u∂Mj,D = 0 and u∂M
∗
j,D = 0, plus the transmission conditions on Γ.

uL∗

uK∗

uL

ΨK∗

ΨL∗

pD
uK
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Transmission conditions

▶Transmission conditions on Γ at the continuous level:

σ(u, p) · n⃗−
1

2
(u · n⃗)u+ λu = h

div(u) + αp = g

▶Discrete transmission conditions :

−FσK +
1

2
FσKuL + λuL = hL ∀σ ∈ ∂Mj,Γ

−ΨK∗ +
1

2
(ūK∗ · n⃗σK) uK∗ + λuK∗ = hK∗ ∀K∗ ∈ ∂M∗

j,Γ

divD(uT)− βh2T∆
DpD + αpD = gD ∀D ∈ DΓ

j

with λ, α > 0 and the flux:

mσFσK = −mσσ
D(uT, pD) n⃗σK︸ ︷︷ ︸
mσFd

σK

+mσFσK

(
uK + uL

2

)
+mσB (FσK) (uK − uL)︸ ︷︷ ︸

mσFc
σK

,

uL∗

uK∗

uL

ΨK∗

ΨL∗

pD
uK

Theorem

The scheme LTj ,µ

Ωj ,Γ
(uTj

, pDj
,ΨTj

, fT, hTj
, gDj

) = 0 is well-posed.
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Iterative domain decomposition solver

1 Choose h0Tj
∈ R∂Mj,Γ∪∂M∗

j,Γ and g0
Dj

∈ RDj .

2 Compute (uℓTj
, pℓDj

,Ψℓ
Tj
) ∈ RTj × RDj × R∂M∗

j,Γ solution to

LTj ,µ

Ωj ,Γ
(uℓTj

, pℓDj
,Ψℓ

Tj
, fTj

, hℓ−1
Tj

, gℓ−1

DΓ
j

) = 0.

3 Compute the new values of hℓTJ
and of gℓ

DΓ
j

by:

hℓLj = F̃ℓ
σKi

−
1

2
FσKi u

ℓ
Li

+ λ uℓLi , ∀Lj ∈ ∂Mj,Γ

hℓ
K∗j

= Ψℓ
K∗i

−
1

2
(ūK∗i

· n⃗σK) u
ℓ
K∗i

+ λ uℓ
K∗i
, ∀K∗j ∈ ∂M∗

j,Γ

gℓ
Dj

=
1

mDj

(
−mDi divDi (uℓTi

) + βmDi h
2
T∆

Di pℓDi
+ αmDi p

ℓ
Di

)
, ∀Dj ∈ DΓ

j

uL∗j

uK∗j

uLj

ΨK∗j

ΨL∗j

pDjuKj

Ωj Ωi
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Convergence study of the First Schwarz algorithm

Let (S) be the First Schwarz algorithm. Then:

(S) ℓ→∞−−−−−→ (P̃)

where (P̃) is problem (P) with modified fluxes on the interface:

•mσF̃σK = −mσσ
D(uT, pD) n⃗σK︸ ︷︷ ︸
mσFd

σK

+mσFσK

(
uK + uL

2

)
+mσB̃ (FσK) (uK − uL)︸ ︷︷ ︸

mσF̃c
σK

•mσ∗ F̃σ∗K∗= −mσ∗σD(uT, pD) n⃗σ∗K∗︸ ︷︷ ︸
mσ∗Fd

σ∗K∗

+mσ∗Fσ∗K∗

(
uK∗ + uL∗

2

)
+mσ∗ B̃ (Fσ∗K∗ ) (uK∗ − uL∗ )︸ ︷︷ ︸

mσ∗ F̃c
σ∗K∗

Theorem (Convergence of the First Schwarz algorithm)

♦Suppose mD = 2mDi = 2mDj .
▶The solution of the First DDFV Schwarz algorithm (S) converges when ℓ → ∞ to

the solution of the DDFV scheme (P̃) on Ω .

