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Cauchy problem on I = [0,77:

Decomposition: [0,7] = ([Tr-1,Tn])p_q... N

” yn(t) = f(yn(t))a

Propagator notation: yn(Tn)

The parareal algorithm

Principles of the approach

yn(Tn+1) = P)\n -



The parareal algorithm

Principles of the approach

Reformulation: set A = (\;)n=0,... N—1 as new unknown. It satisfies

Yo — Ao
A — P
F(A) = A2 = Ph = 0.

AN—1— PAn_2



The parareal algorithm

Principles of the approach
Newton method:
F'(AF)SARTE = —F(A™), with SAFT .= AFFT — AF

= AT — PR OAET = —(WF L — PAR). (x)
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The parareal algorithm

Principles of the approach
Newton method:

FI(AR)SAFTE = —F(A™), with SAFFTL .= ARFTL _ AK

= S PIOR) OB I= (AR - PAR). ()

Two approximations:

® Finite differences:
k k k k
Pl()"n) 6)‘71,+1 ~ P>\n+1 - P>\n
® Coarse solver:

k\ s\ k Gk Gk
P/(AF) SAEFTL o pONRTL _ pGAR

Parareal iteration:

(ox) = [ AEED = PAE 4 PONEHL . PGk




The parareal algorithm

Principles of the approach

Newton method:
F'(AR)SARTE = —F(A™), with SAFT .= AFFL — AP
= OATE — PO 0XH = =M = PAY). (%)

Alternative:
PIAg) oM & (POY (AR — A,



The parareal algorithm

Principles of the approach

Newton method:
F'(AR)SARTE = —F(A™), with SAFT .= AFFL — AP
= OAEL = P/(N)) oM = —(AE — PAL). (%)
Alternative:
PIAR) SA T m (POY (A = AF).

Derivative Parareal iteration:

() = [ ASHE = PXE + (POY (AT — 0%)




The parareal algorithm

Principles of the approach
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Convergence analysis

Y(Tngr) = ATy =Py(Tn) — (PA + POXTT — POXT)
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The parareal algorithm

Convergence analysis

Y(Tnt1) — Aetl =Py(T,) — (PAE + PONET — POAE)
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o Lipschtiz property for PY: ||P%z — P%y|| < (1 4+ C2AT)||x — y|.
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Convergence analysis
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The parareal algorithm

Convergence analysis

Y(Tns1) — AT =Py(T,) — (PAE + PONETE — PONE)
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Assumptions:
o Truncation error: ||(P — P%)x|| < C1ATPH|z|],
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The parareal algorithm

Convergence analysis

ly(Trir) = MU < CLATPH ly(T,) = M|l + (14 CoAT)[ly(Ty) = A5 l.
J

(CIATerl)kJrl
(k+1)!

k
W602(TnTk+l)ATp(k+l)_
- (k+1)!

ly(To) = Al < (1+ CoAT)" FHIY_o(n — )

— Detailed analysis:
M.J. Gander and E. Hairer, Nonlinear Convergence Analysis for the Parareal Algorithm, 2007.
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The parareal algorithm

An example of result

General stiff Vlasov equation:

of- 1 Of. of: _ _
ot +gv or + B O =0, fe(t=0,r0) = fo(r,v),

where
o f. = f.(t,r,v) is the distribution function of a particle species,
o r,v € R are the position and velocity,

e E. = E.(t,r) € R plays the role of the electric forces.
— Details to appear in:
L. Grigori, S.A. Hirstoaga, J. Salomon, A Parareal algorithm for some Viasov-Poisson equation

with reduced model for the coarse solving, 2022.



Parareal iteration k=0

The parareal algorithm

Parareal iteration k=1

1.2, Tre zeference solution
i } Dahlei\ solution
=

i
‘1.

- Tire-ceference solution
e patareal solution

g
-15 -1 -05 0 0.5 1 15

Parareal iteration k=2

g
-1 -05 [ 0.5 1 15

Parareal iteration k=3

=~ The reference solution  «

“Thre reference solution .
@e patareg] soluon

An example of result

Figure: The parareal solution of the Vlasov-Poisson equation, final time T = 36.



