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Presentation Overview
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General Equation

r:[0,1] — R
u— x(u)

(1
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General Equation

r:[0,1] — R?
u— x(u)
OX _ kN +A[(Xo — x) - NIN + oF 2)
- | +A[(Xo —x)-NJN +a

diffusion term

e § > 0 constant, k curvature, N unit normal vector
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General Equation

r:[0,1] — R
OAT=E
u— x(u)
ax - - - —
5¢ = “OKN+A[(X0 —X) - NIN 4T (2)

attracting term

e § > 0 constant, k curvature, N unit normal vector
e )\ > 0 constant,Xg initial condition,(Xo — X) smooth function, -
scalar product
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General Equation

r:[0,1] — R?

u— x(u)
OX _ _5kN + A NN 7 2
E—— + [(Xo—X)' ] + o ()

tangential velocity

e § > 0 constant, k curvature, N unit normal vector

® )\ > 0 constant,Xg initial condition,(Xo — X) smooth function, -
scalar product

e o tangential velocity, T unit tangent vector
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Attracting term

481
Fix a point
X = X(u) € I'y, then

478

4.76

(Xo — X)(u) = arg min|v], <7}
VEXu

3)

4.72

I I I I
2.85 29 295 3 3.05

where
Xu={X€R?:v=x0(q) — X(u),q € [0,1]} 4)
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
The curve is discretized to a set of points: Xg, X1, ..., Xpq1.
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
The curve is discretized to a set of points: Xg, X1, ..., Xpq1.

e Let s be the unit arc-length
parametrization.

Xo Xn+1
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
The curve is discretized to a set of points: Xg, X1, ..., Xpq1.

e Let s be the unit arc-length
parametrization.
x % e Define T=xsand N = x¢
suchthatTAN = —1.

Xo Xn+1
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
The curve is discretized to a set of points: Xg, X1, ..., Xpq1.

e Let s be the unit arc-length
parametrization.
Pt * Define T=xsand N = x¢
/ suchthatTAN = —1.
e From the Frenet-Serret
formulas we get Ts = —kN.
Then

Xo Xn+1

—kN == Ts = (XS)S == XSS‘
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Numerical Discretization
Intrinsic form of the PDE

Consider x; = —0kN + AwN + T, where w = [(xo — X) - N].
The curve is discretized to a set of points: Xg, X1, ..., Xpq1.

e Let s be the unit arc-length
parametrization.
Pt * Define T=xsand N = x¢
/ suchthatTAN = —1.
e From the Frenet-Serret
formulas we get Ts = —kN.
Then

Xo Xne1
. kN =T = (Xs)s = Xos.
We obtain the form of the so-called intrinsic partial differential
equation: X; = dXgs + aXs + AWXg.
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Numerical Discretization

Choice of the tangential velocity

Consider the local and the global length of the evolving curve

— x|, L= /1 d. 9~ PR g = X | X — X
g - ui» - : g } L ~ L - Lh - L
n+1

where h = n‘? and n+ 1 is the number of segments.
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Numerical Discretization

Choice of the tangential velocity

Consider the local and the global length of the evolving curve

= Xyl L—/1 du QNW_M—X/—H_\X/'—XMI
g=l, == Og LT LT Lh L

n+1
where h = 17 and n+ 1 is the number of segments. We want
uniformly distributed points, then ¢ — 1
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Numerical Discretization
Choice of the tangential velocity

Consider the local and the global length of the evolving curve

— x| L—/1 du g B X [x - Xi)
g= Ml B= 9 R T e T L

n+1
where h = 17 and n+ 1 is the number of segments. We want
uniformly distributed points, then ¢ — 1
Using the Frenet-Serret formulas we obtain

(D)= (ks +as - (kB)r)

where (kB)r = 1 [ kB.
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Numerical Discretization
Choice of the tangential velocity

Consider the local and the global length of the evolving curve

— x| L—/1 du g B X [x - Xi)
g= Ml B= 9 R T e T L

e
where h = 17 and n+ 1 is the number of segments. We want
uniformly distributed points, then ¢ — 1
Using the Frenet-Serret formulas we obtain

