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MOTIVATION

Example 1: Stationary optimal heating problem.
® Heating of a body 2 by a controlled heat source u (example:
electromagnetic induction or microwaves) to reach the target

N\
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MOTIVATION

Example 1: Stationary optimal heating problem.
® Heating of a body 2 by a controlled heat source u (example:
electromagnetic induction or microwaves) to reach the target

N\

y.

A
Minimize J(y, u /(y — y(x)) dx—|—§/ u?(x)dx
Q

—div (kVy(x)) = u(x), x €€,

subject to
{y(X) — 07 X € GQ

A is a regularization parameter.
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Example 2: Cooling of the wire of the Rope-balance.
® To cool down the temperature y(x, t) of the wire by putting
ice (external source u(x,t)) so as to achieve a final
temperature target y(x).
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MOTIVATION

Example 2: Cooling of the wire of the Rope-balance.
® To cool down the temperature y(x, t) of the wire by putting
ice (external source u(x,t)) so as to achieve a final
temperature target y(x).
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MOTIVATION

Example 2: Cooling of the wire of the Rope-balance.
® To cool down the temperature y(x, t) of the wire by putting
ice (external source u(x,t)) so as to achieve a final
temperature target y(x).

y satisfies:
(Ory —div(vVy)=u, xe€Q,te(0,T),
\ )/(Xa O) — )/O(X), x € ),
Ly (x, t) = g(x, ), x € 9 x (0, T).

The goal is to approximate the desired temperature y at the final
time T

i
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MOTIVATION

Example 3: Optimal vibration problem.
® Suppose a group of students are jumping on a river bridge
while crossing. y(x, t) is the transversal displacement of the
bridge and u(x, t) is the vertical force acting on it.

\y(z, 1)




MOTIVATION

Example 3: Optimal vibration problem.
® Suppose a group of students are jumping on a river bridge
while crossing. y(x, t) is the transversal displacement of the
bridge and u(x, t) is the vertical force acting on it.
To minimize

/ / (y(x,t) — p(x, t))* dxdt + = / / u?(x, t)dxdt.

subject to

((9tty—Ay:u, xeQ te(0,T),
y(x,0) =y(x), xef,
Ory(x,0) = Jo(x), x€Q,
y(x.t) =g(x,t), xe€d2x(0,T)

/N




FORMULATION OF PDE-CONSTRAINED OPTIMIZATION
PROBLEM

® F. Troltzsch: Optimal Control of Partial Differential Equations
- Theory, Methods and Applications, 2010.
Optimality system: For state equation E(y, u) = 0, the
Lagrangian is:

Ly, u.p) = J(y. u) + /Q E(y, u)p.

with V,L(y,u,p) =0,V,L(y,u,p) =0,V,L(y,u,p) =0.

—kAy =u, |J-kAp=y -y,
y‘aﬂ :Ov p‘aQ :Oa

p(x) + Au(x) = 0.




FORMULATION OF PDE-CONSTRAINED OPTIMIZATION
PROBLEM

® F. Troltzsch: Optimal Control of Partial Differential Equations
- Theory, Methods and Applications, 2010.
Optimality system: For state equation E(y, u) = 0, the
Lagrangian is:

Ly, u.p) = J(y. u) + /Q E(y, u)p.

with V,L(y,u,p) =0,V,L(y,u,p) =0,V,L(y,u,p) =0.

Oy —vAy =u, (—Owp—vOAp=y—y,
§y(x,0) =yo(x), plx,T)=0,
\be:g, \p‘(‘?Q:Oa

p(x,t) + Au(x, t) = 0.
» Need fast and robust numerical methods to solve the PDEs.




DOMAIN DECOMPOSITION METHODS AS SOLUTION
TOOL

® Heinkenschloss and Herty: A spatial domain decomposition

method for parabolic optimal control problems, J. Comp.
Appl. Math., 2007.

@ The optimality conditions are decomposed using a spatial
domain decomposition.

