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Schwarz Algo. versus Schwarz Waveform Relaxation Algo.
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Motivations for Schwarz Waveform Relaxation Method

• Save time communication

• Adapt the time and space steps

• Adapt the model
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About the name SWR

Picard’s Fixed Point
d

dt
y(t) = f (t, y(t)) on [0,T ],

y(0) = y0.

d

dt
yn+1(t) = f (t, yn(t)) =⇒ yn+1(t) = y0 +

∫ t

0

f (s, yn(s))ds

Theorem (E. Lindelof (1894))

For f continuous and uniformly Lipschitz with respect to y (constant L)
then the sequence (yn)n is convergent and the error satisfies

‖y − yn‖∞ ≤
(LT )n

n!
‖y − y0‖∞.
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Systems of ODEs

The Waveform Relaxation Method for Time-Domain Analysis of Large Scale

Integrated Circuits. E. Lelarasmee; A.E. Ruehli; A.L. Sangiovanni-Vincentelli.

1982.

dv1

dt
= f1(v1, v2, v3)

dv2

dt
= f2(v1, v2, v3)

dv3

dt
= f2(v1, v2, v3)



dvk+1
1

dt
= f1(vk+1

1 , vk
2 , v

k
3 )

dvk+1
2

dt
= f2(vk

1 , v
k+1
2 , vk

3 )

dvk+1
3

dt
= f2(vk

1 , v
k
2 , v

k+1
3 )
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SWR for the heat equation

SWR Algorithm for Lu = F on [−L, L]× [0,T ]
Lun+1

1 = F on Ω1 × (0,T ),

un+1
1 (δ, t) = un2 (δ, t),

un+1
1 (·, 0) = u0

(1)


Lun+1

2 = F on Ω2 × (0,T ),

un+1
2 (0, t) = un1 (0, t),

un+1
2 (·, 0) = u0

(2)

Ω1

Ω2

0

T
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Convergence of the SWR Algorithm

• Gander M. J., Zhao H. 2002. Overlapping Schwarz Waveform Relaxation for the Heat

Equation in n-Dimensions.

• E. Giladi, H. B. Keller Space-time 2002. Domain decomposition for parabolic problems.

Two behaviors:

Large T Small T Intermediate T
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Convergence of the SWR Algorithm


∂en+1

1

∂t
− ν

∂2en+1
1

∂x2
= 0 in (−L, δ) × (0,T )

en+1
1 (δ, ·) = en2 (δ, ·)
+ B.C .


∂en+1

2

∂t
− ν

∂2en+1
2

∂x2
= 0 in (0, L) × (0,T )

en+1
2 (0, ·) = en1 (0, ·)
+ B.C .

• T =∞: linear bound (use Maximum Principle):

‖en1 (0, ·)‖L∞ ≤
(
L− δ
L + δ

)n

‖e0
1 (0, ·)‖L∞

• T < +∞ : superlinear bound (use the heat kernel):

‖en1 (0, ·)‖L∞ ≤ erfc(
nδ

2
√
νT

)‖e0
1 (0, ·)‖L∞
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Linear convergence

The proof of the linear convergence relies on the maximum principle.

∂u

∂t
− ν ∂

2u

∂x2
= 0 on (a, b)× (0,+∞),

u(·, 0) = 0,

u(a, ·) = g1,

u(b, ·) = g2.

Lemma

The solution of the heat equation on (a, b)× (0,+∞) satisfies:

‖u(x , ·)‖∞ ≤
b − x

b − a
‖g1‖∞ +

x − a

b − a
‖g2‖∞, x ∈ [a, b].
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Linear convergence


∂en+1

1

∂t
− ν

∂2en+1
1

∂x2
= 0 on (−L, δ) × (0,T )

en+1
1 (δ, ·) = en2 (δ, ·)

en+1
1 (0, ·) = 0


∂en+1

2

∂t
− ν

∂2en+1
2

∂x2
= 0 on (0, L) × (0,T )

en+1
2 (0, ·) = en1 (0, ·)

en+1
2 (L, ·) = 0

We apply the maximum principle:

‖en+1
1 (0, ·)‖∞ ≤

L

L + δ
‖en2 (δ, ·)‖∞,

‖en+1
2 (δ, ·)‖∞ ≤

L− δ
L
‖en1 (0, ·)‖∞.

