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Our Motivation for the Research

PDE-constrained optimization: X,4 suitable set of admissible solutions

minJ(y,u) subjectto (s.t.) (y,u) solves a PDE system and (y,u) € X4 (P)

Optimal Design (e.g., shape or topology optimization):
- What is an optimal configuration for a given application?
Optimal Control (e.g., drug treatment for patients, autonomous driving):

- How should/can we control a time-dependent process with partial/uncertain
measurement information in order to guarantee stability of the process?

Parameter Estimation/Inverse Problems (e.g., lithium-ion battery models):
- Which unknown (and not measurable) PDE parameters should be chosen so that the
PDE model describes the real phenomena sufficiently accurate?

Optimal Experimental Design:
- How should we carry out experiments to get measurements so that the unknown PDE
parameters can be optimally estimated?
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Outline of the Talk

1  Constrained Nonlinear Optimization

2  Optimization of Linear Dynamical Systems

3  Optimization of Linear Elliptic PDEs
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1 Constrained Nonlinear Optimization

1 Constrained Nonlinear Optimization

—(t) = J(x + td)
---U(t) = J(z) + atVJ(2)7d|

—(t) = J(z + td)
---U(t) = J(z) + atVJI(2)Td

—(t) = J(z + td)
---U(t) = J(z) + atVJ(z)Td|
—+pVJ(2)Td

«a e (0,%)
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1 Constrained Nonlinear Optimization

Finite-Dimensional Optimization

Minimization Problem:

minJ(x) subjectto (s.t.) x € R”" satisfies e(x) =0in R™ (Py)
with cost functional J : R” — R and equality constraint function ¢ : R* — R™ (n > m)
Set of feasible points: F(P;) = {x € R"|e(x) =0}

Existence of solutions: proof by arguments from analysis
- assumptions on J and e (continuity)

- properties of the admissible set F(P;) (closedness, boundedness, ...)
- boundedness of minimizing sequences
- extraction of convergent subsequence (Bolzano-Weierstral})

Bad News: no constructive procedure available for getting an optimal solution x
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1 Constrained Nonlinear Optimization

First-Order Optimality Conditions — 1

Minimization Problem: J and e continuously differentiable

minJ(x) subjectto (s.t.) x € R”" satisfies e(x) =0in R™ (Py)
Locally Optimal Solution: x € F(P;) = {x € R"|e(x) =0}
Lagrange Functional: £ (x,p) = J(x)+ (e(x), p)pm = J(x) + f ei(x)p; for (x,p) e R" x R™
i=1

Constrained Qualification Condition: Jacobian matrix ¢'(x) € R™*" is surjective
= Tangent plane to the closed set F(P,) at x is characterized by keré/ ().

KKT Conditions: If ¢/(x) is surjective, there exists a unique p = (p;) € R™ such that

V. Z(%,p) = VI(E) + Y piVeid) Z0€R", V,Z(%,p) = e(f) =0 €R"
i=1
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1 Constrained Nonlinear Optimization

First-Order Optimality Conditions — 2

Vem(x)T B
KKT Conditions: If ¢/(X) is surjective, there exists a unique p € R™ such that

Ve (x)T
Notations: VJ(x) € R™*! (column vector), ¢/(x) = ( E ) € R™" with ranke’(x) <m <n

V. L% p) = VI( +Zp,ve,) VIE) + @) p=0cR", V,Z(xp)=e(X)=0cR"

Comments:
- VJ(X) € span{Ve|(%),..., Ve, (%)} CR"
- () 'p=-VJ(x) and ¢ (x)' is injective = uniqueness of p
- n+mequations V,.Z(%,p) =0and V,.Z(x, p) = 0 for n+m unknowns (%, p)
- If J and e are twice continuously differentiable, apply Newton’s method
k .k 1(k\T
(Voo ) () = (Vo) ) @ = G+ Gxsps)
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1 Constrained Nonlinear Optimization

Second-Order Optimality Conditions

Minimization Problem: J and e twice continuously differentiable

minJ(x) subjectto (s.t.) x € R”" satisfies e(x) =0in R™ (Py)
Necessary KKT Conditions: If ¢/(x) is surjective, there exists a unique p € R” such that
VIE) +F) p=0€R", o) =0cR” (1)