® The subdomain problems are coupled through Neumann
transmission conditions.

® The numerical performance is superior in comparison to other
computing methods in terms of iteration numbers.



DOMAIN DECOMPOSITION METHODS AS SOLUTION
TOOL

® Heinkenschloss and Herty: A spatial domain decomposition

method for parabolic optimal control problems, J. Comp.
Appl. Math., 2007.

@ The optimality conditions are decomposed using a spatial
domain decomposition.

® The subdomain problems are coupled through Neumann
transmission conditions.

® The numerical performance is superior in comparison to other
computing methods in terms of iteration numbers.

» No convergence analysis available!



OUTLINE

@ SUBSTRUCTURING METHODS
- Behavior for steady problems
- Convergence for Optimal Control Problems

@ DIRICHLET-NEUMANN WAVEFORM RELAXATION
- Linear PDEs
- Non-linear PDEs

€ NEUMANN-NEUMANN WAVEFORM RELAXATION
- Linear PDEs
- Non-linear PDEs

O ArPLICATION TO OCP

- Efficiency of DNWR and NNWR
- Numerically optimum parameters for Control Problem
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Poisson Equation

—Au = f, in €2
u = 0, onO0f2.
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Poisson Equation

—Au = f, in €2
u = 0, onO0f2.




Dirichlet-Neumann Method
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Dirichlet Trace h°(y) along the interface is given.



Dirichlet-Neumann Method
Y

[ —Auk = f,
\ uf(—a,y) = 0, Dirichlet Subproblem
LUt (0,y) = hTH(y).



Dirichlet-Neumann Method
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(—Auk = f,
k
§ uf(—a,y) =0, — %LXl(O,y) Neumann Trace
LU (0,y) = hTHy).




Dirichlet-Neumann Method
Ya

X

(—Auk = f,
Neumann Subproblem 3 (9Xu§(0,y) — (9Xuf(0,y),
\ué‘(b, y) = 0.




Dirichlet-Neumann Method
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B(y) = (1= )K" (y) + 0u5(0. ),

6 : positive relaxation parameter.
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B(y) = (1= )K" (y) + 0u5(0. ),

6 : positive relaxation parameter.
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DN METHOD: CONVERGENCE RESULT

Given hY along the interface,

(—Augk] =0, (—Augk] =0,

Lu—a) =0, o 0) = a,ut0),
k _ k

o) = (W) =0

The update condition:

K| _ KOR _
M]—{l_gﬁm} ROl k=123,

with 6 being a relaxation parameter.



DN METHOD: CONVERGENCE RESULT

Given hY along the interface,

( —Au{k] =0, ( —Augk] =0,
Lu—a) =0, o 0) = a,ut0),
o) = (W) =0

The update condition:

Kl 1(£2) K 0 _
h[]_{l—em} Aol k=123, ...

with 6 being a relaxation parameter.

1(€21)
Q) -

» Two step convergence to the exact solution for 6 =

» The convergence is linear for 6 £




NUMERICAL TEST

{—u”:O, x € Q=(-3,2),
u(—3) =0=u(2).

Q; = (—3,0), = (0,2), i° = 10.



NUMERICAL TEST

{—u”:O, x € Q=(-3,2),
u(—3) =0=u(2).

Q; = (—3,0),Q = (0,2), K = 10.
(1) =3,1(Q) =5, = 0" = =2




NUMERICAL TEST

{—u”:O, x € Q=(-3,2),
u(—3) =0=u(2).

Q; = (—3,0), = (0,2), i° = 10.

(@) = 3,1(R) = 5, — 0 = %)

cllw

error

2 4 6 8 10 12 14
Iteration



OrPTIMAL CONTROL PROBLEM: DN METHOD

Minimize J(y, u) = 3 fol (y(x) — p(x))? dx + 5 fol u?(x)dx,

—A = Q
subject to y(x) = ulx), x €L, (1)
y(x) =0, x € 012,
The adjoint equation is:
—Ap(x) = y(x) —y(x), xef, )
p(x) =0, x € 041,

with the optimality condition

p(x) + Au(x) = 0.



