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Optimized SWR Algorithm
Motivations for Schwarz Waveform Relaxation Method

e Save time communication

e Adapt the time and space steps
e Adapt the model
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About the name SWR

Picard’'s Fixed Point
Zv(t) = F(t,v(8)) on [0, T,

y(0) = yo.
d

SO = ey () = 0 =+ [ F(sy(9)ds

Theorem (E. Lindelof (1894))

For f continuous and uniformly Lipschitz with respect to y (constant L)
then the sequence (y"), is convergent and the error satisfies

LT)"

by =y"lle < L0 < 0.
n!
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Systems of ODEs

The Waveform Relaxation Method for Time-Domain Analysis of Large Scale
Integrated Circuits. E. Lelarasmee; A.E. Ruehli; A.L. Sangiovanni-Vincentelli.

1982.
.lf - }_r"s

= h(vi, v2, v3) :

dn
dt
dv2
dt
dvs
dt

= fi(v1, v2, v3)

= h(vi, v2, v3)

dvftt
dt

k+1
dv,

o g
P o K

duktt \—ZI I I-

3

dt = f2(v1kvv2k7v?f<+1)

:fl(Vlk+1aV2kvV3k) i
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SWR method for the heat equation: first results for the convergence



Optimized SWR Algorithm

Introduction Classical SWR Algorithm Using Fourier analysis to study the convergence speed
SWR for the heat equation
SWR Algorithm for Lu= F on [—L, L] x [0, T]
Lu™ =F on Q; x (0, 7),
u (0, 1) = u3 (6, 1), (1)
Uerl( - 0) = uo
Lus™ =F on 2, x (0, T),
ug™(0,t) = uf(0, t), (2)
u;(-,0) = ug
Q;
T
0 0,
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Convergence of the SWR Algorithm

® Gander M. J., Zhao H. 2002. Overlapping Schwarz Waveform Relaxation for the Heat
Equation in n-Dimensions.

® E. Giladi, H. B. Keller Space-time 2002. Domain decomposition for parabolic problems.

Two behaviors:

& 0 f
fersion x foraionk [

Large T Small T Intermediate T
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Convergence of the SWR Algorithm

ae{Hrl B2ef+1 ) ae£+1 a2e£+1 )

VT aE 0in (—L,8) x (0, T) ot Ve T 0in (0,L) x (0, T)
eln+1(5a') = eé-’(aa) e2n+1(0’_) = eln(o)
+ B.C. + B.C.

e T = oo: linear bound (use Maximum Principle):

] L5\
Ief(0 e < (55 ) 100l

e T < 400 : superlinear bound (use the heat kernel):

l[e1(0, )| o < erfe( €20, )]z

nd
2VvT
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Linear convergence

The proof of the linear convergence relies on the maximum principle.

du  O%u

E—Vﬁ—o on (a,b)x(o,‘i‘oo)7
u(-,0) =0,

u(a,~) = 81,

u(b,-) = .

Lemma
The solution of the heat equation on (a, b) x (0,+00) satisfies:
b—x X —

a
0o T T s, X € |a, b].
" lgtlloe + T llgollcs x € [2, 5]

Ju(x, ) lloe <

eed Optimized SWR Algorithm
000000000
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Linear convergence
ae{7+1 82Ef+1 8eg+1 82 n+1
o Vo =0on (—L,48)x(0,T) o Y 6X2 =0on (0,L) x (0, T)
e[ ™(s,) = €3(5,) ey ™1(0,-) = €{(0, )
ef1(0,-) =0

el (L) =0

We apply the maximum principle:

le7**(0, )lloe <

&8, lloo <

Combining gives the result:

lef**(0, )lloo < L+5II HUBIFS
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Adimentionalized heat equation

ou ou

T —v——=00n[0,L]x[0, T u vl du _

ot Ox? , [0, 41> [0, 7], 3t 252 - 0on [0,1] x [0, 1],

u(0,-) = sin(37r7), — 3 u(0,-) =sin(3xt),

U(L,~) =0, u(l,-) =0,

u(-,0) =0, u(-,O) =0,
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Superlinear convergence
The solution of