Second-Order Sufficient Optimality Conditions: If (x, p) satisfy (1) and ¢/(X) is
surjective, there exists a unique p € R” such that

VIV L (& p)v>0 forallvekere (x)\ {0}

where V.2 (%, p) = V2J (%) + an) piVZe;(x) € R™" holds.
i=1
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1 Constrained Nonlinear Optimization

Quadratic Programming

Consider: A € R™*" surjective, Q € R™" symmetric & positive definite on kerA, g € R",
beR" ceR

1
minJ(x) = ExTQx—qTx—Fc st. xeF(P)={xeR"|e(x) =Ax—b=0} (Py)

Sufficient KKT Conditions: Since ¢/(x) = A is surjective, there is a unique p € R” such that
VIE) 4+ @) p=0i—q+A p=0R", e(¥)=AF—b=0¢cR"

i.e., we obtain the uniquely solvable linear (saddlepoint) system

(2%)()-(2)

Second-Order Sufficient Optimality Condition: % (x, p) = Q positive definite on kerA
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2 Optimization of Linear Dynamical Systems

2 Optimization of Linear Dynamical Systems

Simulation results of transition with parameters after esimation Simulation results of transition with parameters after estimation Solution for P,s and H with u from receding horizon (gas = 0.088107 , . = 0.037408, a, = 0.12)
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2 Optimization of Linear Dynamical Systems

Linear-Quadratic Problem

Consider:
(1) = u(t) fi
nyl’an »u 2/ +u(t) Ru(t)dt  s.t. {;((8 :;‘f(t)—i_B (1) forr € (0.] (P2)

with infinite-dimensional state y ¢ Y = H'(0,T;R") and control u € U = L*(0,T; R™)
Equality Constraints: For X =Y xU and Z = L?(0,T;R") xR" let e : X — Z be given as

el(X)> (y'—Ay—Bu)

e(x) = = €Z forx=(u)eX
W=(om ) =0 )
Constrained Optimization Problem:

minJ(x) s.t. xe€ X satisfies e(x) =0 (P2)

Problem Setting: T > 0, Q € R"*" symmetric and positive semidefinite, R € R™*™ symmetric positive definite, A € R"™", B € R"™™, y, ¢ R"
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2 Optimization of Linear Dynamical Systems

Lagrange Functional

Consider:
Hynunj Y. 2/ +u(t) Ru(r)dt st {y)’(((f)i zz;\oy(t) + Bu(t) for t € (0,T] (P»)
Equality Constraint: For X =Y x U and Z = L?>(0,T;R") x R" let e : X — Z be given as
e(x) = ( Z;EX ) = (yy—((;l)y_—}fu ) eZ forx=(yu)eX
Lagrange Functional: For x = (y,u) € X and p = (p1,p2) € Z we set
Z(x,p) =J(x) +(e(x),p)y = J(x) + (e1(x), p1>L2(O,T;R")+<e2(x)7p2>R”
2/ ) Qy(r) +u(t) " Ru(r) dt+/ — Ay(t) = Bu(t)) ' pr(t)de + ((0) —yo) ' p2
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2 Optimization of Linear Dynamical Systems

Constraint Qualification

Equality Constraint: For X =Y x U and Z = L?>(0,T;R") x R" let e : X — Z be given as
el(x)> <)’/—Ay—Bu>
e(x) = = €z forx=(yu)eX
w=(a0)= o 0h)

Jacobian: For x = (y,u) € X and direction x° = (y°,u°) € X we obtain

<= ) - (" e ™) =
.

