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Nonlinear Advection-Diffusion Equation

Oru+div(f(w) - p(w)Vu)=0 in Qx(0,T)

Uljg=up in Q, u=0 on 0Qx(0,7)

Bounded Lipschitz domain QcR? 0< T < oo

Diffusion coefficient p € Cg’l(lR) with p(v)=p>0 for all veR
Advective flux fe Cg’l(lR, RY)

Initial data ug € H&(Q)

vy v vy
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Nonlinear Advection-Diffusion Equation

Oru+div(f(w) - p(w)Vu)=0 in Qx(0,T)

Uljg=up in Q, u=0 on 0Qx(0,7)

Definition (Weak mono-domain solution)

A weak mono-domain solution ue HY (0, T; H1(Q)) n L2(0, T; H& (Q)) satisfies

T

for all ve L#(0, T; Hy (), and ul,—q = up a.e. in Q.

o
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Nonlinear Advection-Diffusion Equation

Oru+div(f(w) - p(w)Vu)=0 in Qx(0,T)

Uljg=up in Q, u=0 on 0Qx(0,7)

Lemma (Existence and uniqueness of a weak mono-domain solution)

Under the stated assumptions, there exists a unique weak mono-domain solution
ue H'(0, T; H(Q) N L*(0, T; H, (), which also satisfies d,u € L*(0, T; L*(Q)).

Proof.
Application of [Alt, Luckhaus 1983] for the Kirchhoff transformed solution

O]

y
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Non-overlapping Schwarz Waveform-Relaxation Algorithm

Iteratively solve for ke N and i € {1,2}:
Otuf +div(f(uf-€) - p(uf)Vuf) =0 in Q;x(0,7T)
ukl_o=up in Q u¥=0 on (8Q;\I)x(0,T)
B (u; )—% (u3 l) on I'x(0,7T)

Bi(w) = (pwVu-fw) n; +Au = B, (k) =20ul " - By (Wb~

» Non-overlapping, Lipschitz sub-domains Q; and Qp, interface T :=8Q; N6Q,
» Transmission parameter 1 >0
> Initial guesses B;(u;) = g; € L*(0, T; L*(I"))
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Non-overlapping Schwarz Waveform-Relaxation Algorithm

Definition (Weak solution to the SWR algorithm)

For i €{1,2} and k€N, a weak SWR solution uf € H'(0, T; X}) N L*(0, T; X;) satisfies

fOT@tuf, v>X;’X[+(p(uf)Vuf—f(uf), VU)LZ(Qi)+(Au:-C—%;C, V) d1=0

for all ve L2(0,T; X;), and uf.‘lt:0 =up a.e. in Q;. Here, %11. =g; and

B =22uk  —BK . in 120, T);I2(M) for keN.

Xi:={ve H'(Q)) : vlgg,r=0}
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Non-overlapping Schwarz Waveform-Relaxation Algorithm

Theorem (Existence of weak solutions to the SWR algorithm)

Under the stated assumptions, for i € {1,2} and all ke N a weak SWR solution
uf € H'(0, T; X)n L*(0, T; X;) exists and satisfies

k2 k2 k2 k2
” ui ||L°°(0,T;L2(Qi)) + ” ui ”LZ(O,T;XZ') + ”6tul’ ”LZ(O,T;XZ.*) + ” ui ”LZ(O,T;LZ(F))
k2
5 C (1 + ”%l ”LZ(O,T;LZ(F))) )

Where C= C(|Ql|) Tr/l)ﬁ’ ||P||Cg, ||f||C2) ” uO”Hl(Qi))-

Proof.
> Time-discrete problem has unique solution for At small enough

> A-priori estimates for the time-discrete solutions

» Compactness arguments for limit At —0 ]
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Non-overlapping Schwarz Waveform-Relaxation Algorithm

Theorem (Uniqueness of the SWR iteration)

Under the stated assumptions, weak solutions uf to the SWR algorithm are unique if
they satisfy Otuf € L%(0, T; L*>(Q;)) for i €{1,2} and all keN.

Proof.
> Based on Theorem 2.2 in [Alt, Luckhaus 1983]
> Take the difference of the equations

> Test with the regularized positive part of the difference of weak solutions

> The limit of the regularization to zero yields uniqueness in L'(Q; x (0, T)) 0
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Non-overlapping Schwarz Waveform-Relaxation Algorithm

Theorem (Convergence of the SWR iteration)

Under the stated assumptions, if the weak mono-domain solution u satisfies
Vue L0, T; L®(Q)) and  pw)Vu-n; e L0, T; L*(I),
then the weak solutions of SWR algorithm converge, i.e.

uf—»u in  L®(0, T; L*(Q;) N L*(0, T; X;) as k—oo.

