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1 Optimization of Linear Dynamical Systems — Continued
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Solution for P,s and H with u from receding horizon (gas = 0.088107 , . = 0.037408, a, = 0.12)
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1 Optimization of Linear Dynamical Systems — Continued

Linear Quadratic Problem

Consider:

y(t) = Ay(t) + Bu(t) for ¢ € (0,T]

¥(0) = o (P2)

(v,u)

minJ(y,u) = %/()Ty(t)TQy(t) +u(t)"Ru(t)dr  s.t. {

Equality Constraint: For X =Y x U and Z = L?*(0,T;R") x R" let e : X — Z be given as

e(x) = (61(’“) ) _ (yy_((;‘)y:yf“) €2 forx=(yu)eX

Constrained Optimization Problem:

minJ(x) s.t. xe X satisfies e(x) =0in 2 =L*(0,T;R") x R" (P5)
X
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1 Optimization of Linear Dynamical Systems — Continued

State Equation

Unique Optimal Solution: x= (7,4) € X =Y x U= H'(0,T;R") x L*(0,T;R")
Lagrange Functional: For p = (py, p2) € Z = L*(0,T;R") x R" we set

25 = [ 507050+ a0 Raw)ar+ [ (56) - a50) ~Ba) pi() i+ (50)-xe)

Optimality Conditions: There exists a unique p = (p1, p») € Z satisfying
4G,a,p)inY,  LG,ap)inl, £,4p)=0in2

State/Primal Equation: Z,(3,4,p) =0in 2/ & (Z,(3,4,p),p)y , =0forall p= (p1,p2) € Z

T

0=1(ZL(3,4,P),P)ys 2 = /0 (5() — A5 (1) — Ba(r)) ' pr(t)de + (5(0) =) ' pa2

&y =Ay+Bi in L*(0,T;R") and 5(0) = y, in R”
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1 Optimization of Linear Dynamical Systems — Continued

Adjoint/Dual Equation

Lagrange Functional: For p = (p1, p2) € Z = L*(0,T;R") x R" we set

2/ )" O5(t) +a(t) Ra(t) dt—|—/ —Ay(t) — Ba(r))Tpl(t)dtJr(y‘(O)—yo)sz
Adjoint Equation: .Z(y,4, p) =0in Y" < (£(3.4,p),y)yy =0forallye Y = H'(0,T;R")

0= (4525 = [ 70 00+ [ (50~ 40) B0
Variational arguments:
I y(@) T pi(e)dt = — [y p1(t)Ty(t)dr forall y € (0, T;R") — Y — L*(0,T;R?)
= 0= [T (=pi()=ATp1(1)+ 03(1)) "y(t) dt for all y € C(0,T;R") — L2(0,T;R")
= 0=—p;—A'p1+0yin L*0,T;R")
= 0= (L& p),y)yy= (1) pi(t)) Eg +y(0)'pr = pi(T)=0and pr = pi(0)
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1 Optimization of Linear Dynamical Systems — Continued

Optimality Condition

Lagrange Functional: For p = (p1, p2) € Z = L*(0,T;R") x R" we set

=2 [ 507 050 + it TR ar+ [ (56~ A5~ Bae) pi(0) -+ (50) - x2)
Optimality Condition: Z,(y,4,p) =0in W & (%, (y,ﬂ,p),u>u,’u =0forallueclU
0= (5. Py = [ ) Ryt [ (~Bu() i)

= / (Ra(t)=B p1(1)) 'u()dt = a=R"'BTpinU=L*0,T;R")
KKT System: coupled ODE system
y(t) = Ay(t) + Bii(t) forr€(0,T], ¥(0)=yo (state equation)
i(t) =R B p(1) fort € (0,T) (optimality condition)
—p1(t) =A"pi(1) = Q3(r) forz€[0,T), pi(T)=0, p2=pi(0) (adjointequation)
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2 Optimization of Linear Elliptic PDEs
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2 Optimization of Linear Elliptic PDEs

