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The parareal algorithm
Principles of the approach

Cauchy problem on I = [0, T ]:{
ẏ(t) = f(y(t)),
y(0) = y0.

(?)

Decomposition: [0, T ]→ ([Tn−1, Tn])n=1,··· ,N

(?)→
{

ẏn(t) = f(yn(t)),
yn(tn) = λn.

n = 0, · · · , N − 1.

Propagator notation:

yn(Tn+1) = Pλn. Tn Tn+1

yn(Tn) = λn yn(Tn+1) = Pλn
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The parareal algorithm
Principles of the approach

Reformulation: set Λ = (λn)n=0,··· ,N−1 as new unknown. It satisfies

F(Λ) :=


y0 − λ0
λ1 − Pλ0
λ2 − Pλ1

...
λN−1 − PλN−2

 = 0.



The parareal algorithm
Principles of the approach

Newton method:

F ′(Λk)δΛk+1 = −F(Λn), with δΛk+1 := Λk+1 − Λk

⇒ δλk+1
n+1 − P

′(λkn) δλk+1
n = −(λkn+1 − Pλkn). (??)

Two approximations:

1 Finite differences:
P ′(λkn) δλk+1

n ≈ Pλk+1
n − Pλkn.

2 Coarse solver:
P ′(λkn) δλk+1

n ≈ PGλk+1
n − PGλkn.

Parareal iteration:

(??)⇒ λk+1
n+1 = Pλkn + PGλk+1

n − PGλkn
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Principles of the approach

Bibliography:
→ Original paper:
J.-L. Lions, Y. Maday, and G. Turinici. A "parareal" in time disretization of pde’s. Comptes
Rendus de l’Acad. des Sciences, 2001.
→ Interpretation in terms of approximate Newton’s iterations:
M. Gander, S. Vandewalle, SISC Vol. 29, No. 2, pp. 556-578, 2007.
→ Derivative Parareal:
M.J. Gander and E. Hairer, Journal of Computational and Applied Mathematics, Vol. 259, pp.
1-13, 2014.
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The parareal algorithm
Convergence analysis

y(Tn+1)− λk+1
n+1 =Py(Tn)− (Pλkn + PGλk+1

n − PGλkn)

=Py(Tn)− (Pλkn + PGλk+1
n − PGλkn) + (−PGy(Tn) + PGy(Tn))

=Py(Tn)− Pλkn − PGλk+1
n + PGλkn − PGy(Tn) + PGy(Tn)

=(P − PG)y(Tn)− (P − PG)λkn + PGy(Tn)− PGλk+1
n .

Assumptions:
Truncation error: ‖(P − PG)x‖ ≤ C1∆T p+1‖x‖,
Lipschtiz property for PG: ‖PGx− PGy‖ ≤ (1 + C2∆T )‖x− y‖.

‖y(Tn+1)− λk+1
n+1‖ ≤ C1∆T p+1‖y(Tn)− λkn‖+ (1 + C2∆T )‖y(Tn)− λk+1

n ‖.
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The parareal algorithm
Convergence analysis

‖y(Tn+1)− λk+1
n+1‖ ≤ C1∆T p+1‖y(Tn)− λkn‖+ (1 + C2∆T )‖y(Tn)− λk+1

n ‖.

⇓

‖y(Tn)− λkn‖ ≤
(C1∆T p+1)k+1

(k + 1)! (1 + C2∆T )n−k−1Πk
j=0(n− j)

≤(C1Tn)k+1

(k + 1)! eC2(Tn−Tk+1)∆T p(k+1).

→ Detailed analysis:
M.J. Gander and E. Hairer, Nonlinear Convergence Analysis for the Parareal Algorithm, 2007.
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The parareal algorithm
An example of result

General stiff Vlasov equation:

∂fε
∂t

+ 1
ε
v
∂fε
∂r

+ Eε
∂fε
∂v

= 0, fε(t = 0, r, v) = f0(r, v),

where
fε = fε(t, r, v) is the distribution function of a particle species,
r, v ∈ R are the position and velocity,
Eε = Eε(t, r) ∈ R plays the role of the electric forces.