Constraint Qualification: Let (f,fo) € Z be arbitrary. Then we consider

) =ZinZ < ¢€(x)x°=finL*0,T;R") and &,(x)x’ = f, in R"
& 2 —Ay? —Bu® = £ in L*(0,T;R") and y°(0) = f, in R"

For any u® € U there exists a (unique) solution y° € Y = ¢/(x) : X — Z is surjective
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2 Optimization of Linear Dynamical Systems

First-Order Optimality Conditions

Consider:

(1) = Ay(t) + Bu(t) fort € (0,T
minJ (.1 / ) TRu(de st 4O =AW FBul)forte 0.1, |
() ~2 ¥(0) = yo

Unique Optimal Solution: x = (3,i) € X
Lagrange Functional: For x = (y,u) € X and p = (p1,p2) € Z we set
Z(x,p) 2/ )T Oy(t) +u(t) " Ru(r) dt+/ —Ay(t) — Bu(t))Tpl(l‘)dhL(y(O)—yo)sz

Optimality Conditions: There exists a unique p = (p1, p2) € Z satisfying
Z,(y,a,p)inY, Z,(3,a,p)inlW, £, a4p)=0inZ
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2 Optimization of Linear Dynamical Systems

State Equation

Lagrange Functional: For x = (y,u) € X and p = (p1,p2) € Z we set

Z(x,p) 2/ Qy )+ u(t )TRu dt+/ —Ay(t) — Bu(t))Tpl(t)dhL(y(O)—yo)sz

Optimality Conditions: There exists a unique p = (p1, p2) € Z satisfying
Z(y,a,p)inY,  Z,(3,a,p)inW, £, 4p)=0inZ

State/Primal Equation: £,(5,u,p) =0in 2/ & (Z,(3,4,p),p), , =0forall p= (p1,p2) € Z

T

0=(Z(5,8,p),P)y o= /0 (5(t) = A5(t) = Ba(t)) ' p1(1)dt + (5(0) =) ' p2

& ¥ =Ay+Bi in L*(0,T;R") and 5(0) = y, in R”
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2 Optimization of Linear Dynamical Systems

Adjoint/Dual Equation

Lagrange Functional: For x = (y,u) € X and p = (p1,p2) € Z we set

Lep) =y [ Y0700 +ult) Rutyd + [ (50~ Av(0) - Bu) @) e+ (50) ~32)
Adjoint/Dual Equation: Z(3,4,p) =0in Y’ < (£,(3,i,p),y)y y=0forally €y

0= (4525 = [ 70 00+ [ (50 -40) hE a0
Variational arguments:
Iy Tpi(e)dt = — [y pi(e) Ty(t)dr for all y € C2(0,T;R") — Y < L*(0,T;R")
= 0= [T (=pi(t) =ATp1(1) + 05(1)) 'y(z) dt for all y € C(0, T;R") — L2(0, T; R")
= 0=—p—A' p+0yinL*0,T;R")
= 0= (A0,4p),9)yy= 0)p)) }Zg +y(0)' o = pi(T)=0and pp = pi(0)
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2 Optimization of Linear Dynamical Systems

Optimality Condition

Lagrange Functional: For x = (y,u) € X and p = (p1,p2) € Z we set

Lep) =y [ Y000 +ult) Rutyar+ [ (50~ Av(0) - Bu) @) e+ (50) ~32)
Optimality Condition: %,(3,i,p) =0in U & (%, (y,ﬂ,p),u>u,’u =0foralluelU
0= (5.0 p) = [ a0 Ra)a+ [ (= Bu) pa()

= / (Ra(t)=B p1(1)) 'u()dt = a=R"'BTpinU=L*0,T;R")
KKT System: coupled ODE system
y(t) = Ay(t) + Bii(t) forr€(0,T], ¥(0)=yo (state equation)
—pi(t) =A"pi(1) = Q3(r) forr€[0,T), pi(T)=0, p2=pi(0) (adjointequation)
i(t)=R'B"p(r) forr e (0,T) (optimality condition)
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3 Optimization of Linear Elliptic PDEs

3 Optimization of Linear Elliptic PDEs

14 28 44 (o] 2.5 100
[ [ | [ i
Messwerte identifizierte Temperatur berechnete Perfusion
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3 Optimization of Linear Elliptic PDEs

Infinite-Dimensional Optimization

Consider: Q C RY bounded (d € {1,2,3}), yg € [*(Q), 6 >0,V = H(Q), U= L*(Q)