ow  Pw
E*I/W_O on (0,+OO)X(0, 7—)7
w(-,0) =0,

w(0,6) = max [el(0,7)] i= EXI(e),

t
is w(x, t) = / K(x,t — 7)Ef~Y(7) dT where
0

x2
X e wt
K(x,t) = ———+.
(x.t) 2/vm t3/2
We have

le2(8, 1) < [w(s, t)| = \/ K(0,t = )BT (7) drl.
0
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Superlinear convergence
t
From [eX(0,t)| < / K(8,t — 7)Ef 7 (7) d7, we obtain
0
< E e 4u(t T) d
56 < N [ o
k 2 e —7?
<& Hooﬁ ,oedr
2V/vt
=erfc(2%/§)
< | erfe(—r—)
2vvT
. - o . 0
with the change of var 7 = ——— ( d7 = — dr)

) (=P
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Superlinear convergence
Adimentionalized heat equation
ou ou
— —v=—=00n[0,L] x [0, T], Ou _vT du _
ot Ox? . ot 12 Hx2 Oon [Oa 1] X [071]7
u(0,-) = sin(37r7), w4 u(0,-) = sin(3xt),
u(L,) = &, u(t, ) =0,
u(-,0)=0, u(-,0) =0,
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Using Fourier analysis to study the convergence speed
Using Fourier to study the Schwarz algorithm for Laplace equation
Using Fourier to study the conv. of the SWR algo. for the heat
equation
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Schwarz Algorithm

We want to solve

Lu="FinQ
+ B.C. Q

We use a Schwarz algorithm

1 .
Lu™'=f in@Q
1
wr=ul onl

+B.C. on 801—{F1}

Q1

1 .

Luytt =F in @
1 1

ud Tt =t on N Q>

+B.C. on Bsz{Fz}
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We want to solve
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Lu="FinQ
+ B.C. Q
We use a Schwarz algorithm
Lef™ =0 inQ
et =¢)  onl,
+B.C. on 8Q, — {I} &

41 .

ﬁe; =0 n Qz
1 1

gttt =™ only

+B.C. on 0@ — {rz}

How fast is the convergence?

Q@




Introduction Classical SWR Algorithm Using Fourier analysis to study the convergence speed Optimized SWR Algorithm
000000000 @000 000000000
00000000000 00000

Using Fourier analysis for Au = f

Au=fFf onQ=][-L, L] x][0,1]
u=g on 0Q Q
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Using Fourier analysis for Au = f

e = 07 o
Au=f onQ=[-L1]x[0,1]
{U_g on JQ e =0 @ ief:l‘eg_l
Solving at iteration n: ef = 0o
aly) = géf(k)%sin(kw) on Qi = [—L,8] x [0,1]
glxy) = gég(k)% sin(kmy) on Q, = [0, L] x [0,1]

Using the transmission conditions e ™" (d, ) = e5(d,-) and €3(0,-) = {(0, )

el sinh(km(6 — L))
0= Gantkn(a 1 1)) 0 )
| R

=p(k)
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Using Fourier analysis for Au = f
Introducing a pure sine frequency: e9(d, y) = sin(37y)
o
\-:/, sin(3my)
|

Error

— The sine is contracted as predicted by the Fourier convergence
factor.
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Convergence factor
Domain: Q =[-1/2,1/2] x [0,1]
Overlap: 6 = Ax = 0.005
First guess:  e9(d,-) = sin(kmy), k = 1,5 or 10
o Error history Convergence Factor
10 1
0.95
0.9
g ZLogs
0.8
0.75
0 200 400 600 800 1000 0.7 0 2 4 6 8 10
Iterations k

— The convergence is linear
— High frequencies converge quickly
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Convergence factor

Domain: Q=1[-1/2,1/2] x [0,1]