(D)= F (ks +as — kB)r)

where (kB)r = 1 [ kB.
Define
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Numerical Discretization
Choice of the tangential velocity

Consider the local and the global length of the evolving curve

— x| L—/1 du g B X [x - Xi)
g= Ml B= 9 R T e T L

e
where h = 17 and n+ 1 is the number of segments. We want
uniformly distributed points, then ¢ — 1
Using the Frenet-Serret formulas we obtain

(D)= F (ks +as — kB)r)

where (kB)r = 1 [ kB.
Define

We obtain .
as = (kB)r — kﬁ+w(§ -1)
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Space Discretization

Flowing finite volume method
Let us consider the intrinsic form of the PDE

Xi — aXs = 0Xss + AWXZ
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Space Discretization

Flowing finite volume method

Integrating over the finite volume p; we obtain

Wl
X:ds — aXsds = 6 XssdS + A wXgds (5)
X, X X1 X

i— i— i—%

nl—=
Nl

Nl

The values a, w are considered to be constant over the finite
volume and will be indicated as «;, w;.
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Space Discretization

Flowing finite volume method

Integrating over the finite volume p; we obtain

Wl
X:ds — aXsds = 6 XssdS + A wXgds (5)
X X X1 X

i— i—%

j—

nl—=
Nl
Nl

The values a, w are considered to be constant over the finite
volume and will be indicated as «;, w;.

Using the Newton-Leibniz formula and approximating xs by a finite
difference we obtain

) (X = Xiy1) = 5 (%~ Xi1) =
Xit1 —Xi  Xj— X1
hi 4 hi

(6)
=4
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

X;+aXs =0
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

X;+aXs =0

B ——— e

o &
@ g 2

Xia2 Xi Xisaf2
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

X;+aXs =0
a>0
—_— —
Xia2 Xi Xisaf2
a<0
—— H——
Xi.uz Xi xi+1/2
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

hi + h; o Q;
) 5 (% = Xir) 5’<x,- — %) =

Xipt —Xj  Xj — Xj_1
hi 1 hi

(7)
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

hi + h; o Q;
) 5 (X = Xig1) = 5 (%~ Xi1) =

Xipt —Xi  Xj — Xj_ 1)+)\ (X/+1 — X
hi 1 hi

(7)
= 9(

Xt — 0Xs = 6Xss + AWXq
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

hi + h; o Q;
) 5 (X = Xig1) = 5 (%~ Xi1) =
(7)
oo Xipt =X X — X4 Xit1 — Xi—1, |
- 6/( hi+1 h/ ) + )\ ( 2 )
Xt — 0Xs = 6Xss + AWXq
b, = max(—a;,0), b, = min(—«;,0)
1— 5 ’_§ (8)

t .
b;’jr; = max(«j, 0), b;’f% = min(«a;j,0)
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Space Discretization

Inflow-implicit/Outflow-explicit scheme

hi + h; o Q;
) 5 (X = Xig1) = 5 (%~ Xi1) =
(7)
oo Xipt =X X — X4 Xipt — Xji—1y )
- 5/( hi+1 hi ) + )\WI( 2 )
Xt — 0Xs = 6Xss + AWXq
b, = max(—a;,0), b, = min(—«;,0)
o o ®)

, . ,
bl’.’jr% = max(«j, 0), blf’:E = min(«a;j,0)

hj 4 hjiq
2
Y el

1 . 1 .
(xi)t + E(b:g_% + bl"ft%)(x, — X,'+1) + é(bﬁ% + b:iu%)(x, — X,',1)
+1— X Xi— X1
iy h;

Xit1 — Xj—
)+ Aw( ==

(9)
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.
m1_xm

e time derivative: finite difference x; = X

T
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.