"Non-linear control" or "Bilinear control"

Coupling with control

Linear eq. Non-linear eq.
"Linear" control | y= Ay+ Bc | y = f(y)+ Bc
Non-linear control | y = A(c)y v = f(y,c)

e y =vy(t,x) state

e ¢ =c(t) or ¢(t,z) control

Linear or Nonlinear 77
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Coupling with control

Optimal Control

Problem: control on a fixed, bounded interval [0, 7]
Given T > 0, consider the optimal control problem associated with the cost

functional
1 . « T 9
J(C) = §||y(T) - ytargetH + 5/0 C (t)dt,

where the state function z evolution is described by an equation:

with initial condition y(0) = yint-

Given an optimal control solver,

Objective: combine it with a time-parallelization.




"Non-linear control" or "Bilinear control"

Coupling with control

Linear eq. Non-linear eq.
"Linear" control | y= Ay+ Bc | y = f(y)+ Bc
Non-linear control | y = A(c)y v = f(y,c)

e y =vy(t,x) state

e ¢ =c(t) or ¢(t,z) control

Linear or Nonlinear 77



Coupling with control

Optimal Control

Optimality system (1/2)
How to characterize the optima 7
— Solve the Euler-Lagrange equations.

o Define the Lagrange operator:

L0 e = J0)— [ A0~ (50~ S0, ()

o Compute its partial derivatives.

o Cancel them !



Coupling with control

Optimal Control

Optimality system (2/2)
The optima are characterized by the Euler-Lagrange equations:

y(t) =f(y(t),c(t))
y(t =0) =yo
At

:y(T) — Ytarget

)
)
) == [0, F(y(1), c(£))]A(2)
)
) == At) - Ocf(y(t), c(t))
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"Linear control"

Linear eq. Non-linear eq.
"Linear" control y=Ay+ Bc | y= f(y) + Be
Non-linear control y = A(c)y vy = f(y,c)

e y =y(t,x) state

e ¢ =c(t) or ¢(t,z) control




The optimality condition then reads

gt = FE) + ),
At) = —(fly(®))"A@),
ac(t) = =A(t)
— Elimination of c: \
v=f(y) - Py
= —(f))"\

and final condition A(T) = y(T") — Ytarget-

Coupling with control

Linear Control



Coupling with control

Linear Control

Boundary value problems notations : on the subinterval [T}, 7T},1] with initial
condition y(7;) = y; and final condition A(T}11) = \j+1, we denote

y(Ti1)  _ [ Py Aigr)
A(Th) Qly, \iv1) )



Coupling with control

Linear Control

The optimality system is enriched:

Yo — Yinit = 0
y1 — P(yo,\1) = 0 AM—Qy,A2) = 0
y2 — P(y1,A2) = 0 A2 —Q(y2,A3) = 0 (1)
YL — P(yL—la >\L) =0 AL —yr + Ytarget = 0

That is : a system of boundary value subproblems, satisfying matching

conditions.



Collecting the unknowns in the vector

(YT>AT) = (y07y17y2a - YL, )\17 )\27 s

we obtain the nonlinear system

F(Y,A) =

Yo — Yinit
y1 — P(yo, M)
Y2 — P(y17 )‘2)

YL — P(?;th AL)
A= Q(y1, A2)
)‘2 - Q(QQ,)\B)

AL — yr + Ytarget

Coupling with control

Linear Control



Coupling with control

Linear Control

Newton’s method:
Y ynth oy Y™
F<An)(A”+17A" ==FL A )
where the Jacobian matrix of F is given by

Y (X) _

1
—Py (Yo, A1) 1 —Pp (Yo, A1)

—Py(¥Yn_1,An) 1 —Pr(YN-_1,AN)
—Qvy (Y1, A2) 1 —Qa(Y1,A2)

—Qy (Yn—-1,AN) 1 —-QA(YN-1,AN)
—1 1



Coupling with control

Linear Control

Following Parareal strategy, we get:

Pyypy X wp —wiy) o~ POyt ) — PO(ygy, A,
Pa(yp XD =) & POy AT = PO(yp L A,
QWL AT =) & QY AT — QY A,
Qy(y?_p)‘?)( n+1 yz 1) ~ G(y?+117 n) QG(ye 17)%)

As usual for Parareal-type approaches:
o In parallel: all fine propagations on sub-intervals.

@ Sequential part: only coarse solving.



Coupling with control

Linear Control

Or, alternatively, with the derivative parareal approach:

Pylys 1 AN =)~ (PO (i, A (i — v y),s
Palypy MO =X & (PEY (i AP = A,
QAP AT =AD& (QS) (W1 AT = D),
Qy(yr- 17)\5)( nH -yr,) = (@ 5)/@? 1,>\?)(y?f11—y?_1)

As usual for Parareal-type approaches:
o In parallel: all fine propagations on sub-intervals.