OPTIMAL CONTROL ProBLEM: DN METHOD

Given initial Dirichlet values h)[,o] and h,[,o] at x = «

f—y{’:pl/)\, x € Qq, (—p’l’:yl, x € Qq,
q ¥1(0) =0, q P1(0) =0,
yi(a) = hy | p1(a) = hp
(—yy = pa/ ), x € (D, (—pY =y, x € o,

/NG
'\

axy2(C‘5) — axyl(O‘)a 8xp2(a) — axpl(Oé)a
L2(1) =0 L p,2(1) =0

with the update conditions

hy = 0Oyy2(a) +(1—-0y)hy,
hp = Opp2(a) + (1 —6p)hp.

0,,0, € (0,1) being two relaxation parameters.



Optimal Control Problem: DN Method
Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.
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solution y

0 0.2 0.4 0.6 0.8 1



Optimal Control Problem: DN Method
Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:2
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solution y

0 0.2 0.4 0.6 0.8 1



Optimal Control Problem: DN Method

Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:3

solution y




Optimal Control Problem: DN Method

Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:4

solution y




Optimal Control Problem: DN Method

Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:5

solution y




Optimal Control Problem: DN Method

Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:6

solution y




Optimal Control Problem: DN Method

Numerical experiment: a =0.4,A =1, 6, =6, = 0.6. hg = 10.

lteration:7

solution y




Optimal Control Problem: DN Method

» Can we optimize the convergence, like the DN method?



OrPTIMAL CONTROL PROBLEM: DN METHOD

The update conditions become:

k 0
hy\" _ Ak hy A 1-6,(1—-v) —0,w
hp hy,) ’ 0pw 1—-0,(1—-v)

= Convergence in n+ 1 iterations if A" = 0.
sinh (2ua/\/§) sin (2,1,(1 - a)/ﬁ) — sin <2ua/\/§> sinh (2u(1 - a)/\/i)
# (s (25))"+ (5 (55))7) ((oos (265))" + (smn (#030))°)
sin (2;@/\/5) sin (2u(1 - a)/\/§> + sinh (2uo¢/\/§) sinh (2u(1 - a)/\/i)

(o (25))7 + (s (55))7) ((eos (#5522))7 + (sinn (#550)) 2)

w =




OrPTIMAL CONTROL PROBLEM: DN METHOD

The update conditions become:

k 0
hy\" _ Ak hy A 1-6,(1—-v) —0,w
hp hy,) ’ 0pw 1—-0,(1—-v)

= Convergence in n+ 1 iterations if A" = 0.

sinh (2ua/\/§) sin (2,1,(1 - a)/ﬁ) — sin <2ua/\/§> sinh (2u(1 - a)/\/i)
# (s (25))"+ (5 (55))7) ((oos (265))" + (smn (#030))°)
~ sin (2;@/\/5) sin (2u(1 - a)/\/§> + sinh (2uo¢/\/§) sinh (2u(1 - a)/\/i)

#((smn (25))7 + (5 (43))7) ((oos (#052))7 + (s (2521)) 2)
°* A+£0,A°=0, if 0,,0, chosen carefully!

w =




OrPTIMAL CONTROL PROBLEM: DN METHOD

The update conditions become:

k 0
hy\" _ Ak hy A 1-6,(1—-v) —0,w
hp hy,) ’ 0pw 1—-0,(1—-v)

= Convergence in n+ 1 iterations if A" = 0.
sinh (2ua/\/§) sin (2,1,(1 - a)/ﬁ) — sin <2ua/\/§> sinh (2u(1 - a)/\/i)

