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> IVP y: = f(t,y), ¥(0) = yo
> Compute y(tj) onatimegrid 0=t <t < ---<ty=T
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speedup:
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A fine mesh for F and a coarse mesh for G.
Parareal becomes

YE = 1g(Ryal ) 1 F(vH) —19(RYHM)

with | = interpolation and R = restriction.

» cheaper coarse propagator
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low convergence with spatial coarsening TUHH
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Linear advection: convergence of Parareal with (left) and without (right) numerical diffusion.
[Angel/G./Ruprecht arXiv:2111.10228]
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slow convergence with spatial coarsening TUHH
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Linear advection: convergence of Parareal with (left) and without (right) numerical diffusion.

. . . Angel/G./R ht arXiv:2111.1022
Can we use machine learning to improve convergence? [Angel/G./Ruprecht arXiv 0228]
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Given: pairs (x,y) € X x Y from unknown joint probability distribution D
Goal: determine prediction function h: X — Y such that h(x) is a good predictor of true output y(x)

> minimize generalization error: ;mﬂ Ex,y)~p [€(h(x), y)]
€
prediction function / T loss of the model at data

. expectation wrt. .
oint (x , €.8.,
h from some fixed distribution D p (x,y), eg

class H L(h(x),y) = (y — h(X))2

D unknown, but samples (x;, y;),i = 1,..., N available; h parameterized by weights w
L
> empirical risk minimization: mmin N Zlé(h(w;xi),yi)
i—
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Neuron

Input Layer
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h(w;z) = a;(W; ... (aa(Wa(ar(Wiz + w1)) + w2))...)
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Hidden Layers
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fully connected

me architectures

convolutional NN
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= conv 3x3, RelU
= copy and crop
# max pool 2x2
# up-conv 2x2
= conv 1x1

UNet [Ronneburger et al. '15]
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out

ResNet
[He et al. '16]



rning for PDEs (without aiming for completeness)

1. Learning multigrid operators, e.g., [Katrutsa et al. '19; Tomasi/Krause '21; ...]
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2. Superresolution, e.g., [Kochkov et al. '21; Pathak et al. '21; ...]: coarse simulation

enhanced using ML to populate the finer scales

X(t+7) e(t+7) X" (t+7)

x(t)
ﬁn
PDE Solver

related: learned correction for Parareal [Nguyen/Tsai '21]

U-Net,

Up-scaling Down-scaling

3. Training neural networks as solvers, e.g., [Raissi et al. '19; Chen et al. '21; Li et al.

Stender et al. '22; ...], also for Parareal, e.g., [Agboh et al. '20;...]
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uperresolution TUHH
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Idea: augment coarse solution by learned correction G(Y) = IG(RY) + AY, AY = NN(IG(RY))
Data: pairs F(Y;), IG(RY;)
Output: AY =~ F(Y;) — IG(RY})

InputLayer H ConvlD |—D| Activation F

Activation H ConvlD H BatchNormalization H Activation
Add
.-+ X 3 4 up again

> specific to type of equation, e.g., y: — vyx = 0, type of coarse/fine propagator
> somewhat flexible wrt. spatial resolution (convolutions)
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advection y; — vy, =0 TUHH
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solver: pyParareal https://github.com/Parallel-in-Time/pyParareal

discretization: centered FD+trapezoidal rule, N, = 128/32, N, = 10, N; = 10/5

data generation from various initial conditions y(x, t) = exp(—%{"t) (varying t, xo, v, 0)
training: Tensorflow/Keras, £> loss ({s similar), Adam optimizer

—— training
1072 —— validation

loss function value
=
o
L
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epoch
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https://github.com/Parallel-in-Time/pyParareal
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ring Parareal run TUHH
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Coarse, fine, and corrected coarse solution at t = At.
|Ifine — coarse|| = 1.6 - 1072, ||fine — ML|| =9.2-107°
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Idea: train mapping Y, — Yot1

to replace coarse solver (using UNet as before)

arse solver
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Training progress Parareal convergence.
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rn coarse solver by PINN TUHH
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Idea: train mapping Y, — Y,t1 to replace coarse solver
Physics-informed neural network: take PDE into account

Neural Network AD

Lppg = f(@,0,8,0,4, ..., )

Lpata = o — ulpata
i Lic =1lgr, — glag, :
' Lsc = @afllaa=0,10) + @lon — glon) |

L =w1Lppg +WzLaata*
waLict walpc

End

Note: @ = [u,v,p, @], x = [x,y], 6: weights/biases, A: unknown PDE parameters, w;,i = 1, ..., 4: weights

Figure: [Cai et al., arXiv:2105.09506]
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Left: Parareal convergence for Black-Scholes with FD-discretization; Right: PINN improves accuracy of solver.
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ML to speed up Parareal convergence?
> several potential approaches: superresolution, training coarse solver

expensive training, but reasonably good generalization

v

reduced error, no improved convergence

v

standard loss functions seem insufficient

v

vast amount of hyperparameters for ML, better understanding required

ML for PinT? | S. Gotschel 18



ML to speed up Parareal convergence?
several potential approaches: superresolution, training coarse solver

expensive training, but reasonably good generalization

v

reduced error, no improved convergence

v

standard loss functions seem insufficient

v

vast amount of hyperparameters for ML, better understanding required

Thank you!

sebastian.goetschel@tuhh.de
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