1 :
minJ(y,u)ZE/|y—yd\2—|—6|u|2dx st. —Ay+y=uinQ, =0onI'=0Q (P3)
Q

oy
(y,u) on

Setting: X =V x U, cost functional J: X — R, constraint operator ¢ : X — V' with
(e(x), @)y y = /QVy-V(p +yp—updx forx=(yu)eX, peV
i.e.,e(x) =0in V' & x = (y,u) satisfies / Vy-Vo+ypdx = / updx forall p € V.
Q Q

Optimization Problem with Equality Constraints:

minJ(x) s.t. xe€ X satisfies e(x) =0inV’ (P3)
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3 Optimization of Linear Elliptic PDEs

Unconstrained Reduced Problem

Neumann Problem: V = H(Q), U= L*(Q)

1
minJ(y,u):—/ ly—yq|*+ouldx  s.t. /Vy-V(p+y(pdx:/u(pdxforaII(pEV (P3)
(1) 2Ja Q Q

Control-to-State Mapping: For u € U let y(u) = .%u € V be the unique solution to

(€01, 9)yy = [ V3(w)-Vo+3(w)p—ugdx forall eV

Then, e(y(u),u) = 0in V/ holds. Moreover, . is linear and bounded (||y(«)]||v < ||u|lv)
Reduced Cost Functional: J(u) = J(y(u),u) foru € U

Reduced Problem:

N 1 ~
minJ(u) ZE/Q\Yu—yd|2—|—G]u|2dx (Ps)

u
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3 Optimization of Linear Elliptic PDEs

Existence of Optimal Controls

Constrained Optimization: min, ) J(y,u) = 5 [ [y —yda|* + o ul*dx s.t. e(y,u) =0 (P3)
Unconstrained Reduced Problem: min, J/(u) = % [o |- u —y4|* + o |u|* dx (P3)

Existence of a unique Optimal Control: U = L*(Q)

- {u*} ren minimizing sequence for (P3), i.e., limg_o0 /(%) = inf{J (1) |u € U} >0

J radially unbounded, i.e., J(u) — oo for ||uljyy — o = ||u*|];; bounded

- i solution to (P3), because ¥ — i in U and weakly lower semicontinuity of J imply

oo > inf{J(u) |u € U} = ]}im J(u) = lilzninff(uk) > J (i)
—>00 —>00

- J quadratic = (P3) convex = unique optimal solution i
- X = (y,u) unique solution to (P3) with y = .1
- Utilized facts: linear, bounded control-to-state mapping .7, reflexivity of U, o > 0
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3 Optimization of Linear Elliptic PDEs

First-Order Sufficient Optimality Conditions

Neumann Problem: V = H'(Q), U=L%*(Q), X =V x U

1
minJ(y,u):—/ y—yq|*+oul*dx  s.t. /Vy-V(p—i—y(pdx:/u(pdxforall(pEV (P3)
(v,u) 2Ja Q o

Lagrange Functional for (P5):
1 o
L (y,u,p) = J(y,u) + (e(y, 1), p)yry = /Q (5 [y —yal*+=2[ul*+Vy-Vp +yp—up) dx

Optimality System: x = (y,i) € X optimal solution. Then there exists p € V satisfying
Z(3.a,p)=0inV', ZLF.ap)=0inU, Z£,ap)=0inV
since a constrained qualification condition holds (¢/(x) : X — V' is surjective)

Note: derivatives are functionals!
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3 Optimization of Linear Elliptic PDEs

State Equation

Lagrange Functional for (P3): £ (y,u,p) :/ (|y—yd\2+§|u\2+Vy-Vp+yp—up) dx
Q
State/Primal Equation: .Z,(y,u,p) =0in V' & (Z,(5,4,p),p)yy =0forall peV
0=(LpF:.84P),P)yry = /Q (Vy-Vp+yp—ap)dx forall peV

i.e., y=y(ut) € V is the weak solution to —Ay+y =1 in Q, D _gonT (state equation)
on

Stationarity: From

/Vy(u)-Vq)—i—y(u)ngX:/uq)dx forall g e V'’
Q Q

we infer .Z,(y(u),u,p) =0in V' for any (u,p) € U x V, because

(Zp(y(u),u,p), @)1y = /Q (Vy(u)- Vo +y(u)p —up)dx=0 forall €V
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3 Optimization of Linear Elliptic PDEs