→ Details to appear in:
L. Grigori, S.A. Hirstoaga, J. Salomon, A Parareal algorithm for some Vlasov-Poisson equation
with reduced model for the coarse solving, 2022.
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Figure: The parareal solution of the Vlasov-Poisson equation, final time T = 36.



Coupling with control
Linear or Nonlinear ??

"Non-linear control" or "Bilinear control"

Linear eq. Non-linear eq.
"Linear" control ẏ = Ay +Bc ẏ = f(y) +Bc

Non-linear control ẏ = A(c)y ẏ = f(y, c)

y = y(t, x) state
c = c(t) or c(t, x) control
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Coupling with control
Optimal Control

Problem: control on a fixed, bounded interval [0, T ]
Given T > 0, consider the optimal control problem associated with the cost
functional

J(c) = 1
2‖y(T )− ytarget‖2 + α

2

∫ T

0
c2(t)dt,

where the state function x evolution is described by an equation:

ẏ(t) = f(y(t), c(t)),

with initial condition y(0) = yinit.

Objective: Given an optimal control solver,
combine it with a time-parallelization.
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Coupling with control
Optimal Control

Optimality system (1/2)
How to characterize the optima ?
→ Solve the Euler-Lagrange equations.

Define the Lagrange operator:

L(y, λ, c) = J(c)−
∫ T

0
λ(t) · (ẏ(t)− f(y(t), c(t)))dt

Compute its partial derivatives.
Cancel them !



Coupling with control
Optimal Control

Optimality system (2/2)
The optima are characterized by the Euler-Lagrange equations:

ẏ(t) =f(y(t), c(t))
y(t = 0) =y0

λ̇(t) =− [∂yf(y(t), c(t))]λ(t)
λ(t = T ) =y(T )− ytarget

αc(t) =− λ(t) · ∂cf(y(t), c(t))
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"Linear control"

Linear eq. Non-linear eq.
"Linear" control ẏ = Ay +Bc ẏ = f(y) +Bc

Non-linear control ẏ = A(c)y ẏ = f(y, c)

y = y(t, x) state
c = c(t) or c(t, x) control



Coupling with control
Linear Control

The optimality condition then reads
ẏ(t) = f(y(t)) + c(t),
λ̇(t) = −(f(y(t))′)Tλ(t),
αc(t) = −λ(t).

→ Elimination of c: 
ẏ = f(y)− λ

α
,

λ̇ = −(f(y)′)Tλ,

and final condition λ(T ) = y(T )− ytarget.



Coupling with control
Linear Control

Boundary value problems notations : on the subinterval [Tl, Tl+1] with initial
condition y(Tl) = yl and final condition λ(Tl+1) = λl+1, we denote(

y(Tl+1)
λ(Tl)

)
=
(
P (yl, λl+1)
Q(yl, λl+1)

)
.



Coupling with control
Linear Control

The optimality system is enriched:

y0 − yinit = 0
y1 − P (y0, λ1) = 0 λ1 −Q(y1, λ2) = 0
y2 − P (y1, λ2) = 0 λ2 −Q(y2, λ3) = 0

...
...

yL − P (yL−1, λL) = 0 λL − yL + ytarget = 0

(1)

That is : a system of boundary value subproblems, satisfying matching
conditions.



Coupling with control
Linear Control

Collecting the unknowns in the vector

(Y T ,ΛT ) := (y0, y1, y2, . . . , yL, λ1, λ2, . . . , λL),
we obtain the nonlinear system

F(Y,Λ) :=



y0 − yinit
y1 − P (y0, λ1)
y2 − P (y1, λ2)

...
yL − P (yL−1, λL)
λ1 −Q(y1, λ2)
λ2 −Q(y2, λ3)

...
λL − yL + ytarget


= 0.



