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Current state-of-the-art Deep Learning models

Example text: “A pear cut into seven pieces arranged in a ring”
Output images:
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Current state-of-the-art Deep Learning models

A text-to-image model called Imagen

consists of a text encoding model 11B parameters, trained
on 807GB of text data

consists of several U-Net models with another 2.5B
parameters, trained on 850MB of text-image data

Reference: Saharia et al. 2022; Ramesh et al. 2022

Other related models: DALL-E 2
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Deep Learning models to PDE

Lc [u] = f in Ω

u = g on ∂Ω

Solve PDE by minimizing “Physics” loss, e.g. PINN,
DeepOnet etc. See Song, Alkhalifah, and Waheed 2021;
Jagtap and Karniadakis 2021

Direct interpolation from pair of parameter-solution data
PCA-net, FNO etc. See Z. Li et al. 2020; Kovachki et al.
2021

Augment standard numerical scheme Um et al. 2020;
Siahkoohi, Louboutin, and Herrmann 2019; Kochkov et al.
2021
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How much data?

Sun et al. 2017; De Hoop et al. 2022
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Theory-driven vs data-driven models

Theory
complexity

Data size

NLP, text-image generation
Image classification

PINN, DeepONet
FNO, etc.

Finite element,
Pseudo-spectral

???
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Content

Wave equation

Deep learning aided parareal iteration

Numerical results
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The second-order Wave Equation

Find solution u = u(x , t) such that

∂ttu = c2(x)∆u, x ∈ [−1, 1]2, 0 ≤ t ≤ T ,

with initial conditions

u(x , 0) = u0(x),

∂tu(x , 0) = p0(x).

Boundary condition is periodic.
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Parallel-in-time method

Parareal iteration

uk+1
n+1 = Guk+1

n + (Fuk
n − Guk

n )

for k is the iteration and n is the time snapshot

Unstable iteration for solving hyperbolic equations!
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Parareal iteration

uk+1
n+1 = Guk+1

n + (Fuk
n − Guk
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for k is the iteration and n is the time snapshot

Unstable iteration for solving hyperbolic equations!
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DL-aided parareal

Introduce a neural network Hθ to postprocess coarse solution

uk+1
n+1 = HθGuk+1

n + (Fuk
n −HθGuk

n )

▶ Network architecture
▶ Generate training data

Operate in the energy component

∥∇u∥22 +
∥∥∥∥∂tuc

∥∥∥∥2

2

= constant
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JNet
similar to U-Net c.f. Ronneberger, Fischer, and Brox 2015
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Data generation

Time

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

{c,u0}
<latexit sha1_base64="hRZmQgP9/oQc01D1jkJgp/kA11s=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDFbBhZTEB7osuHFZwT6gCWEynbRDJw9mJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+FMKsv6Niorq2vrG9XN2tb2zu6euV/vyjgVhHZIzGPR97GknEW0o5jitJ8IikOf054/uS383iMVksXRg5om1A3xKGIBI1hpyTPrTkbOnBCrsR9kae5ZTu6ZDatpzYCWiV2SBpRoe+aXM4xJGtJIEY6lHNhWotwMC8UIp3nNSSVNMJngER1oGuGQSjebZc/RiVaGKIiFfpFCM/X3RoZDKaehryeLlHLRK8T/vEGqghs3Y1GSKhqR+aEg5UjFqCgCDZmgRPGpJpgIprMiMsYCE6XrqukS7MUvL5PuedO+aF7dXzZax2UdVTiEIzgFG66hBXfQhg4QeIJneIU3IzdejHfjYz5aMcqdA/gD4/MH+zqUUQ==</latexit>
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<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>
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<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

Using the Procrustes parareal c.f. Nguyen and Tsai 2020 to
generate data
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Data generation

Time

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

{c,u0}
<latexit sha1_base64="hRZmQgP9/oQc01D1jkJgp/kA11s=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDFbBhZTEB7osuHFZwT6gCWEynbRDJw9mJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+FMKsv6Niorq2vrG9XN2tb2zu6euV/vyjgVhHZIzGPR97GknEW0o5jitJ8IikOf054/uS383iMVksXRg5om1A3xKGIBI1hpyTPrTkbOnBCrsR9kae5ZTu6ZDatpzYCWiV2SBpRoe+aXM4xJGtJIEY6lHNhWotwMC8UIp3nNSSVNMJngER1oGuGQSjebZc/RiVaGKIiFfpFCM/X3RoZDKaehryeLlHLRK8T/vEGqghs3Y1GSKhqR+aEg5UjFqCgCDZmgRPGpJpgIprMiMsYCE6XrqukS7MUvL5PuedO+aF7dXzZax2UdVTiEIzgFG66hBXfQhg4QeIJneIU3IzdejHfjYz5aMcqdA/gD4/MH+zqUUQ==</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤
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<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