Combining gives the result:

‖en+1
1 (0, ·)‖∞ ≤

L− δ
L + δ

‖en−1
1 (0, ·)‖∞.
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Adimentionalized heat equation

∂u

∂t
− ν ∂u

∂x2
= 0 on [0, L]× [0,T ],

u(0, ·) = sin(3π
t

T
),

u(L, ·) = 0,

u(·, 0) = 0,

 



∂u

∂t
− νT

L2

∂u

∂x2
= 0 on [0, 1]× [0, 1],

u(0, ·) = sin(3πt),

u(1, ·) = 0,

u(·, 0) = 0,

νT

L2
= 10

νT

L2
= 0.1
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Superlinear convergence
The solution of

∂w

∂t
− ν ∂

2w

∂x2
= 0 on (0,+∞)× (0,T ),

w(·, 0) = 0,

w(0, t) = max
0≤t≤τ

|ek−1
1 (0, τ)| := E k−1

1 (t),

is w(x , t) =

∫ t

0

K (x , t − τ)E k−1
1 (τ) dτ where

K (x , t) =
x

2
√
νπ

e−
x2

4νt

t3/2
.

We have

|ek2 (δ, t)| ≤ |w(δ, t)| = |
∫ t

0

K (δ, t − τ)E k−1
1 (τ) dτ |.
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Superlinear convergence

From |ek2 (δ, t)| ≤
∫ t

0

K (δ, t − τ)E k−1
1 (τ) dτ, we obtain

‖ek2 (δ, ·)‖∞ ≤ ‖E k
1 ‖∞

1√
π

∫ t

0

δ

2
√
ν

e−
δ2

4ν(t−τ)

(t − τ)3/2
dτ

≤ ‖E k
1 ‖∞

2√
π

∫ +∞

δ
2
√

νt

e−τ
2

︸ ︷︷ ︸
=erfc( x

2
√

νt
)

dτ

≤ ‖E k
1 ‖∞erfc(

δ

2
√
νT

)

with the change of var τ̃ =
δ√

ν(t − τ)
( d τ̃ = − δ

4
√
ν(t − τ)3/2

dτ).
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Superlinear convergence
Adimentionalized heat equation

∂u

∂t
− ν ∂u

∂x2
= 0 on [0, L]× [0,T ],

u(0, ·) = sin(3π
t

T
),

u(L, ·) = g1,

u(·, 0) = 0,

 



∂u

∂t
− νT

L2

∂u

∂x2
= 0 on [0, 1]× [0, 1],

u(0, ·) = sin(3πt),

u(1, ·) = 0,

u(·, 0) = 0,

νT

L2
= 10

νT

L2
= 0.1
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Schwarz Algorithm

We want to solve

Lu = f in Q

+ B.C. Q

We use a Schwarz algorithm
Lun+1

1 = f in Q1

un+1
1 = un

2 on Γ1

+B.C . on ∂Q1 − {Γ1}
Lun+1

2 = f in Q2

un+1
2 = un+1

1 on Γ2

+B.C . on ∂Q2 − {Γ2}

Q1

Q2

How fast is the convergence?
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Schwarz Algorithm

We want to solve

Lu = f in Q

+ B.C. Q

We use a Schwarz algorithm
Len+1

1 = 0 in Q1

en+1
1 = en2 on Γ1

+B.C . on ∂Q1 − {Γ1}
Len+1

2 = 0 in Q2

en+1
2 = en+1

1 on Γ2

+B.C . on ∂Q2 − {Γ2}

Q1

Q2

How fast is the convergence?
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Using Fourier analysis for 4u = f

{
4u = f on Q = [−L, L]× [0, 1]

u = g on ∂Q Q

Solving at iteration n:

en1 (x, y) =
∞∑
k=0

ên1 (k)
sinh(kπ(x + L))

sinh(kπ(δ + L))
sin(kπy) on Q1 = [−L, δ]× [0, 1]

en2 (x, y) =
∞∑
k=0

ên2 (k)
sinh(kπ(x − L))

sinh(kπL)
sin(kπy) on Q2 = [0, L]× [0, 1]