Coupling with control
Linear Control

Newton’s method:

F′
(

Y n

Λn

)(
Y n+1 − Y n

Λn+1 − Λn

)
= −F

(
Y n

Λn

)
,

where the Jacobian matrix of F is given by

F′
(
Y
Λ

)
= 

1
−PY (Y0,Λ1) 1 −PΛ(Y0,Λ1)

. . .
. . .

. . .
−PY (YN−1,ΛN ) 1 −PΛ(YN−1,ΛN )

−QY (Y1,Λ2) 1 −QΛ(Y1,Λ2)
. . .

. . .
. . .

−QY (YN−1,ΛN ) 1 −QΛ(YN−1,ΛN )
−1 1





Coupling with control
Linear Control

Following Parareal strategy, we get:

Py(yn`−1, λ
n
` )(yn+1

`−1 − yn`−1) ≈ PG(yn+1
`−1 , λ

n
` )− PG(yn`−1, λ

n
` ),

Pλ(yn`−1, λ
n
` )(λn+1

` − λn` ) ≈ PG(yn`−1, λ
n+1
` )− PG(yn`−1, λ

n
` ),

Qλ(yn`−1, λ
n
` )(λn+1

` − λn` ) ≈ QG(yn`−1, λ
n+1
` )−QG(yn`−1, λ

n
` ),

Qy(yn`−1, λ
n
` )(yn+1

`−1 − yn`−1) ≈ QG(yn+1
`−1 , λ

n
` )−QG(yn`−1, λ

n
` ).

As usual for Parareal-type approaches:
In parallel: all fine propagations on sub-intervals.
Sequential part: only coarse solving.



Coupling with control
Linear Control

Or, alternatively, with the derivative parareal approach:

Py(yn`−1, λ
n
` )(yn+1

`−1 − yn`−1) ≈ (PGy )′(yn`−1, λ
n
` )(yn+1

`−1 − yn`−1),
Pλ(yn`−1, λ

n
` )(λn+1

` − λn` ) ≈ (PGλ )′(yn`−1, λ
n
` )(λn+1

` − λn` ),
Qλ(yn`−1, λ

n
` )(λn+1

` − λn` ) ≈ (QGλ )′(yn`−1, λ
n
` )(λn+1

` − λn` ),
Qy(yn`−1, λ

n
` )(yn+1

`−1 − yn`−1) ≈ (QGy )′(yn`−1, λ
n
` )(yn+1

`−1 − yn`−1).

As usual for Parareal-type approaches:
In parallel: all fine propagations on sub-intervals.
Sequential part: only coarse solving.
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Coupling with control
Numerical examples

Example : 1D, linear dynamics, Dahlquist system

ẏ(t) = σy(t) + c(t).

Error vs. # iterations, various r = δt/∆t, fixed δt = δt0.



Coupling with control
Numerical examples

Error vs. # iterations, various number of subintervals.



Coupling with control
Numerical examples

Example : 2D, nonlinear dynamics, Lotka-Volterra system
Minimize

J(c) = 1
2 |y(1)− ytarget|2 + 1

2

∫ 1

0
|c(t)|2 dt

with ytarget = (100, 20)T , subject to the Lotka-Volterra equation

ẏ1 = a1y1 − b1y1y2 + c1, ẏ2 = a2y1y2 − b2y2 + c2

with initial conditions y(0) = (20, 10)T

Backward Euler, δt = 10−5



Coupling with control
Numerical examples

Vector example - N = 10, r = δt/∆t = 0.01
Iteration #1
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #2
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Minimize
J(c) = 1

2 |y(20)− ytarget|2 + 1
2

∫ 20

0
|c(t)|2 dt

with ytarget = (100, 20)T , subject to the Lotka-Volterra equation

ẏ1 = a1y1 − b1y1y2 + c1, ẏ2 = a2y1y2 − b2y2 + c2

with initial conditions y(0) = (20, 10)T

Backward Euler, δt = 20 · 10−5
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #1
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #2
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #3
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #4
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #5
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #6
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #7
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Trick : Derivative Evaluation by Gauss-Newton
Approximation: neglect 2nd derivatives

dy′

dt
= f ′(y)y′ − λ′

α
, y′(0) = Y k+1

n − Y k
n ,

dλ′

dt
= −(f ′(y))Tλ′ −�������

(f ′′(y, y′))Tλ, λ′(T ) = Λk+1
n+1 − Λkn+1.