[T. Goudon, S. Krell, G. Lissoni, Convergence study of a DDFV scheme for the Navier- Stokes equations arising in the domain
decomposition setting, 2020]
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Convergence study of the Second Schwarz algorithm

Let (S̄) be the second Schwarz algorithm. Then:

(S̄) ℓ→∞−−−−−→ (P)

where (S̄) is algorithm (S) with modified fluxes on the interface:

•mσF̄σK = −mσσ
D(uT, pD) n⃗σK︸ ︷︷ ︸
mσFd

σK

+mσFσK

(
uK + uL

2

)
+mσB̄ (FσK) (uK − uL)︸ ︷︷ ︸

mσF̄c
σK

•mσ∗ F̄σ∗K∗ = −mσ∗σD(uT, pD) n⃗σ∗K∗︸ ︷︷ ︸
mσ∗Fd

σ∗K∗

+mσ∗Fσ∗K∗

(
uK∗ + uL∗

2

)
︸ ︷︷ ︸

mσ∗ F̄c
σ∗K∗

Theorem (Convergence of the Second Schwarz algorithm)

♦Suppose mD = 2mDi = 2mDj .

▶The solution of the Second DDFV Schwarz algorithm (S̄) converges when ℓ → ∞
the solution of the classical DDFV scheme (P) on Ω, with the choice B = 1

2
|s| on the

primal mesh and B = 0 on the dual mesh.
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Numerical results
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Numerical tests

We consider the following exact solutions to the Navier-Stokes problem:

u(t, x , y) =

(
−2π cos(πx) sin(2πy) exp(−5ηtπ2),
π sin(πx) cos(2πy) exp(−5ηtπ2)

)
,

p(t, x , y) = −
π2

4
(4 cos(2πx) + cos(4πy)) exp(−10tηπ2).

The algorithms, in all the following simulations, are initialized with initial random
guesses h0Tj

and g0
Dj

for j = 1, 2. The time step is δt = 10−4 and B = 1
2
|s|.

As a stopping criterion, we impose:

max
(
∥eℓTj

∥2, ∥Πℓ
Dj

∥2
)
< 10−6

Mesh11. Mesh21.
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Convergence of the algorithms

▶(S) and (S̄) have the same behavior → Focus on (S)

▶The convergence is influenced by:

♦ Value of λ

♦ Value of α

♦ Value of β

♦ Mesh geometry

Fix α = 1, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5
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100

101

102

103

λ=5, α=1

λ=10, α=1

λ=100, α=1

λ=200, α=1

λ=400, α=1

λ=600, α=1

→ λopt = 200

Fix λ = 100, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5

10−4

10−3

10−2

10−1

100

101

102

103

λ=100, α=0.01

λ=100, α=0.25

λ=100, α=0.5
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Convergence of the algorithms

▶(S) and (S̄) have the same behavior → Focus on (S)

▶The convergence is influenced by:

♦ Value of λ

♦ Value of α

♦ Value of β

♦ Mesh geometry

Fix α = 1, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5

10−4

10−3

10−2

10−1

100

101

102

103

λ=5, α=1

λ=10, α=1

λ=100, α=1

λ=200, α=1

λ=400, α=1

λ=600, α=1

→ λopt = 200

Fix λ = 100, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5

10−4

10−3

10−2

10−1

100

101

102

103

λ=100, α=0.01

λ=100, α=0.25

λ=100, α=0.5

λ=100, α=1

λ=100, α=10

λ=100, α=50

→ αopt = 0.25

34



Convergence of the algorithms

▶(S) and (S̄) have the same behavior → Focus on (S)

▶The convergence is influenced by:

♦ Value of λ

♦ Value of α

♦ Value of β

♦ Mesh geometry

Fix α = 1, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5

10−4

10−3

10−2

10−1

100

101

102

103

λ=5, α=1

λ=10, α=1

λ=100, α=1

λ=200, α=1

λ=400, α=1

λ=600, α=1

→ λopt = 200

Fix λ = 100, β = 10−1, and Mesh11

0 100 200 300 400 500 600 700 800 900 1,000
10−5

10−4

10−3

10−2

10−1

100

101

102

103

λ=100, α=0.01

λ=100, α=0.25

λ=100, α=0.5

λ=100, α=1

λ=100, α=10

λ=100, α=50

→ αopt = 0.25

35



Comparison on mesh refinement

Optimization of λ and α on (Mesh1m)m, m = 1, 2, 3, 4 :
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λ 152.36 293.36 404.63 929.36
α 0.5 0.5 0.5 0.6
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Simulation of a flow in a pipe

Left domain → 4464 cells. Right domain → 4096 cells.