Using the transmission conditions en+1
1 (δ, ·) = en2 (δ, ·) and en2 (0, ·) = en1 (0, ·)

ên+1
1 (k) =

sinh(kπ(δ − L))

sinh(kπ(δ + L))︸ ︷︷ ︸
=ρ(k)

ên1 (k)
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Using Fourier analysis for 4u = f

{
4u = f on Q = [−L, L]× [0, 1]

u = g on ∂Q Q1

en1 = 0

en1 = 0

en1 = 0 en1 = en−1
2

Solving at iteration n:

en1 (x, y) =
∞∑
k=0

ên1 (k)
sinh(kπ(x + L))

sinh(kπ(δ + L))
sin(kπy) on Q1 = [−L, δ]× [0, 1]

en2 (x, y) =
∞∑
k=0

ên2 (k)
sinh(kπ(x − L))

sinh(kπL)
sin(kπy) on Q2 = [0, L]× [0, 1]

Using the transmission conditions en+1
1 (δ, ·) = en2 (δ, ·) and en2 (0, ·) = en1 (0, ·)

ên+1
1 (k) =

sinh(kπ(δ − L))

sinh(kπ(δ + L))︸ ︷︷ ︸
=ρ(k)

ên1 (k)
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Using Fourier analysis for 4u = f

Introducing a pure sine frequency: e0
2 (δ, y) = sin(3πy)

0 0.2 0.4 0.6 0.8 1

y

-1

-0.5

0

0.5

1

E
rr

o
r Q1

sin(3πy)

→ The sine is contracted as predicted by the Fourier convergence
factor.
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Convergence factor

Domain: Q = [−1/2, 1/2]× [0, 1]
Overlap: δ = ∆x = 0.005
First guess: e0

2 (δ, ·) = sin(kπy), k = 1, 5 or 10

0 200 400 600 800 1000

Iterations

10
-15

10
-10

10
-5

10
0

E
rr

o
r

Error history

k=1

k=5

k=10

0 2 4 6 8 10

k

0.7

0.75

0.8

0.85

0.9

0.95

1
Convergence Factor

→ The convergence is linear

→ High frequencies converge quickly
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Convergence factor
Domain: Q = [−1/2, 1/2]× [0, 1]
Overlap: δ = ∆x = 0.005
First guess: e0

2 (δ, ·) = rand(−1, 1)

0 200 400 600 800

Iterations

10
-15

10
-10

10
-5

10
0

E
rr

o
r

Convergence History

Error

Fourier Bound

0 50 100 150

Iterations

10
-6

10
-4

10
-2

10
0

Convergence History, Zoom

Error

Fourier Bound

en1 (0, y) =
kmax∑

k=kmin

λk(ρ(k))n sin(kπy)

→ The convergence is guided by the lowest frequency ρ(kmin)
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Using Fourier analysis for the heat equation
∂u

∂t
− ν ∂

2u

∂x2
= f on Q = [−L, L]× [0,T ]

u = g at x = −L, x = L + I .C . Q

Laplace transform (û(x , s) =

∫ +∞

0

u(x , t)e−stdt) of the equation:

ên1 (x , s) = An sinh(
√
sν(x + L))

sinh(
√
sν(δ + L))

ên2 (x , s) = Bn sinh(
√
s(x − L))

sinh(
√
sL)

so that using the transmission conditions:

ên1 (x , s) =
sinh(

√
sν(δ − L))

sinh(
√
sν(δ + L))︸ ︷︷ ︸

=ρ(s)

ên−1
1 (x , s)
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Using Fourier analysis for the heat equation


∂u

∂t
− ν ∂

2u

∂x2
= f on Q = [−L, L]× [0,T ]

u = g at x = −L, x = L + I .C .

