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Introduction

= Consider bounded reference domain Q@ C R”, n = 2,3, with Lipschitz
boundary 90Q =T

= For T € (0, 00) consider moving domain
Qt) = {y =p(t,x) for = € 9}7 fort € (0,T).

= Deformation ¢ bijective for all ¢ and sufficiently regular, satisfying
p(0,z) =x forall xz € Q.
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Introduction

= Consider bounded reference domain Q@ C R”, n = 2,3, with Lipschitz
boundary 90Q =T

= For T € (0, 00) consider moving domain
Qt) = {y =p(t,x) for = € 9}7 fort € (0,T).

= Deformation ¢ bijective for all ¢ and sufficiently regular, satisfying
p(0,z) =x forall xz € Q.

= For fixed « € 2 consider trajectory y(t) = ¢(t, ) with velocity
v(t,y) = Gy(t).

= Space-time domain

Q= {(y,t) eR™ : y=o(ta) e Qt), te(0,T), azeQ}.
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Heat equation

= Heat equation

ot y) ty) +olt,y) - Vyu(t,y)| —divy[A(t, y)Vyu(t,y)] = f(Ey)

0
"l
for (y,t) € Q, where o(t, y) heat capacity, diffusion A(¢,y) positive
definite and uniformly elliptic.

= Homogeneous initial and Dirichlet boundary conditions:

u(0,z) =0 for x €,
u(t,y) =0 for yedN(t), t€(0,T).
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Bochner spaces

= [ntroduce Bochner spaces:
Y = L%(0,T; H (1)),

X::{uEY : quY*, u(0,2) =0 forweQ},

dt
with norms
T
lull2 = / / At y)Vyult, )] - Vyu(t, y)dydt,
0 Q(t)
d
el = lully + lloulld-,
d L,
lo=ully- = (e 2)q
dt owzey |2y
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Eddy current problem

= Eddy current problem

d . .
o) g (6 Y) = AV (o (Ve Vyu(ty)) = jo + M- for (t,y) € Q,
with different conductivities o and reluctivities v.
= Homogeneous initial and Dirichlet boundary conditions:

uw(0,2) =0 for x €,
u(t,y) =0 for yedQt), te(0,T).
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Eddy current problem

= Eddy current problem

d . .
o) g (6 Y) = AV (o (Ve Vyu(ty)) = jo + M- for (t,y) € Q,

with different conductivities o and reluctivities v.

= Homogeneous initial and Dirichlet boundary conditions:
uw(0,2) =0 for x €,
u(t,y) =0 for yedQt), te(0,T).
= Bochner spaces X and Y as before, with norms

T
lul} = / / v Vyult,y)] - Vyult, y)dydt,
0 Q)

d
ye = sup (o) 7t 2)Q
oxzey  lzlly

d d
ek = lull¥ + lloae Zulli- oo Z-ul
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Space-time variational formulation
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Variational formulation - Heat equation

= Find u € X, such that
a(u,z) = (f,z)q forallz e,

o(t, y)%lﬂ(t y) 2(t,y)

2
£
N
i
—
—

0 Q(t)
+ At Y)V,ult.y)] - Vy2(ty) | dy di
[ [ (st | Grutew + ot Vyuttn] <te.9)
0 Q)

(A y)Vyulty)] - vyzu,y)) dy dt
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Variational formulation - Eddy current problem

= Find v € X, such that
a(u,v) = (Fou),v) forallvey,

where

d
a(u,v) :/(ag(t)d uwv + vy (|Vu|)Vyu - V v) d(y,t),

FQ t)7 //jZ’Ud y7 / / Ml'vyv d(y7t)

0 Q¢ 0 Qm(t)
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Variational formulation

= ¢ is bounded, i.e.

Ja(u, )| < V2 |lullx]|2]ly-

Lemma 1 (Steinbach, 2015)
Foru € X there holds the inf-sup stability condition

Jul a(w, 7)
u X S .
\/_ O;ﬁzEY ||Z||Y

Lemma 2
For all z € Y\{0} there exists au € X such that

a(u,z) #0.

= Unique solvability follows form Babuska-Necas Theorem!
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Space-time finite element method
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Galerkin variational formulation

= Consider admissible decomposition of @) into shape regular simplicial
finite elements

= Introduce FE space X;, =Y, C X C Y of piecewise linear and
continuous basis functions

= Space-time FE Galerkin variational form: Find u;, € X, s.t.

a(uh, Zh) = <f, Zh> forall z;, € Yy,.

Foru € X}, there holds the discrete inf-sup stabilty condition

al\up, 2
sup ( h> h)

1
— ||lu <
vzl < o el
= Standard stability and error estimates follow.
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Perturbed Galerkin variational formulation - Heat equation

= Find u;, € X}, such that
T

// (Q(t,y) [aufb(tvy)+v(t,y)-Vyuh(t,y)] zn(t,y)

ot
0 Q(t)

+ [A(t,y)Vyun(t,y)] - Vyzu(t, y)) dy dt

T
://f(ty)zh(t,y)dydt.
0 Q)

= Usually v(¢, y) is not known, but approximation v, (¢, y).