Simplified ODE for λ′ independent of y′

Approximate derivatives in one backward-forward sweep!
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Vector example - N = 10, r = δt/∆t = 0.01
Iteration #7
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N = 10 subdomains, varying r = δt/∆t
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δt/∆t = 0.01, varying # subdomains
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True Newton:
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Analysis
Dahlquist system

Consider, after space discretization, the dynamic:

ẏ(t) = Ay(t) + c(t),

where A is a real, symmetric matrix with negative eigenvalues.

→ Example: A obtained with a finite difference discretization of a diffusion
operator in space.



Analysis
Dahlquist system

We use the Discretize-then-optimize strategy:
ẏ(t) = Ay(t) + c(t)→ yn+1 = yn + δt(Ayn+1 + cn+1).

And the discrete cost functional is:

Jδt(c) = 1
2‖yM − ytarget‖

2 + α

2 δt
M−1∑
n=0
‖cn+1‖2.

And the discrete optimality system is given by:
y0 = yinit,

yn+1 = (I − δtA)−1(yn + δtcn+1), n = 0, 1, . . . ,M − 1,
λM = yM − ytarget,
λn = (I − δtA)−1λn+1, n = 0, 1, . . . ,M − 1,

αcn+1 = −(I − δtA)−1λn+1, n = 0, 1, . . . ,M − 1,
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ẏ(t) = Ay(t) + c(t)→ yn+1 = yn + δt(Ayn+1 + cn+1).

And the discrete cost functional is:

Jδt(c) = 1
2‖yM − ytarget‖

2 + α

2 δt
M−1∑
n=0
‖cn+1‖2.

And the discrete optimality system is given by:
y0 = yinit,

yn+1 = (I − δtA)−1(yn + δtcn+1), n = 0, 1, . . . ,M − 1,
λM = yM − ytarget,
λn = (I − δtA)−1λn+1, n = 0, 1, . . . ,M − 1,

αcn+1 = −(I − δtA)−1λn+1, n = 0, 1, . . . ,M − 1,



Analysis
Dahlquist system

We use the Discretize-then-optimize strategy:
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Analysis
Dahlquist system

By diagonalization (since A is real symetric):

yn+1 = yn + δt(Ayn+1 + cn+1)→ yn+1 = yn + δt(σyn+1 + cn+1),

⇒ Reduction to independent Dahlquist systems.

And we get formulas like:

yn2 = (1− σδt)n1−n2yn1 − δt
n2−n1−1∑
j=0

(1− σδt)n1−n2+jcn1+j+1

= (1− σδt)n1−n2yn1 −
δt

α

n2−n1−1∑
j=0

(1− σδt)n1−n2+j−1λn1+j+1.
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By diagonalization (since A is real symetric):

yn+1 = yn + δt(Ayn+1 + cn+1)→ yn+1 = yn + δt(σyn+1 + cn+1),

⇒ Reduction to independent Dahlquist systems.
And we get formulas like:

yn2 = (1− σδt)n1−n2yn1 − δt
n2−n1−1∑
j=0

(1− σδt)n1−n2+jcn1+j+1

= (1− σδt)n1−n2yn1 −
δt

α

n2−n1−1∑
j=0

(1− σδt)n1−n2+j−1λn1+j+1.