Q1

en1 = 0

en1 = 0 en1 = en−1
2

Laplace transform (û(x , s) =

∫ +∞

0

u(x , t)e−stdt) of the equation:

ên1 (x , s) = An sinh(
√
sν(x + L))

sinh(
√
sν(δ + L))

ên2 (x , s) = Bn sinh(
√
s(x − L))

sinh(
√
sL)

so that using the transmission conditions:

ên1 (x , s) =
sinh(

√
sν(δ − L))

sinh(
√
sν(δ + L))︸ ︷︷ ︸

=ρ(s)

ên−1
1 (x , s)
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Using Fourier analysis for the heat equation

Domain: Q = [−3.5, 3.5]× [0, 1]
Overlap: δ = 5∆x = 5× 0.05
First guess: e0

2 (δ, t) = sin(50t)

0 20 40 60 80 100

Iterations

10
-10

10
-5

10
0

E
rr

o
r
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Convergence results for the heat equation
• T =∞: linear bound (use Maximum Principle):

‖en1 (0, ·)‖L∞ ≤
(
L− δ
L + δ

)n

‖e0
1 (0, ·)‖L∞

• T < +∞ : superlinear bound (use the heat kernel):

‖en1 (0, ·)‖L∞ ≤ erfc(
nδ

2
√
νT

)‖e0
1 (0, ·)‖L∞

→ What is the link with the Fourier analysis?
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An additional phenomenon
Domain: Q = [−10, 10]× [0, 5]
Overlap: δ = 10∆x = 10× 0.005
First guess: e0

2 (δ, ·) = sin(50t)
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t

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

E
rr

o
r

0 10 20 30 40 50

Iterations

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

E
rr

o
r

Error

Fourier bound

Kernel
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‖ek1 (0, ·)‖L∞(0,T ) ‖ek1 (0, ·)‖L∞(T/2,T )
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An additional phenomenon
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An additional phenomenon
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An additional phenomenon
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An additional phenomenon
Domain: Q = [−10, 10]× [0, 5]
Overlap: δ = 10∆x = 10× 0.005
First guess: e0

2 (δ, ·) = sin(50t)
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An additional phenomenon

We can see:

• The Fourier convergence factor

• The behavior of the bump

• The superlinear convergence
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An additional phenomenon
♦ When L = 4, if the algorithm is initalized with the pure sine

frequency e0
2 (δ, y) = sin(λy) we have:

en1 (0, y) = ρ(λ)2n−1 sin(λy)

♦ When L = ∂t − ν∂xx and L =∞, if the algorithm is initalized with
the pure sine frequency e0

2 (δ, t) = sin(λt), then for large λ, we have

en1 (0, t) = ρ(λ)2n−1 sin(λt−(2n − 1)L

√
λ

2ν
)

+
1

λ
K ((2n − 1)

L√
ν
, t) +O(

1

λ3
).

Proof (M.J. Gander, V.M. 2022):

en1 (0, t) =
1√
π

∫ t

0

sin(λ(t − τ))K(
(2n − 1)L

2
), τ)dτ
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To sum up

Domain: Q = [−0.05, 0.05]× [0, 5]
Overlap: δ = 5∆x = 5× 0.005
First guess: e0

2 (δ, ·) = sin(25t)
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To sum up

Domain: Q = [−10, 10]× [0, 5]
Overlap: δ = 5∆x = 5× 0.005
First guess: e0

2 (δ, ·) = sin(25t)
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When all the frequencies are present

Domain: Q = [−30, 30]× [0, 30]
Overlap: δ = 5∆x = 5× 0.05
First guess: e0

2 (δ, ·) = rand(−1, 1)
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When all the frequencies are present

Domain: Q = [−10−3, 10−3]× [0, 0.1]
Overlap: δ = ∆x = 10−5

First guess: e0
2 (δ, ·) = rand(−1, 1)
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Conclusions and future works

• Fourier analysis is not sufficient to explain the convergence.

• What about Robin boundary conditions?
Lun+1

1 = f in Q1

∂un+1
1

∂x
− pun+1

1 =
∂un2
∂x
− pun2 on Γ1

+B.C . on ∂Q1 − {Γ1}
Lun+1

2 = f in Q2

∂un+1
2

∂x
+ pun+1

2 =
∂un1
∂x

+ pun1 on Γ1

+B.C . on ∂Q2 − {Γ2}
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Outline

Introduction

Classical SWR Algorithm
SWR method for the heat equation: first results for the convergence

Using Fourier analysis to study the convergence speed
Using Fourier to study the Schwarz algorithm for Laplace equation
Using Fourier to study the conv. of the SWR algo. for the heat
equation

Optimized SWR Algorithm
Optimization of the convergence factor
Numerical results
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Linearized Viscous Shallow Water equations