Infinite-Dimensional Optimization

Consider: Q C RY bounded (d € {1,2,3}), yg € [*(Q), 6 >0,V = H(Q), U= L*(Q)

1 :
minJ(y,u)ZE/|y—yd\2—|—6|u|2dx st. —Ay+y=uinQ, =0onI'=0Q (P3)
Q

oy
(y,u) on

Setting: X =V x U, cost functional J: X — R, constraint operator ¢ : X — V' with
(e(x), @)y y = /QVy-V(p +yp—updx forx=(yu)eX, peV
i.e.,e(x) =0in V' & x = (y,u) satisfies / Vy-Vo+ypdx = / updx forall p € V.
Q Q

Optimization Problem with Equality Constraints:

minJ(x) s.t. xe€ X satisfies e(x) =0inV’ (P3)
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2 Optimization of Linear Elliptic PDEs

Unconstrained Reduced Problem

Neumann Problem: V = H(Q), U= L*(Q)

1
minJ(y,u):—/ ly—yq|*+ouldx  s.t. /Vy-V(p+y(pdx:/u(pdxforaII(pEV (P3)
(1) 2Ja Q Q

Control-to-State Mapping: For u € U let y(u) = .%u € V be the unique solution to

(€01, 9)yy = [ V3(w)-Vo+3(w)p—ugdx forall eV

Then, e(y(u),u) = 0in V/ holds. Moreover, . is linear and bounded (||y(«)]||v < ||u|lv)
Reduced Cost Functional: J(u) = J(y(u),u) foru € U

Reduced Problem:

N 1 ~
minJ(u) ZE/Q\Yu—yd|2—|—G]u|2dx (Ps)

u
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2 Optimization of Linear Elliptic PDEs

Existence of Optimal Controls

Constrained Optimization: min, ) J(y,u) = 5 [ [y —yda|* + o ul*dx s.t. e(y,u) =0 (P3)
Unconstrained Reduced Problem: min, J/(u) = % [o |- u —y4|* + o |u|* dx (P3)

Existence of a unique Optimal Control: U = L*(Q)

- {u*} ren minimizing sequence for (P3), i.e., limg_o0 /(%) = inf{J (1) |u € U} >0

J radially unbounded, i.e., J(u) — oo for ||uljyy — o = ||u*|];; bounded

- i solution to (P3), because ¥ — i in U and weakly lower semicontinuity of J imply

oo > inf{J(u) |u € U} = ]}im J(u) = lilzninff(uk) > J (i)
—>00 —>00

- J quadratic = (P3) convex = unique optimal solution i
- X = (y,u) unique solution to (P3) with y = .1
- Utilized facts: linear, bounded control-to-state mapping .7, reflexivity of U, o > 0
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2 Optimization of Linear Elliptic PDEs

First-Order Sufficient Optimality Conditions

Neumann Problem: V = H'(Q), U=L%*(Q), X =V x U

1
minJ(y,u):—/ y—yq|*+oul*dx  s.t. /Vy-V(p—i—y(pdx:/u(pdxforall(pEV (P3)
(v,u) 2Ja Q o

Lagrange Functional for (P5):
1 o)
L (y,u,p) = J(y,u) + (e(y, ), p)yryy = /Q (5 y=al* + 5 Jul* 4+ Vy- Vp +yp—up) dx

Optimality System: x = (y,i) € X optimal solution. Then there exists p € V satisfying
Z(3.a,p)=0inV', ZLF.ap)=0inU, Z£,ap)=0inV
since a constrained qualification condition holds (¢/(x) : X — V' is surjective)

Note: derivatives are functionals!
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2 Optimization of Linear Elliptic PDEs

State Equation

: 1
Lagrange Functional for (P3): Z(3,i, p) =/ (§|y‘—yd|2+%\ﬁ|2+Vy‘-Vp+y‘13—ﬁﬁ> dx
Q
State/Primal Equation: .%,(7,i@,p) =01in V' < (Z,(3,i,p), p)yy =0forall pe Vv =H'(Q)