+((smn (28))" + (an (25))7) ((eom (12522))7 + (sn (#0720))°)
_ sin(2pa/v2) sin (2u(1 — @)/V2) +sinh (2p0/V2) sinh (2u(1 — ) /V2)
#((smn (25))"+ (sn (45))7) ((eos (2052))7 + (smn (2052)) ?)
°* A+£0,A°=0, if 0,,0, chosen carefully!
THEOREM ( Convergence of DN) (Gander, Kwok, M. '18)

The DN algorithm converges in at most 3 iterations, if the
parameters (9;,6’;) are given by

w =

* 1 |w| * 1 . 4
Hy - (1-v) T (1—v)\/(1—v)2—|—w276p - (1-v) (1—V)\/(1—V)2—|—W2.




DN Method: Numerical test

Ist experiment: « =0.5,A =1, 67 =1/2,67 =1/2.
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DN Method: Numerical test

Ist experiment: « =0.5,A =1, 67 =1/2,67 =1/2.

10
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DN Method: Numerical test

2nd experiment: a = 0.6, A =1, 6 ~ 0.58,0,, ~ 0.61.

lteration:1

10

solution y
o

!
o

A
o)

0.2 0.4 0.6 0.8




DN Method: Numerical test

2nd experiment: a = 0.6, A =1, 6 ~ 0.58,0,, ~ 0.61.

lteration:2
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DN Method: Numerical test

2nd experiment: a = 0.6, A =1, 6 ~ 0.58,0,, ~ 0.61.

lteration:3
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Neumann-Neumann Method
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Poisson Equation

—Au = f, in €2
u = 0, on O0f2.




Neumann-Neumann Method
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Poisson Equation

—Au = f, in €2
u = 0, on O0f2.




Neumann-Neumann Method

Ya

Given Dirichlet Trace g°:




Neumann-Neumann Method
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Given Dirichlet Trace g°:
© Solve Dirichlet Subproblems on 21, €2,.



Neumann-Neumann Method
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Given Dirichlet Trace g°:
© Solve Dirichlet Subproblems on 1, €2,.

@ Calculate jump in Neumann trace.




Neumann-Neumann Method

y

Given Dirichlet Trace g°:

© Solve Dirichlet Subproblems on 1, €2,.
@ Calculate jump in Neumann trace.

© Solve Neumann Subproblems on €24, €2,.

DA



Neumann-Neumann Method

Ya

Given Dirichlet Trace g°:
© Solve Dirichlet Subproblems on 1, €2,.

@ Calculate jump in Neumann trace.

© Solve Neumann Subproblems on €24, €2,.
@ Update Dirichlet Trace: g = g*=1 — 6 (¢¥F |r +¢5 Ir) .



Convergence: NN Method

{—u” =0, x € (—3,2),
u(—3) =0=u(2).

Q; = (—3,0), = (0,2), g° = 10.



Convergence: NN Method

{—u” =0, x € (—3,2),
u(—3) =0=u(2).

Q; = (—3,0), = (0,2), g° = 10.

* Q1)1(£2
[(Q1) =3,1(Q) =5, = ¢ = LGl — ¢




Convergence: NN Method

{—u” =0, x € (-3,2),
u(—3) =0=u(2).

(0 = (_370)7Q2 — (072)7g0 = 10.

* Q1)1(£2
[(Q1) =3,1(Q) =5, = ¢ = LGl — ¢

error

iteration



Optimal Control Problem: NN Method

Theorem( Convergence of NN method)

The NN algorithm converges in at most 3 iterations, if the parameters
(05,67%) are given by

1 | 2 | 1 | zo |

\/21 JrZ2 \/21 JrZ2

The updating matrix is:
A — 1 — Hyzl —(9y22
(9p22 1 — (9p21

where z1 = z1(, A), 22 = zp(a, \). A#0,A° =0, if 0,0, chosen
carefully! (]




NN Method: Numerical test

a=0.6,A=1/2% 0 ~ 0.304,0% ~ 0.165.
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NN Method: Numerical test

a=0.6,A=1/2% 0 ~ 0.304,0% ~ 0.165.
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NN Method: Numerical test

a=0.6,A=1/2% 0 ~ 0.304,0% ~ 0.165.
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'TIME DEPENDENT PROBLEMS

Minimize J(y, u) = 3 fOT fol (y — 9)° dxdt + 3 fOT fol u? dxdt,

(Oey(x,t) —vAy(x,t) = u(x,t), x€Q,te(0,T),
subject to ¢ y(x,0) = yo(x), x € €, (3)
Ly(x,t) =0, x € 00 x (0, T).