Linearized adimensionalized equations LW = F are
∂u

∂t
+

1

Fr 2

∂h

∂x
− 1

Re

∂2u

∂x2
= f on R× (0,+∞)

∂h

∂t
+
∂u

∂x
= 0 on R× (0,+∞)

u(·, 0) = u0, h(·, 0) = h0 on R

where W = (u, h), Fr = U/c, Re = UL/ν.
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SWR Algorithm with Robin boundary conditions

If B(u, h) = − 1

Re

∂u

∂x
+

1

Fr2
h the DD algorithm reads


LW n+1

1 = 0 on Ω1 × (0,+∞),

(B(un+1
1 , hn+1

1 )− pun+1
1 )(0, t) = (B(un2 , h

n
2)− pun2 )(0, t),

un+1
1 (·, 0) = u0, h

n+1
1 (·, 0) = h0

(3)


LW n+1

2 = 0 on Ω2 × (0,+∞),

(B(un+1
2 , hn+1

2 ) + pun+1
2 )(0, t) = (B(un1 , h

n
1) + pun1 )(0, t),

un+1
2 (·, 0) = u0, h

n+1
2 (·, 0) = h0

(4)

How to choose p such that the convergence is fast?
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Solving in Laplace variables

We use the Laplace transform

û(s) =

∫ +∞

0

u(t)e−stdt.

The SW equations LW = 0 in Laplace variables are
∂u

∂t
+

1

Fr 2

∂h

∂x
− 1

Re

∂2u

∂x2
= 0

∂h

∂t
+
∂u

∂x
= 0 ⇒


sû − (

1

Re
+

1

sFr2
)
∂2û

∂x2
= 0

ĥ = −1

s

∂û

∂x

The solution of the algorithm is{
L(un+1

1 , hn+1
1 ) = 0 in R− × R+

L(un+1
2 , hn+1

2 ) = 0 in R+ × R+

{
ûn+1

1 (x , s) = αn+1(s)eµ(s)x

ûn+1
2 (x , s) = βn+1(s)e−µ(s)x

where µ(s) =
sFr
√
Re√

sFr 2 + Re
.
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.
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Solving in Laplace variables

We have obtained

ûn
1 (x , s) = αn(s)eµ(s)x and ûn

2 (x , s) = βn(s)e−µ(s)x .

The transmission conditions at {0} × (0,+∞) are
− 1

Re
∂xu

n+1
1 +

1

Fr 2
hn+1

1 − pun+1
1 = − 1

Re
∂xu

n
2 +

1

Fr 2
hn

2 − pun
2

− 1

Re
∂xu

n
2 +

1

Fr 2
hn

2 + pun
2 = − 1

Re
∂xu

n−1
1 +

1

Fr 2
hn−1

1 + pun−1
1

In Laplace variables they become

(
1

Re
+

1

Fr 2s
)∂x û

n+1
1 + pûn+1

1 = (
1

Re
+

1

Fr 2s
)∂x û

n
2 + pûn

2

− (
1

Re
+

1

Fr 2s
)∂x û

n
2 + pûn

2 = − (
1

Re
+

1

Fr 2s
)∂x û

n−1
1 + pûn−1

1



Introduction Classical SWR Algorithm Using Fourier analysis to study the convergence speed Optimized SWR Algorithm

Solving in Laplace variables

Obtaining the convergence factor
We have the relation

ûn+1
1 (0, s) := ρ(p, s)ûn−1

1 (0, s)

with

ρ(p, ω) =

∣∣∣∣√iω + A− p√
iω + A + p

∣∣∣∣2 =
p2 −

√
2p
√
A +
√
A2 + ω2 +

√
A2 + ω2

p2 +
√

2p
√
A +
√
A2 + ω2 +

√
A2 + ω2

where A = Re/Fr2 et p =
√
Rep.

Optimizing the convergence factor

min
p∈R

max
ω∈[ωmin,ωmax ]

ρ(p, ω).
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Optimization of the convergence factor for AD equation
The convergence factor of the OSWR algorithm applied to the
advection-diffusion equation

∂u

∂t
+ a

∂u

∂x
− ν ∂

2u

∂x2
+ cu = 0.

is

ρad(p, ω) =

∣∣∣∣√iω + A− p√
iω + A + p

∣∣∣∣2 with A =
a2 + 4νc

4ν
.