Proof.
> Energy estimates for the errors ef.c = uf —ulg, € HY(0, T; X)) N L%(0, T; X;)

» Summation over sub-domains and iterations

> Uniformly bounded total error by Gronwall's lemma O
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Numerical Discretization by the Finite Volume Method

Definition (Cell-centered finite volume method on w € {Q,Q;,Q,})

Let NeN and At:=T/N. For n€{0,...,N—1} and each equilateral triangle I of the
conforming triangulation 97, Ay, the cell-average value at time t**! = (n+1)At is

n+tl _ . n _ AtAx n
uy =uy-55 ) Fy
oS (T)

The numerical flux F}! on edge o is given by [Eymard et al. 2000; Kurganov, Petrova 2005]

_ Pug)-Plug) al ) +ag  ful) ‘n aiaot (u”

;= = —u a!
g FU T Ax/V3 ait+aqd* T ainqort \t g Ltg-) for 0 € L (T,

> the boundary condition for g € 0w N 0Q,

> the discrete transmission conditions for 0 € dwNT .
O = up(xg), where xg denotes the barycenter of I .

The initial cell-average value is ug- =
[»>[uHAssELT




Numerical Discretization by the Finite Volume Method

Asymptotic-Preserving Robin Transmission Condition

» Conforming meshes g, axUJq,ax =T a,Ax
> Numerical flux F(]ff at edge o cT of the triangle 9 € Q;

kn . _
FU,1 =

out

k, k, i k, k, i
_ Pluy)-Pug") a:,"f(ug,'f)+ag”’f(ug"))'nﬂ__ ay'ag" ( k.n k,n)
al"+al ’

- g —-Uu
Ax/V3 all'+ag"t o,1 g
> Ghost value u(’;’l given by the transmission condition
k,on _ k,n k,n k,n
Fyy = A(ﬁluﬂ" +(1- :61)”0,1) -B,;

with weighting parameters (1,82 € [0,1]
> Analogously for 7' €Q,
> Nonlinear equations for F(];l" and u(';:l solved locally by a (damped) Newton method
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Numerical Discretization by the Finite Volume Method

Asymptotic-Preserving Robin Transmission Condition

1 out
5 a;" =0 1
2 ’
(A)  Bi= - or (B)  Bi=5
0 otherwise, 2
asymmetric upwind [GLR 2022] Classical centered
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Numerical Discretization by the Finite Volume Method

Asymptotic-Preserving Robin Transmission Condition

1 out
5 a;" =0 1
2 )
(A Bi= - or (B)  Bi=+
0 otherwise, 2
asymmetric upwind [GLR 2022] Classical centered
> Continuous 1D problem: auy—vuxx=f in (=1,1), u(-1)=0, vul)=0

» Cell-centered FVM with discrete Robin transmission operators
Bl ") := (-1 (au-y — % (up — u_1) + A((A = Bi)u_1 + Bi o)
> Consistency, convergence and AP property

B1=P2, vipr=01) A pop=0C(v) as v—0, p=

v
v+ahp,

a +0( ()"
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Numerical Discretization by the Finite Volume Method

Bi=1/2,8=1/2

By =vin(1/v)/(ah), B> = v/(ah)
5
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Numerical Results: Simplified Two-phase Flow

> Simplified two-phase flow in a porous medium

dtu+div(mv+KVpC(u)) - in Qx(0,7T)=(-1,1)2x(0,1)
» Parameters
v:(lé)l)) v1 >0, pc(u)zl_u,
1—x§ for x; =-1
up =0, u(x, t)' = )
00 0 otherwise
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Numerical Results: Simplified Two-phase Flow

> Simplified two-phase flow in a porous medium

. 2 . 2
atu+dlv(mv+KVpc(u)) -0 in Qx(0,T)=(-1,1)2x (0,1)
Mono-domain solution 6th SWR solution Difference
1 1 1 1 . 0
0.8 0.8
2
0.6 0.6
<0 <0 4
0.4 0.4
%
0.2 0.2
1 - Uo 0 1 v K
-1 0 1 1 -1 0 1 x10°
Xl X.
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Numerical Results: Simplified Two-phase Flow

Diffusion-dominated regime (x =1)

L2-error £}, for choice (A)

L2-error £}, for choice (B)