Overlap: 6 = Ax = 0.005

First guess:  €9(6, ) = rand(—1,1)
Convergence History

Convergence History, Zoom
10° 10°

—Etrror
——Fourier Bound
—Error 102
105 —Fourier Bound

10710 \

107°

Error
>
IS

0 200 400 600 800 0 50 100 150
Iterations Iterations

Kmax

ef'(0,y) Z Ak(p(k))"sin(kmy)
k=K

— The convergence is guided by the lowest frequency p(kmin)
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Using Fourier analysis for the heat equation

du 32u
ot ox2
u=gatx=—-L,x=L +1.C. Q

=fon Q=[-LL] x[0,T]
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Using Fourier analysis for the heat equation

du  O%u 3 i

a*yﬁ—fon Q*[iL,L]X[OHT] e{TZO Ql :e{‘):ég—l

u=gatx=—-L,x=L +1/.C. 1 1
ef -0

+o00
Laplace transform (d(x,s) = / u(x, t)e*tdt) of the equation:
0

o Snh(Vs¥(x + 1))

als) = A Ve + D)
&(x,s) = an

sinh(y/sL)
so that using the transmission conditions:
inh —L
éf(X,S) _ s!n (\/57(5 )) éf_l
sinh(y/sv(d + L))

=p(s)

(x;9)
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Using Fourier analysis for the heat equation

Domain: Q =[-3.5,3.5] x [0, 1]
Overlap: 6 =5Ax=5x0.05
First guess:  €9(d, t) = sin(50t)
10°
5 10°
|
10710
0 20 40 60 80 100

Iterations
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Convergence results for the heat equation

e T = oo: linear bound (use Maximum Principle):

n L—6\"
Ief(0 e < (53 ) 1600,

e T < +o00 : superlinear bound (use the heat kernel):

nd

ﬁ)”el(oy leee

ler (0, )l iee < erfc(

eraton k ek T T T

— What is the link with the Fourier analysis?
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An additional phenomenon
Domain: Q = [-10,10] x [0, 5]
Overlap: 6 = 10Ax = 10 x 0.005
First guess:  e9(d,-) = sin(50¢)

Error
4
N

Error

10 20 30 40
Iterations Iterations

K K
Iler (0, )| oo (0,7 llex (0, )lioo(T/2,7)

10 20 30 40 50
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An additional phenomenon
Domain: Q = [-10,10] x [0, 5]

Overlap: 6 = 10Ax = 10 x 0.005
First guess:  e9(d,-) = sin(50¢)

02
015
0.1
2 005 f
B I
0 I
005
-0.1
0 1 2 3 4 5
t
10° 10°
rror
ourier bound
102 Kernel
10
s
i
10°
10
1070

10 20 30 40 10 20 30 40 50
Iterations Iterations

K K
Iler (0, )| oo (0,7 llex (0, )lioo(T/2,7)

Optimized SWR Algorithm
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An additional phenomenon
Q = [~10,10] x [0, 5]
§ = 10Ax = 10 x 0.005
e9(d,-) = sin(50¢)

Domain:
Overlap:
First guess:

Optimized SWR Algorithm
000000000
00000

0.03
0025
0.02
0015
2 001
I
0.005
0
-0.005
0,01
0 1 2 3 4 5
t
10° 10°
rror
ourier bound
102 Kernel
10
s
i
10°
10
10710 10710
10 20 30 40 0 10 20 30 40
terations lterations

k
ller (0, )llies (o, 7)

50

K
ler (0, Yoo (7/2,7)
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An additional phenomenon
Domain: Q = [-10,10] x [0, 5]
Overlap: 6 = 10Ax = 10 x 0.005
First guess:  e9(d,-) = sin(50¢)

0.01

0.008

0.006

Error

0.004

0.002

0

0 1 2 3 4 5

10° 10°
rror
ourier bound
102 Kemel 102
107 107
s
i
10° 10°
10 10
10°10 10710
10 20 30 40 0 10 20 30 40 50
lterations lterations

K K
Iler (0, )| Loo (0,7 llex (0, )lioo(T/2,7)



Classical SWR Algorithm Using Fourier analysis to study the convergence speed Optimized SWR Algorithm

000000000 0000 000000000
000e0000000 00000

An additional phenomenon
Domain: Q@ =[-10,10] x [0, 5]
Overlap: 6 = 10Ax =10 x 0.005
First guess:  €9(d,-) = sin(50¢t)

x10°

4
35
3

25

Error

2
15
1

05

0

10 20 30 40 50

10 20 30 40 5
Iterations Iterations

llef (0, )l o< (0,7 ller (0, )leoe(T/2,7)
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An additional phenomenon
Domain: Q@ =[-10,10] x [0, 5]
Overlap: 6 = 10Ax =10 x 0.005
First guess:  €9(d,-) = sin(50¢t)