The adjoint equation would be:

(—8tp(x, t) — VA,D(X, t) = y(X, t) — )/}(Xy t)7 X € Q7 S (07 T)7
<p(X7T):Oa XEQ’
\p(X7 t) — O’ x € 0f2 X (O, T),

(4)

with the optimality condition:
p(x,t) + Au(x, t) = 0.



Dirichlet-Neumann Waveform Relaxation

Ya

. ¢ >
L

Poisson Equation

—Au = f, in 2
u = 0, on 0fl.




Dirichlet-Neumann Waveform Relaxation

Ua

T'¢

(2 x (0,7

>
L

up — vuxe = f(x,t), (x,t)eQx(0,T)
u(x,0) up(x), x € €.
u(x, t) g(x,t), xeodQ0<t<T.




Dirichlet-Neumann Waveform Relaxation

La
ho(t)

T'¢

(2 (2o

Dirichlet Trace h°(t) along the interface is given.



Dirichlet-Neumann Waveform Relaxation

t

T

(25
fatuf 8XXU]I_< — I,
k
0 —
”}((X’ ) o (). Dirichlet Subproblem
ul(—a, t) :g(_37 t)7




Dirichlet-Neumann Waveform Relaxation

ta

T'¢

Neumann Subproblem




Dirichlet-Neumann Waveform Relaxation

Ua

T'¢

{2

X

Update condition

A (t) = (1 — O)h*~L(t) + 6uX(0, t),

0 : positive relaxation parameter.




Superlinear Convergence of DNWR
Q2 = (—3,2). Two subdomains: Q; = (—3,0),Q, =(0,2). Time T = 2.

error

iteration



Superlinear Convergence of DNWR
Q2 = (—3,2). Two subdomains: Q; = (—3,0),Q, =(0,2). Time T = 2.

error

iteration

Goal: Estimate a bound for the error in case of § = 1/2.




Convergence Estimates
Dirichlet bigger than Neumann : a > b

Theorem(Gander,Kwok,M., 2012)

Let 6 = 1/2. On a finite time interval t € (0, T), the DNWR satisfies

a—b\" kb
| ey (252) erte (S22 ) IR oy

Theorem(Linear convergence estimate)
For § = 1/2, the DNWR satisfies for t € (0, )

a—b <
| B [l 000 < ( ) |19 oo,

k=1,2,3,...




Bounds on the error

Short time interval

=Numerical error
«Theoretical error
®Superlinear bound
=|_inear bound

-10

10

0 5 _ _ 10 15
Iteration

Figure: a=3,b=2,T =2




Bounds on the error

Large time interval

10 ‘
=Numerical error
-+ Theoretical error
®Superlinear bound
10° - =L_inear bound
107 1
-10 |
107, 5 10 15 20
Iiteration

Figure: a=3,b=2, T =50




DNWR Method : Many Subdomains

Q x (0,7




DNWR Method : Many Subdomains




DNWR Method : Many Subdomains
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DNWR Method : Many Subdomains

error

error

20 .30
iteration



DNWR Method : Funaro, Quarteroni (1988)
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DNWR Method : Many Subdomains
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DNWR Method : Many Subdomains

ta
T g (t)  g5(t)
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DNWR Method : Many Subdomains