SWR iteration i

—— Az =0.100, v; = 1.5
—o— Az = 0.050, v; = 1.5
—#— Az = 0.025, v; = 1.5
—e— Az = 0.100, v; = 0.75
—%— Az = 0.050, v; = 0.75
—+— Az = 0.025, v; = 0.75
—6— Az =0.100, v; =0
—8— Az =0.050, v; =0
—A— Az =0.025, v; =0

104

0 5 10 15 20

SWR iteration 4

—— Az =0.100, v; = 1.5
—e— Az =0.050, v; = 1.5
—k— Az = 0.025, v; = 1.5
—.— Az = 0.100, v, = 0.75
—%— Az = 0.050, v, = 0.75
—+— Az = 0.025, v; = 0.75
—— Az =0.100, v; =0
—8— Az =0.050, v; =0
—&— Az = 0.025, v1 =0
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Numerical Results: Simplified Two-phase Flow

Advection-dominated regime (v; =1.5)

10-2

10-4

L2-error &4, for choice (A)

SWR iteration ¢

10—2

10—*

10-8

L2-error &L, for choice (B)

0 5 10 15 20

SWR iteration ¢

| > | UHASSELT



Numerical Results: Simplified Two-phase Flow

Effect of the transmission parameter and multiple sub-domains (x =0.01, v; =1.5)

2 2 ;
L2-error £4, (Az = 0.025) L%-error & 5 I?-error &} (Ax=0.025)
L 1 0 B e e e e e e e e
A=10 LY —e— 2 sub-domains | |
—a-A=15 10
10-2 |- A=20 | 20.2 X —&— 4 sub-domains
—o-A=25 ‘ )
—e—A=3.0 04 10-3 |- 5
1074 —#— (B): A =2.0 | o ‘ . S
\\ ot -0.6 1077 -
1079 |- | il
-0.8 1077
PPy ST IR - G S 1 T
0 5 10 15 2 -1 0 1 0 5 10 15 20
SWR iteration i Xy SWR iteration i
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Numerical Results: Two-phase Flow with Nonlinear p,

» Two-phase flow in a porous medium with Brooks—Corey parameterization

201402 .
Otu+div(u2+ﬁz_u)2 +u’;+((11_”;)2Vpc(u)):o in Qx(0,7)=(-1,1)%*x(0,1)
» Parameters
__1
v=("%),  pcwy=u T,  Apc=3,
up=1u =0.1, u(x, r)' =0.1+0.8(1-x3)°, Vux)-nl =0
x1=+1 x1=-1 Xo==+1
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Numerical Results: Two-phase Flow with Nonlinear p,

> Two-phase flow in a porous medium with Brooks—Corey parameterization

. 1 . 2
atu+dlv(u2+(l v+ Ao ”;)ZVpc(u)) =0 in Qx(0,T)=(-1,1%x(0,1)
Mono-domain
th : i
solution 6 SWR solution Difference L2-error &%,
1 09 1 0.9 1 0 ; . :
. - —o— Az = 0.100
- —8— Az = 0.050
0.7 07 077 —a— Az = 0.025 ]
-1 A
o 05 05 0 | 104 54 *
03 03 * 1070 |- =\ A
1 B EE— - Hoa - o - Uoa 1 [ SRSty SR 7
-1 0 1 - -1 0 1 »x10 0 5 10 15
Xy Xy SWR iteration i
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Conclusion and Outlook

v

Non-overlapping SWR algorithm with nonlinear Robin transmission conditions
for nonlinear advection-diffusion equations

Proofs for the existence (and uniqueness) of SWR iterates and for their convergence

A\

A\

Asymptotic-preserving finite volume scheme (robust in the hyperbolic limit)

v

Several numerical examples
> Linear convergence towards the discrete mono-domain solution
> Two-step convergence in the hyperbolic limit
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Conclusion and Outlook

> Non-overlapping SWR algorithm with nonlinear Robin transmission conditions
for nonlinear advection-diffusion equations

> Proofs for the existence (and uniqueness) of SWR iterates and for their convergence

> Asymptotic-preserving finite volume scheme (robust in the hyperbolic limit)

v

Several numerical examples
> Linear convergence towards the discrete mono-domain solution

> Two-step convergence in the hyperbolic limit
Asymptotic-preserving property for nonlinear, time-dependent problems
Convergence proof for (asymptotic-preserving) finite volume schemes

Transmission parameter optimization

v vV vV V

Reaction terms and unbounded/degenerate equations
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