Analysis
Dahlquist system

So that we end up with the reduced system:

Y0 = yinit

−βδtY`−1 + Y` + γδt
α

Λ` = 0, 1 ≤ ` ≤M,

Λ`−1 − βδtΛ` = 0, 0 ≤ ` ≤M − 1,
Y` + Λ` = ytarget,

where

βδt := (1− σδt)−∆T/δt,

γδt := δt
N−1∑
j=0

(1− σδt)2(j−N) = β2
δt − 1

σ(2− σδt) .



Analysis
Dahlquist system

In a matrix form

⇒



1 0

−βδt
. . . γδt/α

. . .

. . .
. . .

. . . 0
−βδt 1 γδt/α

1 −βδt
. . .

. . .

. . . −βδt
−1 1





Y0
...
...
YL
Λ1

...

...
ΛL


=



yinit
0

...

0
−ytarget

 .

or, in a more compact form,
MδtX = b.



Analysis
Dahlquist system

Conclusion: we need to characterize the eigenvalues of Id−M−1
∆tMδt.

⇒ (M∆t −Mδt)x = µM∆tx,

i.e., after some computation, study the roots of:

P (µ) = αµ2L−1 + (µγ − δγ)
L−1∑
`=0

µ2(L−`−1)(µβ − δβ)2`,

where
β = β∆t, γ = γ∆t, δβ = β∆t − βδt, δγ = γ∆t − γδt.



Outline

1 The parareal algorithm
Principles of the approach
Convergence analysis
An example of result

2 Coupling with control
Optimal Control
Linear Control
Numerical examples

3 Analysis
Dahlquist system
The dissipative case: σ < 0
Unstable systems: σ > 0



Analysis
The dissipative case

Theorem
Let ∆T , ∆t, δt and α be fixed. Then for all σ < 0, the spectral radius of
I −M−1

∆tMδt satisfies

max
σ<0

ρ(σ) ≤ 0.79∆t
α+
√
α∆t

+ 0.3.

Thus, if α > 0.4544∆t, then the linear ParaOpt algorithm converges.

F. Kwok, M. Gander, J. Salomon,

SISC Vol. 42, No. 5, pp. A2773–A2802.
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The dissipative case

Numerical test:

10-5 100 105
10-3

10-2

10-1

100

101

102

103

max
( )

0.5(  t/ )1/2

C -1/(2L-1)

Estimate (3.39)

Figure: Behaviour of maxσ<0 ρ(σ) as a function of α, T = 100, L = 30, ∆T = ∆t,
∆t/δt = 10−4. The data for µmax(α) has been generated by solving the generalized
eigenvalue problem using eig in Matlab.



Analysis
The dissipative case

Ingredients of the proof:
Analysis of the functions β, γ, ...
Complex analysis: Argument Principle.
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Analysis
Unstable systems

Setting: Dahlquist equation, σ > 0, explicit Euler discretization

yn+1 = yn + δt(σyn + cn).

Reduced to
P (Y`,Λ`+1) := βY` −

γ

α
Λ`+1,

Q(Y`,Λ`+1) := βΛ`+1,

with
β := (1 + σδt)

∆T
δt ,

γδt := β2 − 1
σ(2 + σδt) .



Analysis
Unstable systems

P has only one root τ0 in ]1,∞[.
Let τ = β − γδβ/δγ and L0 be

L0 = (β − τ)
γ(τ − τ0) .

Theorem
Let σ > 0, α, T, L,∆t, δt and be fixed. If P (τ) > 0 and L satisfies L > αL0 then,
the spectral radius of

(
Id−M−1

∆tMδt

)
satisfies

ρ < (∆t− δt)C(σ,∆T ),

where
C(σ,∆T ) = σ

[1
2 +

(1
2σ∆T + 1

)
e2σ∆T

]
.



Analysis
Unstable systems

Ingredients of the proof:
Analysis of the functions β, γ, ...
Complex analysis: Rouché’s Theorem.

N. Tognon, to appear.



Partial end...
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