DNWR Method : Many Subdomains




DNWR Method : Many Subdomains




DNWR Method : Many Subdomains




DNWR Method : Many Subdomains




DNWR Method : Many Subdomains




Convergence result: Heat equation

Theorem( Convergence of DNWR for N subdomains)[GKM, '13]

Suppose N is odd. Then for § = 1/2 and for a finite time interval (0, T),
the DNWR algorithm for N subdomains converges superlinearly with the
estimate

1<i<N—1 1<i<N—1

kh
max o0 < p"erfc max 011} o0 :
I limom< berte (55 ) max 18 liiom

where (N, T) = min{(N — 2), &(N, T)}
(N-3)/2

with ¢(N, T) = 2erfc ( \/_) Z 2 lerfe <2\I}7T)
=0




Convergence estimates

3 subs error
=3 subs bound
wwwww 4 subs error
=4 subs bound
%5 subs error
=5 subs bound
* 6 subs error
=6 subs bound|

\

0 5 10 15 20 25
lteration

error

Figure: Estimates for different number of subdomains, T = 2.




'TIME DEPENDENT PROBLEMS

Minimize J(y, u) = 3 fOT fol (y — 9)° dxdt + 3 fOT fol u? dxdt,

(Oey(x,t) —vAy(x,t) = u(x,t), x€Q,te(0,T),
subject to ¢ y(x,0) = yo(x), x € €, (3)
Ly(x,t) =0, x € 00 x (0, T).

The adjoint equation would be:

(—8tp(x, t) — VA,D(X, t) = y(X, t) — )/}(Xy t)7 X € Q7 S (07 T)7
<p(X7T):Oa XEQ’
\p(X7 t) — O’ x € 0f2 X (O, T),

(4)

with the optimality condition:
p(x,t) + Au(x, t) = 0.
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Numerical Results: DNWR

Experiment 2: « =0.6,A=1,T =2. = 0] ~ 0.534,0; ~ 0.556.
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Numerical Results: NNWR

Experiment: « =0.6,A=1,T =2. = ) =0.26,6, = 0.23.
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CAHN-HILLIARD AS CONSTRAINED

Minimize J(y, u) = 3| Cy — plI7. + 5 lull?,

Oey(x,t) — Af(y) + €A% = u(x,t), x€Qte(0,T),
subject to { y(x,0) = yo(x), x € Q,
y(x,t) = 0= Ay(x,t), x € 0Q x (0, T).

The adjoint equation would be:
—0up(x, t) — F1(y)Bp + A2 = CT(Cylx,t) — §), xE€Qte(0,T),
p(x, T)=0, x € Q,
p(x,t) = 0= Ap(x,t) x €90 x(0,T),
f(y) = y® — y with the optimality condition:
J(y,u)(v—u)>0 VYvel?(Qx(0,T))

where J'(y, u) is the Gateaux derivative of J(y,v) at v = u.
1

1Optimal control for the multi-dimensional viscous Cahn-Hilliard equation,
Ning Duan and Xiufang Zhao, Elec. J. Differential Equations; 2015




NN FOR NONLINEAR PROBLEMS

CAHN-HILLIARD EQUATION

% = Av, for (x,t) € Q2 x (0, T],

vV = F/(U)—€2Au7 for (X, t) EQX (07 T]7
u(x,0) = uo(x), x €,

- 0 0
where Q C R?, with g% = % =0 on 94, for all t € (0, T].
- represents the evolution of a binary melted alloy below the critical

temperature.




NN FOR NONLINEAR PROBLEMS

CAHN-HILLIARD EQUATION

% = Av, for (x,t) € Q2 x (0, T],

vV = F/(U)—€2Au7 fOF (X, t) EQX (07 T]a
u(x,0) = uo(x), x €,

where Q C R?, with 2 = %Y =0 on 9Q, for all t € (0, T].

- represents the evolution of a binary melted alloy below the critical

temperature.
- it describes energy minimization and the total mass conservation

while the system evolves:

where F(u) = Z(v? — 1)%, E(u) == [, (F(u) + E7|Vu|2) dx.