14 210°

10 20 30 40 5
Iterations Iterations

llef (0, )l o< (0,7 ller (0, )leoe(T/2,7)

10 20 30 40 50
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An additional phenomenon
Domain: Q@ =[-10,10] x [0, 5]
Overlap: 6 = 10Ax =10 x 0.005
First guess:  €9(d,-) = sin(50¢t)

x10

Error
o - v w & 0o N @

10 20 30 40 5
Iterations Iterations

llef (0, )l o< (0,7 ller (0, )leoe(T/2,7)

10 20 30 40 50



Introduction Classical SWR Algorithm Using Fourier analysis to study the convergence speed
000000000 0000
O000@000000

An additional phenomenon

We can see:

e The Fourier convergence factor
e The behavior of the bump

e The superlinear convergence

10°
102
10
s
Jin}
10°
& Error
Fourier bound
10°8 Kernel
Superlinear bound
10 -10

50 100 150 200
lterations

Optimized SWR Algorithm

000000000
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An additional phenomenon

O When L = /A, if the algorithm is initalized with the pure sine
frequency e9(d,y) = sin(\y) we have:

e(0,y) = p(A)*"sin(Ay)



Classical SWR Algorithm Using Fourier analysis to study the convergence speed Optimized SWR Algorithm

000000000 000000000

0000
0O0000e00000 00000

An additional phenomenon

O When L = /A, if the algorithm is initalized with the pure sine
frequency e9(d,y) = sin(\y) we have:

e(0,y) = p(A)*"sin(Ay)

O When L = 0; — vy and L = oo, if the algorithm is initalized with
the pure sine frequency eJ(d, t) = sin(\t), then for large A, we have

el(0,t) = p(\)>"tsin(At—(2n — 1)L %)
1 L 1
+ XK((2n - DW’ t) + O(F)'

Proof (M.J. Gander, V.M. 2022):

e1(0, ¢) = % /Otsin()\(t - T))K(w),r)m
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To sum up
Domain: Q = [-0.05,0.05] x [0, 5] i
Overlap: 6 =5Ax =5 x 0.005 |
First guess:  eJ(0,-) = sin(25t 1
2(5,-) = sin(251) .

Error
°
Error

1010
Eror

Fourier bound

Linear (Max Princ)

lterations.

Error vs time at iter. 38 Error vs x Error vs iterations
' First iter. at t = 3.7037
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To sum up

Overlap: 5Ax =5 x 0.005

Domain: Q =[-10,10] x [0, 5] 1
§= }
First guess:  €9(d,-) = sin(25¢) :

X
4 2107 g 210°
= Error 10°
6 Kernel 7
5 6
102
5
L4 I
’ : P e
2 ermel
2 | —— Superlinear bound
|~ Linear (Max Princ)
1 1 106
o 0
0 1 2 3 4 5 -10 5 ] 5 10 0 50 100 150 200
t X Iterations
. . Error vs x . .
Error vs time at iter. 50 Error vs iterations

First iter. at t = 0.3499
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When all the frequencies are present

Domain:
Overlap:
First guess:

Error

100

10710

Q =[-30,30] x [0,30]
6 =b5Ax =5 x0.05
e9(8,-) = rand(—1,1)

R oy
.,
...
..\\
.,
>,
~,
‘\
® Error A
Kernel
Superlinear bound
Linear (Max Princ)
A\
200 400

Iterations

Optimized SWR Algorithm
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When all the frequencies are present

Domain: Q =[-1073,103] x [0,0.1]
Overlap: d=Ax=10"°
First guess:  €9(d,-) = rand(—1,1)

10°
107"
102
g
u
3
10 ®  Error
Superlinear bound
4 — Linear (Max Princ)
10
10°°
0 100 200 300 400 500

lterations
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Conclusions and future works

e Fourier analysis is not sufficient to explain the convergence.
e What about Robin boundary conditions?