0:<$p(y',ﬁ,ﬁ>,p>v/,v:/Q(Vy'-Very'p—ﬁp)dX forallpeVv

i.e., ¥ = y(it) € V is the weak solution to —Aj+y =i in Q, %

0 on I" (state equation)
Stationarity: From

/Vy(u)-Vq0+y(u)(de:/u(de forall g €V’
Q Q

we infer £, (y(u),u,p) =0 in V' for any (u,p) € Ux V, because

(Zp(y(u),u,p), q0>v,’v = /Q (Vy(u) Vo+y(u)p — uq)) dx=0 forallpeV
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2 Optimization of Linear Elliptic PDEs

Adjoint Equation

Lagrange Functional for (P3): .Z(3,i, p) :/Q (%|)7—yd|2+%\ﬁ|2+V)7-Vﬁ+yﬁ—ﬁ]§> dx
Adjoint/Dual Equation: Z,(y,4,p) =0in V' & (ZL(5,4,p),y)yy =0forallyeV
0= (B0 Yy = [ (F—yay+Vy-V5+yp) dx
= /Q (Vp-Vy+1§y— (v4 —y)y) dx forallyeV

i.e., p € Vis the weak solutionto —Ap+p=y4—7yin Q, % =0 on I' (adjoint equation)

Stationarity: From

/Vp(u)-Vgo—I—p(u)(de:/(yd—y(u))(pdx forall ¢ € V'
Q Q

we infer .Z,(y(u),u,p(u)) =0in V' forany u € U
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2 Optimization of Linear Elliptic PDEs

Optimality Condition

1
Lagrange Functional for (P5): g(y,ﬁ,ﬁ)zf (§|y‘—yd|2+%\ﬁ|2+Vy‘-Vﬁ+y‘ﬁ—ﬁﬁ) dx
Q

Optimality: Z,(7,4,p) =0in W & (ZL,(5,4,p),u) vy =0 forall u € U

0= {Lu(3,, Pty = /

(aau—up)dx:/ (oi—p)udx = (cii— p,v) forallvel
Q Q

= i = p/o in U; moreover, i € V follows from p € V

Gradient: Riesz representant V,.Z(y,i, p) € U of Z,(y,id,p) € W is given as

V.2GF,a,p)=ci—pecl
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2 Optimization of Linear Elliptic PDEs

Relation to the Reduced Cost Functional

Reduced Cost: For a chosen u € U we infer from J(u) = J(y(u),u) and e(y(u),u) =0in V'

A

J(u) = J(y(u),u) = J(y(u),u) + (e(y(u),u), p)y1y = Z(y(u),u,p) forany peVv

A\ 7

=0
Chain Rule: For every direction v € U we have

()i = (L), u,p),Y (W)v)y:y + (Lu(y(),u,p),v)yey foranypev (1)

Recall: Z,(y(u),u,p(u)) =0in V'

Gradient of the Reduced Cost: Choosing p = p(u) € Vin (1) imply for allv € U

(f'(u),v>u/’u = (Zu(y(u),u, p(u)), vy = /Q (ou—p(u))vdx = (ou— p(u),v)y = (VI (1), vy
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2 Optimization of Linear Elliptic PDEs

First-Order Optimality System / KKT-System

Optimality system:

. ay
—Ay+vy=1ii In Q, —y:() onI
Jon
ci—p=0 in Q,
. op
—Ap+p=yq4—Yy in Q, 9 _ g onI
on
Reduction:
_ . D : dy
—A — =0 In Q — =0 onI’
y—|—y—|—6 ’ on
o . ap
—Ap+p+y=y4q in Q, %:O onI

(state equation)

(optimality conditon)

(adjoint equation)

(state equation)

(adjoint equation)
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3 Optimization of the Heat Equation

3 Optimization of the Heat equation
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3 Optimization of the Heat Equation

Infinite-Dimensional Optimization

Consider:
T y—Ay=u inQ
minJ(y,u) = —/ / y—ydq|* + o |u|dxdr  s.t. g—y =0 onX (Py)
() 2Jo Ja " .
¥(0) =y, inQ