{77+1 _xm

e time derivative: finite difference x; = X

T

e unknowns in the inflow part of the advection term implicitly
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.
m1_xm

e time derivative: finite difference x; = X

T

e unknowns in the inflow part of the advection term implicitly
¢ unknowns in the outflow part of the advection term explicitly
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.

m+1_ym

time derivative: finite difference x; = *—=-

unknowns in the inflow part of the advection term implicitly
unknowns in the outflow part of the advection term explicitly

diffusion term implicitly
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.

time derivative: finite difference x; = x'mﬂ%xr

unknowns in the inflow part of the advection term implicitly
unknowns in the outflow part of the advection term explicitly
diffusion term implicitly

attracting term explicitly
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Overall time discretization

Let m be the time step index and 7 the length of the discrete time
step.

time derivative: finite difference x; = w

unknowns in the inflow part of the advection term implicitly
unknowns in the outflow part of the advection term explicitly
diffusion term implicitly

attracting term explicitly

We obtain
b/nm b,nm
0 ] 6 i+1
Xl — _ xM+1 . 2
i—1 ( h;-T' 2 )+ i+1 ( h,,z:_1 2 )+
b/n’" b/n’”
! 2r h" hI’L 2 2 i 27
pout” pout” N
i+3 I—3 i1~ XiZq
SO = X7 = O ) ()
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Overall time discretization
Attracting term

Fixx"and forj=1,..,n+1

e Consider the line r passing through the points x})_1 , xjf.’,

X
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Overall time discretization
Attracting term

Fixx"and forj=1,..,n+1

e Consider the line r passing through the points x})_1 , xjf.’,

e Find the line ssuch that:s L rand xj” € s. Findq € rns.

q x0j+1
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Overall time discretization
Attracting term

Fixx"and forj=1,..,n+1
e Consider the line r passing through the points x})_1 , xjf.’,

e Find the line ssuch that:s L rand xj” € s. Findq € rns.

e Consider d = d(q,x["). If q € [x?_;,x?] and d < minD then:
X0 - X[ =q X7
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Influence of the attracting term
Comparison

Figure: Comparison of the evolution of the initial curve (red) for ¢ fixed
and different values of A after 400 time steps.Results are shown for A =0
(blue), A = 1(light blue),\ = 5(pink) and XA = 10(green)
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Macrophages trajectories

(=)bM+]
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Macrophages trajectories

(=)bM+]
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Macrophages trajectories
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Macrophages trajectories
Stopping Criterion

We considered the mean Hausdorff distance between two discrete
curves A, B defined as

H(A,B) = med (a;,b),

Su(B, A) = med (b;, a), (1)

5H(«4, B) + dn(B, A)

aH(AulS): 2

where A = {ay, ..., an+1}, B ={by, ..., b1 } are discrete sets and
A={ay,..,an1},B={by,...,b, 1} are sets of segments
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Macrophage trajectories
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Macrophage trajectories

480 490
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Smoothed Velocity Estimation
Time Estimation

The formula for the new real-time is given by

af'r

Tin-H _ Tin + Lnl+1 (1 2)

PhD candidate : Giulia Lupi Supervisor : Prc Smoothing by evolving curves



Smoothed Velocity Estimation
Time Estimation

The formula for the new real-time is given by

af'r

Tin-H _ Tin + Lnl+1 (1 2)

° T,.’”r1 and T are the new real-time and the real-time in the
previous time step
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Smoothed Velocity Estimation
Time Estimation

The formula for the new real-time is given by

af'r

Tin-H _ Tin + Lnl+1 (1 2)

° T,.’”r1 and T are the new real-time and the real-time in the
previous time step

* of is the tangential velocity
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Smoothed Velocity Estimation
Time Estimation

The formula for the new real-time is given by

n

a;'T
i (12

1
Tin+ — T/n+

° T,.’”r1 and T are the new real-time and the real-time in the

previous time step
* of is the tangential velocity

e 7 the time step

Smoothing by evolving curves
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Smoothed Velocity Estimation
Time Estimation

The formula for the new real-time is given by

n

aflr
Tin-H _ Tin + Lnl+1 (,I 2)

T and T/ are the new real-time and the real-time in the
previous time step

af is the tangential velocity

7 the time step

L™+ is the total length of the curve in the current time step
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Smoothed Velocity Estimation
Velocity Estimation

Finally, we calculated the velocity using the central difference
scheme

i1 g1 g1 i1
X =T X — X

Vix,y) = (Ti+1 — Tit’ Tigg — Tiq

) (13)
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Time and Velocity Estimation

Velocity Estimation
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Time and Velocity Estimation

Velocity Estimation
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