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Context of the study

» Nerve cell specializing in information processing

Dendrite

Synapse

|

Soma - nucleus

Source : Neuron-bank-istockphoto.com
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|
Cable Theory

— 1D equation with the Cable Theory (1850s)

+ V the electric potential

Nodal rule (Kirchhoff)

Outside (extracellular fluid)
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Source : Wikipedia L
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Limits of the model and interest on a new model

+ Dendritic spine diameter ~ 0.1um

Calcium imaging from the Haas Lab (Brain Research Center, UBC, Vancouver)
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General system of equations

Poisson-Nernst-Planck (PNP) system for i ionic species on domain  and
with T¢ a finite time (+B.Cs on 02 and 1.Cs)

» lonic concentration of / species ¢; with z; = +1

» Electric potential V

div(VV) = ZAZ,C,, in Q x (0, Ty),

ac;

T div(D;Vci + ADjzic;VV) =0, in Q x (0, Tf).

s+ ci(x,t) and V/(x,t) unknowns of the system

F

F
+A= —, A= —— and D; physical parameters
€€Q RTy
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-
PNP system in 1D for i =1

PNP system for a cation on Q (+B.Cs on 992 and |.Cs)

» lonic concentration of a cation cp with zp = +1

» Electric potential V

92V -
2V o e, nQx (0.7))
dcp O, dcp ov,
Bt~ ox\DP gy TADPePG) =0, QX (0.Ty).

+ Behaviours of cp(x,t) and V(x,t)?
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Stationary solutions of cp and V

» Asymptotic development — Electric boundary layer (A the Debye layer)

~> Approximated solutions of cp and V

F P%
- =% . ecgRTy
cp = coe RTo and V &~ Voe A with \2 = :
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Denderitic spine

. 1Tum

Dendrite

. Spine neck

Spine head

Imaging of dendritic spine
(Wikipedia).

08;
0,

Spine representation with
domain and boundaries
0Q =00,U0Q, U
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Configuration of PNP system on dendritic spine domain

» lonic concentration of a cation cp with zp = +1
» lonic concentration of an anion ¢y with zy = —1

» Electric potential V

div(VV) = —A(cp — cn), in Q x (0, T¢),
aac: — Dp div(Vep +AcpVV) =0,  in Q x (0, Ty),
%C;" — Dy div(Vey — AcyVV) =0, in Q x (0, Ty).

scp(x,t), cn(x,t) and V(x,t) unknowns of the system
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Boundary conditions of dendritic spine domain

09,
00,
On 09, x (0, T¢)
WV =0,
vcp = cp®,
oCN = CNO.
0%

» cp?, cp 0 initial ionic concentrations.
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Boundary conditions of dendritic spine domain

0Q;
On 0Q; U8R, x (0, Tf)

oQ,
Ocy oV
+ T~ Ny =0

On 8(2, X (07 Tf)

8c oV
Ac )
8 + ANep— an =0

PN
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Boundary conditions of dendritic spine domain

On 00, U89, x (0, Ty) o4
o _ _» o\
“on €€o

» p the charge density.

On 09, x (0, Ty)

aCP oV
QK +/\CP% = I

» | the injected synaptic current.
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Dendritic spine coefficients

» Injected synaptic current from [Cartailler and al.2018]
o lstim(t)
o = =)
T FDP

¢ Imax the maximal current

. t t
with lstim(t) = Imax;exp(—; +1)

+7 the decay time constant
o ri the radius of 0Q);

» Initial conditions

V(-,0) =0, in Q,
CP( ,0) = CPO, n Q,
CN( ,0) = CNO, in
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|
Key property

» Reformulation in non-linear form [Cances and al.2018]

aac: = Dp div(cpV(log cp + AV))
Ocy .
B = Dy div(cyV(log cy — AV)).

= Positivity of cp,cy

+Solving PNP system with the non-linear term using Discrete Duality Finite
Volume (DDFV) method.
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N
DDFV notations

» 7 the set of primal and dual meshes 7 = (M, M*)
» © the diamond mesh

Discrete solutions : ~» ur = (upnq, upg+) € R7

» div’ (£7) the discrete divergence operator

» V7 (ur) the discrete gradient operator

+ K and its neighbour L, centers in M

+K* and its neighbour L£*, vertices in M*
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N
PNP scheme

» DDFV scheme for (cp7", ey, V) (+B.Cs and 1.Cs)

—div(VEVEY) + Alenf ! — cp ) =0,
n+1 _ n
PT_—PT 4 Dp divT (o) =0,
At
Ny - en’t T 1
=T T 4 Dy div’ (Gp™1) =0,
At
Jo" = —r®(cp ) VO (log et + AV,
Gp"tl = —rQ(CN9+1)V©(Iog cNf}H - /\Vfﬁl).
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|
DDFV operator

RECONSTRUCTION OPERATOR

Xjc 2 constant on each diamond cell

R VD € D,

RN A SN rDuT:%(uK+u£—|—u;¢*+u£*).

(LJAD) 18 October 2022 17 /23



Numerical results

» Application to ionic and voltage dynamics in a dendritic spine

cp simulation (left) and zoom simulation of the junction head-neck (right)
on Q with Ty = 0.5s.
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Numerical results

» Application to ionic and voltage dynamics in a dendritic spine

cp simulation (left) and zoom simulation of the junction head-neck (right)
on Q with Ty = 0.5s.
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Numerical results

cp simulations at different locations on €

n
n; node upper-nearwall
ny node left-nearwall
o n3 node head-neck
A, 30 ———ny node head-neck in bulk
Q ny
| Ny
=20
= n3
A
510

0 01 02 03 04 05

t(s)
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Comparaison with existing results with biological data

cp simulations : left from our code and right from [Cartailler and al.2018]
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Conclusion and Perspectives

» Numerical scheme with positivity conservation on ionic concentrations
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Conclusion and Perspectives

» Numerical scheme with positivity conservation on ionic concentrations

» Is the BC for V on 0%, U 02, right?

+ Reminder : (?9:1/ = —i, on 0Q; U0Q, x (0, T¢).
€€o
0Q;
Q aQr
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Conclusion and Perspectives

Thank you for your attention
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Annexe

» Scheme for Neumann boundary conditions

m,VoViton =0, VD eDoousn,
mUG©n+1 -n = 0, V D € D(')Q,'Uaﬂrﬂ
myJo™ 1 - n =0, VD € Dsq,,

ng@”+1 -n =1, vVDe @(-)Q’,,



-
Hodgkin and Huxley model

First mathematical model published by Hodgkin and Huxley in 1952

» Squid Giant Axon with diameter ~ 1mm

Nerves
with giant axons

\Mantle

Brain e Eye

Arm
/

Source : Researchgate.com Source : Wikipedia
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