Adjoint Equation

Lagrange Functional for (P3): Z(y,u,p) = /Q (|y —ya*+ %|u|2 +Vy-Vp+yp— up) dx
Adjoint/Dual Equation: Z(3,4,p) =0in V' & (Z5,4,p),y)yy =0forallye Vv
0= (B0 Yy = [ (F—yay+Vy-V5+yp) dx
_ /Q (Vp-Vy+py—(a—5)y)dx forallyeV
i.e., p € Vis the weak solutionto —Ap+p=y4—7yin Q, % =0 on I' (adjoint equation)
Stationarity: From
/QVp(u) Vo+p(u)pdx = /Q(yd —y(u))pdx forall ¢ € V’

we infer £, (y(u),u, p(u)) =0in V' forany u € U
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3 Optimization of Linear Elliptic PDEs

Optimality Condition

Lagrange Functional for (P3): £ (y,u,p) :/ (|y—yd\2+§|u|2+Vy-Vp+yp—up) dx
Q

Optimality: Z,(7,4,p) =0in W & (Z,(7,4,p),u) vy =0 forall u € U

0= (Zu(yt, p); sy = /

(aﬁu—up)dx:/ (ot — p)udx = (cii— p,v), forallvel
Q Q

= i = p/o in U; moreover, i € V follows from p € V

Gradient: Riesz representant V,.Z(y,i, p) € U of %,(3,id,p) € W is given as

VL (5., p) = oii— p € U
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3 Optimization of Linear Elliptic PDEs

Relation to the Reduced Cost Functional

Reduced Cost: For a chosen u € U we infer from J(u) = J(y(u),u) and e(y(u),u) =0in V'

J(u) = I (y(u),u) = T (y(u),u) + (e(y(u),u), p)yry = L (y(u),u, p) forany pe v

A\ 7

=0
Chain Rule: For every direction v € U we have

() Vi = (L), u,p),Y (W), + (Lu(y(),u,p),v)yey foranypev — (2)

Recall: Z,(y(u),u,p(u)) =0in V'

Gradient of the Reduced Cost: Choosing p = p(u) € V in (2) imply for all v € U

(f'(u),v>u/’u = (Zu(y(u),u, p(u)), vy = /Q (ou—p(u))vdx = (ou— p(u),v)y = (VI (1), vy
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3 Optimization of Linear Elliptic PDEs

First-Order Optimality System / KKT-System

Optimality system:

. ay
—Ay+vy=1ii In Q, —y:() onI
Jon
ci—p=0 in Q,
. op
—Ap+p=yq4—Yy in Q, 9 _ g onI
on
Reduction:
_ . D : dy
—A — =0 In Q — =0 onI’
y—|—y—|—6 ’ on
o . ap
—Ap+p+y=y4q in Q, %:O onI

(state equation)

(optimality conditon)

(adjoint equation)

(state equation)

(adjoint equation)
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3 Optimization of Linear Elliptic PDEs

Numerical Solution Methods / Optimize-then-Discretize

Reduced Problem: min, J(u) = }||.7u - yqll72(q) + 0 llull}2 g, dx (P,)

Iteration of the Gradient Method:

Compute state y* = y(u*) and adjoint p* = p(u*);

Set VJ(u*) = ou* — pF;

Determine appropriate step size 1, > 0 (e.g., satisfying Armijo or Powell-Wolfe rule);

Wkt =k — VI (b);

Note: |[.7u —yall2(q) = (S, S u) ) +2 (L1 3d) 20 +yall}2q) <V — Uadjoint of .7
—(F* L uu),

P M =

2R

Conjugate Gradient Method: Let g° = ou® — p(u°) and d° = —g" we compute for each
i Set pf = (S*.9)dk, 1, = Hngiz(Q)/@k,dk}Lz(Q) and u*! = uk 4 .d-;
2. Determine gkt = gk 4 1.d%;
= Define B = [lg" 15, /181 2 ) @Nd @' = —g“*1 + Bra’;
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