Luf™ = f in Q1
ourt n oul R
+B.C. on 9Q1 — {1}
Lud™ =f in Q
ougt ou]
82x + puytt = a—xl +pui onTly
+B.C. on 9Qx — {2}
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Optimized SWR Algorithm
Optimization of the convergence factor
Numerical results
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Linearized Viscous Shallow Water equations

Linearized adimensionalized equations LW = F are

ou 1 0Oh 1 &%u

EJrﬁ&fR—eﬁ:f on R x (0,+00)
oh  Ou

54_&_0 on R x (0,+00)
U(~,O) = anh('70) = ho on R

where W = (u, h), Fr = U/c, Re = UL/v.

u u u
1 1 1
05 /\ 05 /\ 05
0 0 0
B 05 0 05 [ 05 0 05 [ 05 0 05 1
h h h

-1 -0.5 0 05 141 -0.5 0 0.5 11 -0.5 0 05 1
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SWR Algorithm with Robin boundary conditions

If B(u,h) = g 1 h the DD algorithm reads
LW =0 on Q; x (0, +00),
(B(up ™, hy™) — pui™)(0,1) = (B(us. h5) — puz)(0,1),  (3)
uerl( ,0) = uo, hf+1(-,0) = ho
LW =0 on Q, x (0, +00),
(B(ug ™ hy ™) + pug™)(0. 1) = (B(uf, h]) + pup)(0,t),  (4)

U2n+1('70) = Uo, h5+1('50) = ho

How to choose p such that the convergence is fast?
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Solving in Laplace variables

We use the Laplace transform

i(s) = /0 " up)estat.

The SW equations LW = 0 in Laplace variables are

du 1 0h 1 &u o1 1 0%
5t T F2ox  Rede ° U (et sm) e =0
@—k@:O = B:_l@

ot = Ox s Ox
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Solving in Laplace variables

We use the Laplace transform

+oo
i(s) = / u(t)etd.
0
The SW equations LW = 0 in Laplace variables are

ou 1 Oh 1 &%y R 1 1 80 -
9t TFPox Redxe S0~ (o + )55 =0
o . 108
ot + v 0 = - Lo
The solution of the algorithm is
£(uf+17 h’17+1) =0 in R~ x RT { ﬁ{H—l(X7 s) = a”""l(s)eu(s)x
£(U£H7 h£+1) =0 in R+ X R+ ﬁg+1(x7 5) = /3”+1(5)e*ﬂ(s)x
sFrv/Re
where u(s) = ———

V'sFr2 + Re’
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Solving in Laplace variables

We have obtained
i1 (x,s) = a"(s)e”(s)x and 03(x, s) = B"(s)e 9~

The transmission conditions at {0} x (0, +oo) are

1 Y. 1 ., n 1 n
_E +1+ﬁh+l u1+1 — au2+F2h b — puUs
1 . n h _ 1 ) n— hn 1 n—1
_?edXU2+F2 2 + pus = T Ren +E + puy
In Laplace variables they become
1 An+1 An+1 _ i 1 AN AN
Re )8 + Pl = Re + FrQS)aXU2 + Pl
1 1 1 An—1 An—1
(Re+F 3 )0t pls = = (o g )00+ Pl
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Solving in Laplace variables

Obtaining the convergence factor
We have the relation

0770, s) := p(p, s)a7 (0, )

p(p,w) = v"L‘“FA_pr—P2—ﬂp\/AJr\/A2+w2+\/A2+w2
’ \/iw+A—|—p p2+\/§p,/A+\/A2+w2_~_\/A2+w2

where A = Re/Fr® et p = VRep.
Optimizing the convergence factor

min  max p(p,w).
PER wE[wmin,wmax]
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Optimized SWR Algorithm
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Optimization of the convergence factor for AD equation

The convergence factor of the OSWR algorithm applied to the
advection-diffusion equation

\/ioJ—i-A—p2 a® +4vc

Theorem (M.J. Gander, L. Halpern, 2007)

The solution of the min-max computed on [0, wmax] problem is

max

G = (A2 +w2 )1/4

if Wha > 4A%(2 + V/5)
1/2
G = <A +V2A\ A+ VA2 4+ w2 if Whax < 4A%(2 4+ V/5)
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Optimization of the convergence factor
Let g; et g, defined by

(A2 + wr2na>< VA

q> = (A -+ ‘) A + /42 +wmm A + V /42 +wmax)