@ Sequential part: only coarse solving.
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Coupling with control

Numerical examples

Example : 1D, linear dynamics, Dahlquist system

§(t) = oy(t) + c(b).

Error vs. # iterations, various r = dt/At, fixed §t = dty.



Coupling with control

Numerical examples

—o—L-te1
O L=fe2
—S—L-1e3

Error vs. # iterations, various number of subintervals.



Coupling with control

Numerical examples

Example : 2D, nonlinear dynamics, Lotka-Volterra system
@ Minimize
T€) = 31(1) = arge® + 5 [ lett)*
2 2 Jo
with ¥targer = (100, 20)7, subject to the Lotka-Volterra equation

Y1 = a1y1 — biyrye +c1, Y2 = asy1y2 — bayz + o

with initial conditions %(0) = (20, 10)”
e Backward Euler, 6t = 107°



Vector example - N = 10, r = §t/At = 0.01

Predator

14

Iteration #1

Coupling with control

Numerical examples
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Coupling with control

Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Iteration #2
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Coupling with control

Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Tteration #3
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Coupling with control

Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Iteration #4
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Coupling with control

Numerical examples

Minimize
7€) = 310(20) ~ vl + 3 [ ett) Pl
with Yrarget = (100,20)7, subject to the Lotka-Volterra equation
1 =ayr — iy + e, Y2 = agyiye — baya + 2

with initial conditions y(0) = (20, 10)”
Backward Euler, 6t = 20 -107°



Coupling with control
Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Iteration #1
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Vector example - N = 10, r = §t/At = 0.01

Predator

Iteration #2

Coupling with control

Numerical examples
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Vector example - N = 10, r = §t/At = 0.01

Tteration #3

Coupling with control

Numerical examples
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Vector example - N = 10, r = §t/At = 0.01

Predator
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Coupling with control
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Coupling with control
Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Tteration #5
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Coupling with control
Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Tteration #6
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Coupling with control
Numerical examples
Vector example - N = 10, r = §t/At = 0.01
Tteration #7
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Coupling with control

Trick : Derivative Evaluation by Gauss-Newton
o Approximation: neglect 2nd derivatives

dy' / ;N

g =Wy -

dx'

dt

e Simplified ODE for ) independent of 3’

e Approximate derivatives in one backward-forward sweep!

y'(0) =Yt —

Numerical examples

Yk

no

=—(f')"N = (g NN N(T) = AT — Af s



Vector example - N = 10, r = §t/At = 0.01

Predator

Tteration #7

Coupling with control

Numerical examples

180

160 -

140 -

120

100 -

80

60

200



Coupling with control

Numerical examples

N = 10 subdomains, varying r = 6t/At

10* T
—o—r=1
—6&—r=le-l
51 N r=le2 | |
10 —o—r=le3
100
10'2 .
107
100 -
10'8 .

1010
0



10°°

108}

1010
0

Coupling with control

dt/At = 0.01, varying # subdomains

Numerical examples



Coupling with control

Numerical examples

True Newton:

10°
—¢—r = 107!

r =102
—¢—r =10""
—a—r=10"

107

Error

10710

10'15 L L L L

Tterations



Outline

© Analysis
Dahlquist system



Analysis

Dahlquist system

Consider, after space discretization, the dynamic:

y(t) = Ay(t) + c(t),

where A is a real, symmetric matrix with negative eigenvalues.

— Example: A obtained with a finite difference discretization of a diffusion
operator in space.



Analysis

Dahlquist system

We use the Discretize-then-optimize strategy:

y(t) = Ay(t) + c(t) = Yn+1 = Yn + 0t(AYn+1 + cny1)-



Analysis

Dahlquist system

We use the Discretize-then-optimize strategy:

y(t) = Ay(t) + C(t) — Yn+1l = Yn + 6t(Ayn+1 + cn+1)-

And the discrete cost functional is:
1 o M-1
Jét(c) = §”yM - ytargetH2 + 5(575 Z ”Cn+1”2.
n=0



Analysis

Dahlquist system
We use the Discretize-then-optimize strategy:

y(t) = Ay(t) + C(t) — Yn+1l = Yn + 6t(Ayn+1 + Cn—l—l)-

And the discrete cost functional is:
1 o M-1
J6t(c) = §”yM - ytargetH2 + 5(575 Z ”Cn+1”2.
n=0