Theorem (M.J. Gander, L. Halpern, 2007)

The solution of the min-max computed on [0, ωmax ] problem is

q1 = (A2 + ω2
max)1/4 if ω2

max > 4A2(2 +
√

5)

q2 =

(
A +
√

2A

√
A +

√
A2 + ω2

max

)1/2

if ω2
max ≤ 4A2(2 +

√
5)
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Optimization of the convergence factor
Let q1 et q2 defined by

q1 = (A2 + ω2
max)1/4

q2 =

(
A +

√
A +

√
A2 + ω2

min

√
A +

√
A2 + ω2

max

)1/2

Theorem
Optimizing the convergence factor gives a unique solution:
p? = min(q1, q2),
If q1 < q2 then the optimized solution satisfies

min
p0∈R

max
ω∈[ωmin,ωmax ]

ρ(p0, ω) = ρ(q1, ωmax).

If q1 > q2 then the optimized solution satisfies

min
p∈R

max
ω∈[ωmin,ωmax ]

ρ(p, ω) = ρ(q2, ωmin) = ρ(q2, ωmax).
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Optimizing the convergence factor

Theorem (D. Bennequin, M.J. Gander, L. Halpern 08)

The solution of the min-max problem

min
p∈C

max
ω∈[−ωmax ,−ωmin ]∪[ωmin,ωmax ]

ρ(p, ω)→ p?

is unique, real and ω → ρ(p?, ω) equioscillates at, at least, 2 points.

Physical and numerical data: ωmin = π
2 , ωmax = π

dt ' 2011.
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Dependance of q1 and q2 w.r. to the parameters

If q1 > q2 p? = q2 (equi-oscillation)
If q1 < q2 p? = q1 (no equi-oscillation)
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Case ∆t → 0

Corollary 1

If ∆t → 0 then the optimized parameter behaves like

p? ' Cp∆t−1/4,Cp =
π1/4

√
ReFr

(Re +
√
Re2 + ω2

minFr
4)1/4

and the convergence factor like

min
p∈[0,+∞[

max
ω∈[ωmin,ωmax ]

ρ(p, ω) = 1− 2
√

2Re
Cp√
π

∆t1/4 + o(∆t1/4)

Proof:
q1 ' ω1/2

max

q2 ' Cω
1/4
max

Case q1 > q2.
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Case Re → +∞

Corollary 2

If Re → +∞ then the optimized parameter behaves like

p? ' 1

Fr

and the convergence factor behaves like

min
p∈[0,+∞[

max
ω∈[ωmin,ωmax ]

ρ(p, ω) ' ω2
maxFr

4

16Re2
.

Proof:
q1 '

√
A

q2 '
√

3A
Case q2 > q1.
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Influence of the time interval

Physical and numerical data
∆x = 1.56 · 10−4,∆t = 5 · 10−3

u(x , t) = 0, h(x , t) = 0
u0

2(0, ·) = rand(−1, 1)

0 2 4 6 8 10 12

Iterations

10
-12

10
-10

10
-8

10
-6

E
rr

o
r

2 4 6 8

Iterations

10
-10

10
-8

10
-6

E
rr

o
r

T = 0.2 T = 2
Error versus iterations



Introduction Classical SWR Algorithm Using Fourier analysis to study the convergence speed Optimized SWR Algorithm

How sharp is the optimized parameter?
Physical and numerical data
T = 2
∆x = 1.56 · 10−4,∆t = 5 · 10−3

u(x , t) = 0, h(x , t) = 0
u0

2(0, ·) = rand(−1, 1)
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Effect of p for a sum of frequencies

Physical and numerical data
T = 2
∆x = 1.56 · 10−4,∆t = 1.6 · 10−3

u0
2(0, ·) = rand(−1, 1)
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Effect of p for a sum of frequencies

Physical and numerical data:
T = 2
∆x = 1.56 · 10−4,∆t = 1.6 · 10−3

u0
2(0, ·) = rand(−1, 1)
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Conclusion and future works

• For large time interval the optimized parameter is sharp

• What about small time interval?

• What about 2D problem?
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