Equality constraints: e = (e1,e3) : X — 2/ ~ L*(0,T;V') x H, where for x = (y,u) € Y

T
€(:0) = [ 0n @iy + [ Vy-Vo-updxfor p € LO.TV).  ex(u) =y(0) -y in H
Optimization Problem with Equality Constraints:

minJ(x) s.t. xe€ X satisfies e(x) =0in 2’ (P4)

Problem Setting: T >0, 0 = (0,7) x Q, L= (0,T) xI, H=L*(Q), V=H'(Q), W(0,T) =L*(0,T;V)NH'(0,T;V'), yo € H, yg € K
Optimization Setting: Y =W (0,T), U=L*(0,T;H), X =Y x U, Z=L*0,T;V)x H, Z' ~L*(0,T;V)xH,J: X - R
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3 Optimization of the Heat Equation

Unconstrained Reduced Problem

Optimization Problem: 2/ ~ L*(0,T;V’) x H

1 T
minJ(y,u) = ~ / / y—val>+oluldxdt st e(y(u),u)=0in 2’ (Py)
(1) 2Jo Ja

Control-to-State Mapping: For u € U= L?(0,T;H) let y(u) = .%u € Y uniquely solve

ex(y(u),u)
Moreover, . is affin-linear and bounded (||y(u)|ly < C(||yo|lz + ||u/lw))
Reduced Cost Functional: J(u) = J(y(u),u) for u € U
Reduced Problem:

(e(y(u),u), @) =0forall @ € [2(0,T;V) < e(y(u),u)= (el(y(“>’”) ) — (8) in 2/

minJ(u) = 5/ / .S u — yg|* + o |u|* dxdt (Py)
0 Jo

u

20/27 Sept. 5-9, 2022 Introduction to optimal control problem Stefan Volkwein



3 Optimization of the Heat Equation

Existence of Optimal Controls

Constrained Optimization: min, ,\J(y,u) = %fOT Jaly—yal* +oul*dxdt s.t. e(y,u) =0 (Py)

Equality constraints: e = (e1,e2) : X — 2/ ~ L*(0,T;V’') x H, where for x = (y,u) € X

T
<el(x),(p>:/o (yt,(p>V/,V—|—/QVy-V(p—u(de for o € L*(0,T;V), ea(y,u) =y(0)—y,in H

Unconstrained Reduced Problem: min, J(u) = 1 [ [o |1 —yq|?> + o |u|? dxdt (Py)

Existence of a unique Optimal Control:
- U=L%*0,T;H) reflexive, (P,) strictly convex, .7 affin-linear and bounded

- same arguments as in the elliptic case leads the existence of a unique solution i
- x = (y,u) unique solution to (P;) with y = i
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3 Optimization of the Heat Equation

First-Order Sufficient Optimality Conditions

Constrained Optimization: min, ,)J(y,u) = %fOT Jaly—yal* +oul*dxdt s.t. e(y,u) =0 (Py)

Lagrange Functional for (P,):
g)_) u, _) J(y7 )—|—<€()_),I/_t),p_>:J()_/,IZ)—|—<€1()_7,L_t),p_1>—|—<€2(}_},I/_t),p_2>
_ 1 _ c, _ o _ _
/ (y;,p1>w,v+/g(§ |y—yd|2+§|u\2+Vy-Vp1—upl) dX)dtJr/Q(y(O)—yo)pde

forx= (3,ii) € X=W(0,T) x L*(0,T;H), p = (p1,p2) € Z=L*(0,T;V) x H with H = L*(Q)

Optimality System: x = (y,u) € X optimal solution. Then there exists p = (p1, p») satisfying
LG,u,p)=0inY, LG,ap)=0inU, ZGap)=0inZ
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3 Optimization of the Heat Equation