▶ Initial condition: uinit = (0, 0)
▶Time-dependent inflow on x = 0 and outflow on x = 2.2 is:

g1 = 0.41−2 sin(πt/8)(6y(0.41− y), 0).

▶Stopping criterion :

max
(
∥eℓTj

∥2, ∥Πℓ
Dj

∥2
)
< 10−3

▶η = 10−3m2s−1, δt = 0.0016
▶0 ≤ Re(t) ≤ 100
▶λ = 200, α = 1, β = 0.01
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Velocity profile comparison

First component of the velocity solution to the Navier-Stokes problem on Ω:

▶Limit problem (P̃), at T = 2s.

▶Schwarz algorithm (S) with B = 0, at T = 2s.
Convergence in 299 iterations (with λ = 200, α = 1, β = 0.01).
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Velocity profile comparison

First component of the velocity solution to the Navier-Stokes problem on Ω:

▶Limit problem (P̃), at T = 2s.

▶Schwarz algorithm (S) with B = 0, at T = 2s.
Convergence in 107 iterations (with λ = 50, α = 0.5, β = 0.01).
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Velocity profile comparison

First component of the velocity solution to the Navier-Stokes problem on Ω:

▶Limit problem (P̃), at T = 6s.

▶Schwarz algorithm (S) with B = 0, at T = 6s.
Convergence in 377 iterations (with λ = 200, α = 1, β = 0.01).
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Velocity profile comparison

First component of the velocity solution to the Navier-Stokes problem on Ω:

▶Limit problem (P̃), at T = 6s.

▶Schwarz algorithm (S) with B = 0, at T = 6s.
Convergence in 178 iterations (with λ = 50, α = 0.5, β = 0.01).
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Velocity profile comparison - multi domains

▶Schwarz algorithm (S) with B = 0, at T = 6s.
Convergence in 300 iterations (with λ = 200, α = 1, β = 0.01).

▶Schwarz algorithm (S) with B = 0, at T = 6s.
Convergence in 482 iterations (with λ = 200, α = 1, β = 0.01).

We compare the number of iterations at convergence at T = 6s between the case of
2, 4 and 5 subdomains :

♯ subdomains 2 4 5

♯ iterations 377 482 663
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Drag and lift coefficients

cd,max = 2.9985, cSchwd,max = 2.9999, c refd,max = 2.9775
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Drag and lift coefficients

cl,max = 0.5183, cSchwl,max = 0.5100, c refl,max = 0.5442
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Conclusions and Perspectives
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▶ Conclusions

general discretization of the Navier-Stokes problem
design of transmission conditions
design of two iterative solvers
convergence of the algorithms
numerical experiments

▶ Perspectives

analysis and theoretical optimization of the parameters
more numerical tests

Grazie per l’attenzione!
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Brezzi-Pitkäranta stabilization

Brezzi-Pitkaranta stabilization term

∆DpD =
1

mD

∑
s=D|D′∈ED

d2D + d2
D′

d2D
(pD

′
− pD) ∀D ∈ D

∫
D

∆p =
∑

s=D|D′∈ED

∫
s
∇p·⃗nsD

∫
D

∆p ∼
∑

s=D|D′∈ED

ms
p(xD′ )− p(xD)

dD′,D∫
D

∆p ∼
∑

s=D|D′∈ED

(p(xD′ )−p(xD))
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Non linear convection term

To discretize : ∫
σ
(un · n⃗σK)u

n+1

We impose:

FσK(u
n) = −

∑
s∈SK∩ED

Gs,D(u
n) if σ ∈ E

where

Gs,D(u
n) = ms

unK + un
K∗

2
· n⃗sD ⇝

∫
s
un · n⃗sD.

We have conservativity:

FσK = −FσL, ∀σ = K|L

⊗

⊗

⊠

⊠
xL∗

xK∗

xL

xK

s = [xK, xK∗ ]

n⃗σK

σ= K|L
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Comparison between First and Second algorithm

First Schwarz algorithm, (S):
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Comparison between First and Second algorithm

Second Schwarz algorithm, (S̄):
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Influence on λ of β and the mesh type

Optimization of λ on Mesh21:
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Influence on λ of δt

Optimization of λ for α = 1, β = 10−1 with different time steps:
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