= Perturbed variational form: Find u, € X} such that
Zi(ﬂh,zh) = <f, Zh>Q for all zn € Y.
= Numerical Analysis via Strang-Lemma.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14



Numerical example
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Mesh of the electric motor

number of elements: 642716
number of points: 104144
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Computation of the velocity field

(u,p) € X : / [% v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,
Q(u'T
for (v,q) € X. Viscosity v = 0.001.

e 3.2500:00 55000408 7. 750000 1 .00+ A0 1.9660 07 3931007 5.0970 @ 7
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Computation of the velocity field

(u,p) € X : / [ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

QU/L’V‘
for (v,q) € X. Viscosity v = 0.001.
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Computation of the velocity field

(u,p) € X : / [ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,
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for (v,q) € X. Viscosity v = 0.001.
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(u,p) € X : / [% v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(u'T
for (v,q) € X. Viscosity v = 0.001.
[ I F‘ - I

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [@ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

ot
Q(u'T
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [% v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(u'T
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [@ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

ot
Q(u'T
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [% v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(u'T
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(l’b’!‘
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [ v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(l’b’!‘
for (v,q) € X. Viscosity v = 0.001.

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Computation of the velocity field

(u,p) € X : / [% v+ vVyu : Vyv —divy(u)g — divy(v)p| d(y,t) =0,

Q(u'T
for (v,q) € X. Viscosity v = 0.001.
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Heat equation

Cairpair% - ley (Aairvyu) + bai’f‘divy(uv) :fai'r in Qair
0 . ) _ _
Cwonpmna—? — divy (Airon Vyu) + bironQivy (uV) =firon  IN Q\ Qg

CairPair = 1005 * 1.293,
CironPiron = 465 x* 7860,

Agir = 0.026, Ajron = 40,

bair = CairPair; biron = Ciron Piron

L — . _ 17 Qcoils
Fair = 0; firon = { 0, otherwise
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Heat equation

cairpair% - d|Vy (Aairvyu) + bairdivy(uv) :fai'r in Qair
ou

cironpirona - d|Vy (Aironvyu) + birondivy(uv) :firon in Q \ @air

1800 3.250e+68 5.500e+60 7.750e+80 34310 9.656e-18 2.166e-89 3.365e-69
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Heat equation

cairpair% - dlvy (Aairvyu> + bairdivy(uv) :fair in Qair
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Heat equation
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Heat equation

cairpair% - dlvy (Aairvyu) + bairdivy(uv) :fair in Qair

0 . . . —
Cironpirona—,l; - d|Vy (Aironvyu) + birondlvy(uv) :firon In Q \ Qair

1800 3.250e+68 5.500e+60 7.750e+80 34310 9.656e-18 2.166e-89 3.365e-69

M. Gobrial, TU Graz
PinT 2022, 2022-07-14




Heat equation

ou . . .
cairpaira - dlvy (Aairvyu) + bairdlvy(uv) :fair n Qair
ou . . : —
Cironpirona - d|Vy (Aironvyu) + birondlvy(uv) :firon In Q \ Qair

EANS
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Heat equation
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Heat equation
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Mesh of the electric motor

[0

number of elements: 1978689
number of points: 333288
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Eddy current problem

/ag(t)%uv + VQ(t)(|VU|)Vyu -Vyv d(y,t) = <F9(t)70> vey,
Q
where
T

FQ t)7 //szd y7 +/ / ML'VZU’U d(yvt)
0

0 Qc Qm (t)

M* = VmaQBR (;\]4\412> y Vmag = V0/1'05a Br =1.05%1.158

o 0 air,
Vo air, coils, ;
0 coils,
Vo) (IVul) = { Vmag magnets, oq@) = 0 magnets
v(|Vul|) iron. 0 iron ’
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Eddy current problem

d
ueX: /Ug(t)&uv EE Z/Q(t)(|vu|)vyu . Vy’U d(y,t) = (Fg(t),v) veyY
Q

106e+00 3.250e+00 5.500e+00 7.750e+00 o77e-02 -1.539%-62 ~1.586e-06 1.537e-02
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Eddy current problem

ueX: / Q) dtuv + vow (IVu))Vyu - Vyv d(y, t) = (Fou),v) veyY
Q

106e+00 3.250e+00 5.500e+00 7.750e+00 o77e-02 -1.539%-62 ~1.586e-06 1.537e-02

- M. Gobrial, TU Graz
PinT 2022, 2022-07-14



Eddy current problem

ueX: / Q) dtuv + vow (IVu))Vyu - Vyv d(y, t) = (Fou),v) veyY
Q

106e+00 3.250e+00 5.500e+00 7.750e+00 o77e-02 -1.539%-62 ~1.586e-06 1.537e-02

- M. Gobrial, TU Graz
PinT 2022, 2022-07-14



106e+00

Eddy current problem

ueX: / Q) dtuv + vow (IVu))Vyu - Vyv d(y, t) = (Fou),v) veyY
Q
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Iron losses

= For every element 7 in iron, calculate B (0), BT (At), BI(2At), ...,

B;(T) and B3 (0), B(At), By(2A¢), ... , By(T).

= Calculate Fourier-Coefficients

BJ,(t) cos( —t —m))dt,

'ﬂ\l\?

St — 5 T

2
b/ == [ BI,(0) sin(k‘(%t — ) dt,

N

for k =1,...,20. Then:

AL =+ 0,
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Iron losses

" P:Peddy+PhysWithfk:k%

20

Pogay = Y 0.468 % (A7) x [} +0.468 x (A7)* * f}

k=1

20
Prys = Z 195 * (A};)Q * fir + 195 * (Ai)Q * fl?
k=1
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Summary and Outlook

= Heat equation for the motor
= Eddy current problem for 90 degree rotation

= Parallel computations for space time VF
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Summary and Outlook

= Heat equation for the motor
= Eddy current problem for 90 degree rotation

= Parallel computations for space time VF

= Motor for one rotation or even more
= Shape/Topological optimization of electrical machines.

= Numerical scheme:
m Parallelization

= Domain decomposition methods

m Preconditioners
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