Theorem

Optimizing the convergence factor gives a unique solution:

p* = min(q1, q2),
If g1 < g then the optimized solution satisfies

pTel%we["::i?‘(‘)max] p(po’ w) = p(qla wmax)-

If g1 > g» then the optimized solution satisfies

min max  p(p,w) = p(q2,Wmin) = P(q2, Wmax)-
PER WE[Wmin,Wmax]
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Optimizing the convergence factor
Theorem (D. Bennequin, M.J. Gander, L. Halpern 08)

The solution of the min-max problem

min max p(p,w) — p*

PEC wE[—wmax, —Wmin]V[Wmin,wmax]

is unique, real and w — p(p*,w) equioscillates at, at least, 2 points.

Physical and numerical data:  wmin = 5, Wmax = % ~ 2011.

07 A=1 A =100
0.65 0-32
06 0.31
$055 =
= <
05 03
0.45 029
0.4

400 -200 0 200 400 -400 -200 0 200 400
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Dependance of g; and g» w.r. to the parameters

If g1 > g2 p* = g2 (equi-oscillation)
If g1 < g2 p* = q1 (no equi-oscillation)

60 6
55
50
° —aQ1
40 4.5 —qo
4
30 —a 35
—q
20 8
25
10 2
15
0 0 5 10 15 20 25 30 35
0 200 400 600 800 1000
A Wnax
. . T
g1, g2 as functions of A g1, g2 as functions of Wy =

At
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Case At — 0

Corollary 1
If At — 0 then the optimized parameter behaves like

1/4
Y~ ALY C = ———(Re + \/Re? + w2, Fr)l/4
P P \/m( )

and the convergence factor like

min max p(p,w)=1-— 2\/2Re\/_At1/4 + o(AtY4)

PE[0,+00[ WE[WminswWmax

Proof:

q =~ w1/2
~ ™, Case g1 > o
Q= Cwimax
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Case Re — +o0
Corollary 2
If Re — 400 then the optimized parameter behaves like
1
* ~
P=F

and the convergence factor behaves like

Optimized SWR Algorithm
O00000000e
00000

2 4
. Winax Fr
min ma Jw) oy max
e e, PP ) = R
Proof:
a1 =

0~ V3A Case q» > q1.
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Influence of the time interval

Physical and numerical data
Ax=156-10"* At=5-10"3
u(x,t) =0, h(x,t) =0
u3(0,-) = rand(—1,1)

10°°
10°
108
g 2 108
w w
10710
10'10
1042
0 2 4 6 8 10 12 2 4 6 8
lterations Iterations

T=02 T=2
Error versus iterations
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How sharp is the optimized parameter?

Physical and numerical data
T=2
Ax =156-10"* At=5-10"3
u(x,t) =0, h(x,t) =0
u(0,-) = rand(—1,1)

30

- n N
(9] o ()]

number of iterations

-
o

Number of iterations needed to reach an error of 1071°.
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Effect of p for a sum of frequencies

| and numerical data

T=2
Ax=156-10"* At=1.6-10"°
ug(O, ) =rand(—1,1)

Optimized SWR Algorithm
000000000
00e00

p=0.7p" - p=07p*
o8 05
o o
os
)
T w0 e w0 T o e e w0 mw D m m o m n T2 m i m 2
p=08p" o p=08p*
N T T T T T T
o6 05
o o
os
02 s L L L L L ! f
o e m e o T e e @ o o o o o : e w s s 2
P =0.9p" . p = 0.9p
o sk 1
os| i
o e w w0 e e w0 0 o m o o : T w W T 2
p=p e p=p
o sl 1
o
os| R
02 | L L L L L L L L L
E R P T T o o o o o g = T w5 T 2

Convergence Factor

Error u*°(0,
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Effect of p for a sum of frequencies
T=2
Physical and numerical data: Ax =1.56-10"% At =1.6-10"°

u3(0,-) = rand(—1,1)

p=11p . p—11pt

o [

T A

Convergence Factor Error u®(0,t) w.rt. t
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Conclusion and future works

For large time interval the optimized parameter is sharp
What about small time interval?
What about 2D problem?

14
0.95

0.9+
0.85

0.8+

0.75
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