CONVERGENCE RESuULT

Discretized scheme can be written as:

n—|—1 _.n
u; 5tAhv = uj,
vt 4 AUt — (uj+1)3 = —u],

>Convergence of Linear and Nonlinear Substructuring Methods for the
Cahn-Hilliard Equation, Gobinda Garai and Bankim Mandal, preprint.



CONVERGENCE RESuULT

Discretized scheme can be written as:

n—|—1 _.n
u; 5tAhv = uj,
vITh+ EA T - (Ufﬂ)3 = —uj,

Linearized discrete scheme can be written as:

J”H 5tAhv = u/,
n+1 2 n+1 _ 2 n+1 __ n
Vi + e Apu; (uf)u™" = —uj,

- which is an unconditionally gradient stable scheme and has the
same accuracy as the nonlinear scheme (Eyre, 1998).
- at each time level obtain a system of elliptic equations

/ —0: A utt u”
EYNE I ol = [_{,n]  in &
J J

>Convergence of Linear and Nonlinear Substructuring Methods for the
Cahn-Hilliard Equation, Gobinda Garai and Bankim Mandal, preprint.



CONVERGENCE REsuLT: NN

THEOREM (NON-SYMMETRIC SUBDOMAINS (GARAI, M.))

For @ = 1/4, the error of the NN method for two subdomains
satisfies,

I e™ oo (< <k ,
(C585) max {1 & llisorys I HY oy} 70 < 457,
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CONVERGENCE REsuLT: NN

THEOREM (NON-SYMMETRIC SUBDOMAINS (GARAI, M.))

For @ = 1/4, the error of the NN method for two subdomains
satisfies,

=LAk . 2

[K] - <(a4aﬁ) ) max{|| gl Lo (ry> I plO] ||LOO(I')}7 if ¢ > 4cL4’
Ie lieon= (a=b)% \ " [0] [0] , 42
zap ) max {1l & llioo(ry, 11 A llioory | iF8e < A5,

where gl% and hl% are the initial guesses for u and v.

error

v
W,
.
LY

iteration



DNWR FOR Time-fractional PDEs

TIME-FRACTIONAL DIFFUSION EQUATION

(D&u =V - (k(x,t)Vu) + f(x,t), inQx(0,T),
q u(x,0) = up(x), in €,
Lu(x, t) = g(x,t), on 02 x (0, T).

D¢ is the Caputo fractional derivative, defined for order «,
n—1<a<nandné&N as follows:

*x(t) := L t — e (n) () dr
Dpx(t) = ey [ (=7 (r)dr.

3appear in viscoelasticity, fractional capacitor theory, electrical circuits,
control theory etc.



DNWR FOR Time-fractional PDEs

TIME-FRACTIONAL DIFFUSION EQUATION

(D&u =V - (k(x,t)Vu) + f(x,t), inQx(0,T),
q u(x,0) = uo(x), in {2,
Lu(x, t) = g(x,t), on 02 x (0, T).

D¢ is the Caputo fractional derivative, defined for order «,
n—1<a<nandné&N as follows:

e — 1 ' _ n—a—lX(n) \dT
Dpx(t) = ey [ (=7 (r)dr.

a € (0,1) corresponds to sub-diffusion and « € (1,2) corresponds
to super-diffusion case. 3

3appear in viscoelasticity, fractional capacitor theory, electrical circuits,
control theory etc.



CONVERGENCE RESuULT

THEOREM (DNWR FOR o <1 (SANA, M.))

In sub-diffusion and normal diffusion cases the interface error
w(k)(t) follows the following super-linear estimates for

0 = 1/(1 + \/%1//%2).'
WO imgory < (Cla by a, w2)) exp (—0k?/ @Y WO .

v Is a constant depending only on T, a, k.

= A similar super-linear estimate is proved for super-diffusion case
l1<a<?2.