Using the Procrustes parareal c.f. Nguyen and Tsai 2020 to
generate data
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Data generation

Time

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

{c,u0}
<latexit sha1_base64="hRZmQgP9/oQc01D1jkJgp/kA11s=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDFbBhZTEB7osuHFZwT6gCWEynbRDJw9mJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP+FMKsv6Niorq2vrG9XN2tb2zu6euV/vyjgVhHZIzGPR97GknEW0o5jitJ8IikOf054/uS383iMVksXRg5om1A3xKGIBI1hpyTPrTkbOnBCrsR9kae5ZTu6ZDatpzYCWiV2SBpRoe+aXM4xJGtJIEY6lHNhWotwMC8UIp3nNSSVNMJngER1oGuGQSjebZc/RiVaGKIiFfpFCM/X3RoZDKaehryeLlHLRK8T/vEGqghs3Y1GSKhqR+aEg5UjFqCgCDZmgRPGpJpgIprMiMsYCE6XrqukS7MUvL5PuedO+aF7dXzZax2UdVTiEIzgFG66hBXfQhg4QeIJneIU3IzdejHfjYz5aMcqdA/gD4/MH+zqUUQ==</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

u0
<latexit sha1_base64="Lv88ugkariRqAMutuymdLyEwInM=">AAAB83icbVDLSsNAFL2pr1pfVZduBqvgqiRW0WXBjcsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkLve7T1QqlohHPU1pEOORYBEjWFvJ92Osx2GUmdnAHVRrbt2dA60SryA1KNAaVL/8YUJMTIUmHCvV99xUBxmWmhFOZxXfKJpiMsEj2rdU4JiqIJtnnqFzqwxRlEj7hEZz9fdGhmOlpnFoJ/OMatnLxf+8vtHRbZAxkRpNBVkcigxHOkF5AWjIJCWaTy3BRDKbFZExlphoW1PFluAtf3mVdC7rXqN+/XBVa54VdZThBE7hAjy4gSbcQwvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5Ax2FkaU=</latexit>

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤

<latexit sha1_base64="vuhTPU6r6oWaYHIRHuFqaD1qGTA=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQUGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdNIZaz</latexit>G�t⇤
<latexit sha1_base64="aj1qq0hlFwR0RJ5nVfDjB2pmCiU=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAVxEVJVNRlQRGXFewDmhgm00k7dPJg5kYooW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nu8WHAFpvltFObmFxaXisulldW19Y3y5lZTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wmfmtByYVj8I7GMbMCUgv5D6nBLTklnfsgECfEpFej9zUvmICCIb7o5FbrphVcww8S6ycVFCOulv+srsRTQIWAhVEqY5lxuCkRAKngo1KdqJYTOiA9FhH05AETDnp+IMRPtBKF/uR1BUCHqu/J1ISKDUMPN2Z3aumvUz8z+sk4F84KQ/jBFhIJ4v8RGCIcBYH7nLJKIihJoRKrm/FtE8koaBDK+kQrOmXZ0nzuGqdVU9uTyu1/TyOItpFe+gQWegc1dANqqMGougRPaNX9GY8GS/Gu/ExaS0Y+cw2+gPj8wdLj5ay</latexit> F�t⇤
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Using the Procrustes parareal c.f. Nguyen and Tsai 2020 to
generate data

12/20



Numerical results - Refraction

wave speed initial wavefield
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Numerical results - Refraction sequential correction

fine solution
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Numerical results - Refraction sequential correction

fine solution

coarse solution
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Numerical results - Refraction sequential correction

JNet - linear 6-level

JNet - linear 3-levelfine solution

coarse solution
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Numerical results - Refraction sequential correction

JNet - ReLU 6-level

JNet - ReLU 3-level

JNet - linear 6-level

JNet - linear 3-levelfine solution

coarse solution
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Numerical results - Refraction parareal correction

k=1
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Numerical results - Refraction parareal correction

k=1 k=2
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Numerical results - Refraction parareal correction

k=1 k=2

k=3

15/20



Numerical results - Refraction parareal correction

k=1 k=2

k=3 k=4
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Numerical results - Parareal simulations
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Numerical results - Parareal simulations

JNet-ReLU
 3-level

JNet-ReLU
 6-level
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Numerical results - Parareal simulations on

Marmousi model
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Numerical results - Parareal simulations on

Marmousi model

JNet(3,2)
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Numerical results - Parareal simulations on

Marmousi model

Energy error of solutions in log-10 scale
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To sum up

A deep neural network can stabilize parareal iteration for the
wave equation

Data must consist of stable solutions to train accurate
models

Agnostic to chosen fine/coarse numerical schemes

Solution accuracy is gained thanks to the parareal coupling
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