State Equation

Lagrange Functional for (P,):
L(y,u,p) =J (3, a) + (e(, ‘) p)
= [ (epivw [ (3150l Sl + 5V ) ax )ar+ [ (50)—)pacs

fori=F,a) e X=YxU, p=(p1,p2) € Z=L*0,T;V)x H

State: £,(7,4,p) =0in 2’ < (Z,(y,u,p),p) =0forall p=(p1,p2) € Z
T
0=(%,,i,p),p) :/0 (<y‘t,p1>v/,v+/g (Vy‘-Vpl—ﬂpl) dX>dt—|—/Q()7(O)—yo)P2dX

= y=y(ii) € V is the weak solution to j; —Ay =i in Q, 3 ay =0onZX, 50)=y,in Q
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3 Optimization of the Heat Equation

Adjoint Equation

Lagrange Functional for (P,):
Z(y.a,p) =J(3,it) + (e(¥. ), p)
—/ (Ytapl va+/ ~[7—yal + |ﬁ\2+Vy_'VI51—ﬂP1> dx)dtJr/Q(Y(O)yo)ﬁde

fori=F,a) e X=YxU, p=(p1,p2) € Z=L*0,T;V)x H

Adjoint/Dual Equation: Z(3,4,p) =0inY < (%4 (,a,p),y) =0forallye Yy =w(0,T)

0= (L01,i,p),y) Z/OT ((yr,ﬁ1>v/,v+/g((y'—yd)y+Vy'V151)dx)dt+/gy(0)ﬁzdx
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3 Optimization of the Heat Equation

0= (46550 = [ (bepiyy+ [ G-y + Vs Vp)ax)ars [xOpax (22

Variational techniques:
- Choosey=x(t)p €Y (x € C3(0,T), ¢ € H}(Q)), use integration by parts and H — V'

T
/ / (5 —ya)y+Vy-Vpi) dx dt+/ pzdx—/ (=Ap1— (ya—y),y)yrydt  (2b)
- Let p1, denote the distributional derivative of p; satisfying

ro _ @ (T, T
/0 <AP1+()’d—)’)a¢>V/,vdt:/o <)’tal?1>vf,vdt:_/0 <P1,tay>v/,vdt

= —p1, = Ap1+ (ya—F) € L*(0,T; V') which implies 5, € W(0,T) — Y
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3 Optimization of the Heat Equation
Boundary terms: —p;, = Apy + (yq —7) € L*(0,T; V)
0= (L .a.p)5) = | (v + [ (G—ay+ V) ax)art [ y(0)pax
= (7). A1 (T~ ((0), 71 0)) 1 + / T<—p1,t,y>wdt

T
P

) AT 60, PO+ /O /F gydsdw /Q Y(O)padx forally ey

Variational techniques:
- Choose y € Y with y(0,-) =y(T,-) =0 = 0 (boundary condition for p;

(

- Choose y € Y with y(0,-) =0= p1(T) =0 (termmal condition for p;
(
(

QO
§J|"B|

- Choose y € Y with y(7,-) =0 = pr = p1(0)

Recall: —p1, = Ap1 + (vg —7) and 5(T), 51 (T)) g — (3(0), 51 (0)) yy = f & (v i)yt = fo (G POy +(Presy)yry) de
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3 Optimization of the Heat Equation

Optimality Condition

Lagrange Functional for (P4): = (7,2) € X =Y x U, p= (p1,p2) €2 =L*0,T;V)x H
L(y.a,p) =J(3,it) + (e(¥. ), p)
= [ (b / 5=+ S+ V5V —ap ) ax )+ [ (50) -y pac
Optimality Condition: .Z,(7,i,p) =0in W < (Z,(3,i,p),u) =0 forallu ¢ U= L*(0,T;H)

0= (Z,y,ua,p), //Gu pludxdt & ﬂ:%inu

Optimality System:

v —Ay=p1/c inQ, 0 onk, y(0)=y, inQ (state equation)

—p1y—Ap1r=y4—y inQ,

NB)
Q)|Sl §J|'\<|

L=0 onX, pi(T)=0 inQ (adjointequation)
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