CONVERGENCE RESULT: SUB-DIFFUSION CASE

a = 0.25

—0 = 0.1
o 9=0.2

..#..9=O_3
|——0 =0.4
—=0=0.5
| = 9=0.56
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iteration



CONVERGENCE RESULT: SUPER-DIFFUSION CASE

a=1.5
10 gg::oéooooc',‘,o‘_'e = O.1I
. °© /=0.2
1072 w0 — 0.3
- ——0 =0.4]
o |=*=0 =0.5
(b

e 8 9=0.6
¢ 0=0.7
> 0=0.8
°© 9=0.9"
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PARALLEL IMPLEMENTATION

® |ncrease number of communications,
® Decreased size of communications,
® Multiple waveform levels simultaneously,

® Use upto 2NK processors for NNWR, and upto NK processors
for DNWR.

*Pipeline Implementations of Neumann-Neumann and Dirichlet-Neumann
Waveform Relaxation Methods, Ong and M., Numer. Algorithms, 2018



PIPELINE NNWR: NUMERICAL RESULTS

SPEED UP

Waveform iteration, K = 4, Subdomains, N = 8

1 . Actual
> Theoretical Peak
c 0.8 - - - L.
g (no communication)
= 0.6/
04 | | \

\ I
3 32 160 800 4000
J: Number of time blocks
FIGURE: For a large number of time blocks, J, the algorithm is able to

utilize all processors in a pipeline fashion for a larger percentage of the
computation, leading to higher efficiency.



PIPELINE NNWR: NUMERICAL RESULTS

SPEED UP

Waveform iteration, K = 4, Subdomains, N = 8

_._

) Theoretical Peak

Actual

(no communication)

Efficiency

0.4 L° |

\ N
8 32 160 800 4000

J: Number of time blocks

FIGURE: For a large number of time blocks, J, the algorithm is able to
utilize all processors in a pipeline fashion for a larger percentage of the

computation, leading to higher efficiency.

= The pipeline NNWR implementation with

2KN processing cores

is able to compute K full waveform iterates 2K times faster than
the the classical NNWR implementation using N processors.



PIiPELINE NNWR: NUMERICAL RESULTS

WEAK SCALING

K | # procs | Walltime (s) | Parallel Efficiency us
1 16 211 1.00
2 32 209 1.01
4 04 214 0.99
3 128 212 1.00
16 256 212 1.00
32 512 212 1.00
64 1024 212 1.00

TABLE: An efficiency of 1 means that the pipeline NNWR
implementation is able to compute K full waveform iterates using 2NK
processing cores in half the time it takes N processing cores to compute
one full waveform iterate.



CONCLUDING REMARKS

@ Steady Problems:

® Three-step convergence for both DN and NN methods applied
to OCP.
® Analytical formulae for optimal parameters 67,67

® Evolution Problems:

®* DNWR and NNWR to solve space-time problems.

® Heat equation: Superlinear convergence for DNWR and
NNWR.

® Nonlinear equations: Convergence is superlinear.

® Application to Optimal control problems with PDE constraints.

® Easy to parallelize, scalable methods.



Thank You For Your Attention!



To KNOW MORE ABOUT DNWR & NNWR, SEE...

® Convergence of Substructuring Methods for Elliptic Optimal
Control Problems, Gander, Kwok, M., DD24, 2017.

® Dirichlet-Neumann and Neumann-Neumann Waveform
Relaxation Algorithms for Parabolic Problems, Gander, Kwok,
M., Electron. Trans. Numer. Anal. 45, 2016.

® Convergence of Linear and Nonlinear Substructuring Methods
for the Cahn-Hilliard Equation, Garai, M., preprint,
arXiv:2112.01699, 2022

® Dirichlet-Neumann and Neumann-Neumann Waveform
Relaxation Algorithms for the Time-Fractional Diffusion
Problems, Sana, M., preprint, 2022
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