And the discrete optimality system is given by:

Yo = Yinit,
Yns1 = (I — 6tA) Ly, + Stenyr), n=0,1,...,M —1,
AM = YMm — Ytarget,
A= (I = 0tA) T Nop1, n=0,1,...,.M—1,
acpy1 = —(I — 6tA) A1, n=0,1,...,.M—1,



Analysis
Dahlquist system
By diagonalization (since A is real symetric):

Yn+1 = Yn + 5t(Ayn+1 +Cnt1) = Ynil = Yn + 5t(0yn+1 + Cn+1)7

= Reduction to independent Dahlquist systems.



Analysis

Dahlquist system

By diagonalization (since A is real symetric):

Yn+1 = Yn + 5t(Ayn+1 +Cnt1) = Ynil = Yn + 5t(0yn+1 + Cn+1)7

= Reduction to independent Dahlquist systems.
And we get formulas like:

na—ni—1
ynz = (1 - O-(St)nl_n2yn1 - 61; Z (1 - O’(st)nl_n2+‘]cnl+j+1
7=0
(St no—ni—1
— (1= odt)™ "2y, — =

o Z (1 - U(St)nl_n2+j_1)\nl+j+1.
7=0



So that we end up with the reduced system:

Yo = Yinat
~BstYeo1 + Yo+ LA =0,
Ap1 — BsiAe =0,
YE + AZ = Ytarget,

where
By = (1—oot) AL/
N-1 )
Yo = ot (1— o6t)20—N) =

Analysis

Dahlquist system

1<¢< M,
0<l<M-—1,
B —1

(2 —odt)



Analysis

Dahlquist system

In a matrix form

1 0 Yo
.. Yinit
—Bst : Yse/ o 0
B . 0 :
- —Bsr 1 Yo/ o Yp _
1 —Bst Ay
0
By : —Ytarget
1 1 Ap

or, in a more Compact fOI'IIl,
M(StX — b



Analysis

Dahlquist system

Conclusion: we need to characterize the eigenvalues of I'd — Mgth(;t.

= (M — Msp)x = pMagz,
i.e., after some computation, study the roots of:

L-1

P(p) = ap® =1+ (uy — 67) Y D (B - 68)*,
=0

where
B = Bats V=Vt 08 = Bar — Bst, 5’7 = YAt — Vét-
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Analysis

The dissipative case

Theorem

Let AT, At, 6t and « be fixed. Then for all o < 0, the spectral radius of
I - M;thgt satisfies

max p(o) 0.79A¢ 103
0<0p T a+vVaAt o

Thus, if o > 0.4544At, then the linear ParaOpt algorithm converges.

F. Kwok, M. Gander, J. Salomon,

SISC Vol. 42, No. 5, pp. A2773-A2802.



Analysis

The dissipative case

Numerical test:

Figure: Behaviour of max, g p(0) as a function of o, T'= 100, L = 30, AT = At,
At/§t = 1074, The data for fimax(c) has been generated by solving the generalized
eigenvalue problem using eig in MATLAB.



Analysis

The dissipative case

Ingredients of the proof:
@ Analysis of the functions g, v, ...

o Complex analysis: Argument Principle.
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Analysis

Unstable systems

Setting: Dahlquist equation, o > 0, explicit Euler discretization

Yn+l = Yn + 5t(ayn + Cn)-

Reduced to N
P(Yy, Apyr) := Y, — EA6+1,
Q(Yy, Apy1) := BApy,
with -
B:= (14 odt) st
-1
et -

. o(2+ odt)’



Analysis

Unstable systems

e P has only one root 7y in |1, oof.

o Let 7= —~dB/0y and Ly be
(B—7)
Log=—""—.
ERTCEE

Theorem
Let 0 > 0,c, T, L, At, 6t and be fixed. If P(T) > 0 and L satisfies L > aLq then,

the spectral radius of (Id — M£§M5t> satisfies
p < (At —dt) C(o, AT),
where

C(o,AT) =0 B + (;O'AT + 1) 2o AT




Analysis

Unstable systems

Ingredients of the proof:
@ Analysis of the functions g3, v, ...
o Complex analysis: Rouché’s Theorem.

N. Tognon, to appear.



Partial end...
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