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Space-time Methods

What do we mean by that?

B every numerical method solving time-dependent problems is a
space-time method !

B however, usually the discretization of space and time are
considered “seperate”, and time-stepping is used!

B for us, time is just another variable t = x4 !

B we focus on (completely) unstructured decompositions of the
space-time cylinder
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Space-time Methods (contd.)

Why are we doing this?
B full space-time adaptivity
B full space-time parallelization
B “easier” treatment of moving domains
B optimization problems, e.g. optimal control !

What are the disadvantages?
B memory m.
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Why use a space-time approach for OC?

Optimality system:
B forward-in-time problem
B backward-in-time-problem

M both are coupled

Space-time approach: time is just another variable
B only one problem
m however: one dimension higher

B full space-time adaptivity
B space-time parallelization at once
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Space-time tracking problem

|
Given y, (desired state) and o > 0, find the state y and the control
% minimizing

1 0
J(y,u) = 3 /Qly — yal* dQ + 5””“%2(@)

subject to
Oy —Agy =uin Q=0 x (0,T),

y=00onX=00x(0,T), y=0on23,=Qx {0},

where ) C R? is the spatial domain and 7" > 0 the final time.
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First Order Optimality Conditions

The reduced optimality system: find (y,p) € Y, x Pp such that
/Q((?tyv + Vey-Vau)+povdQ@ =0,
Q
/(—&:pr) + Vap - Vaq—yqdQ = —/ydq dQ,
Q Q
for all v,q € V = Lo(0,T; H}(Q)), where

Yo={y € W(0,T) :y =0 on g}, Pr analogously,
and the control u was eliminated via the gradient equation

u+op=0.
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First Order Optimality Conditions (contd.)

We observe maximal parabolic regularity (m.p.r.) holds for y and
p, i.e, Oy € Lo(Q) and ALy € Lo(Q), etc.

Then: the solution (y,p) € (Yo N HEY(Q)) x (Prn HEHQ))
satisfies
0(0ry — Agy) +p =0,
—Oip — Aup =Ya — Y,

} in L2(Q),
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Recall:
B time is just another variable
B the solution (y,p) € (Yo N H>Y(Q)) x (Prn HXY(Q))

satisfies
00y — Azy) +p =0,
—Oip — Dup = Yd — Y»

} in La(Q),

M treat 0,y as a (strong) convection in time-direction
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The main idea (contd.)

B decompose () into shape-regular finite elements K € 7,
B define conforming finite element spaces Yy, C Yo, Prp C Pr,
B global upwind (downwind) test functions

vp(x,t) + O Niyup (o, t), for all (z,t) € K,
an(z,t) — 0 X2 0qp (2, 1), for all (z,t) € K,

with 0 positive parameter, and )\, € W1°°((Q)) globally cont.

B multiply the KKT system in Lo(Q)) by the resp. test functions
and integrate,

B integration by parts and boundary conditions
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The (discretized) first order optimality system

The solution (y, p) satisfies the consistency identity

an(y, 2; v, qn) = Ln(vn.qn)  Y(vn,qn) € Yon X Pry,
with the combined bilinear and linear forms

an(y,piv,g) = Y / [Q(atyv + 0N 01y0iv + Vay - Vav — 0N Agy Opv)
KeT, 7K

+p(v + 0 X50p0) — Oppq + 0 Ne.0ypOrq + Vaup - Vaq
+ON AL Orqg — y(q — 02 0yq)| AK  and

bh(vyg) = =Y / ya(q — 0 \,0rq) A,
KeT, 7K
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The (discretized) first order optimality system

Find (yn,pn) € Yon x Pry, such that

an(Yn, PhiVh, qn) = Co(vh,qn)  V(vn,qn) € Yon x Prp,
with the combined bilinear and linear forms

an(y,piv,g) = Y / [Q(atyv + 0N 01y0iv + Vay - Vau — 0N Agy Opv)
KeT, 7K

+p(v+ O N20,0) — Bip g + 0 N2 0:pdiq + Vaup - Vag
0N AL Orqg — y(q — 02 0yq)| AK  and

bh(vyg) = — Y / ya(q — 0 \,0rq) A,
KeT, 7K
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Existence & Uniqueness

1
Iwran)llh =0 [ Y [IVavallic + 0l Andeonllk] + lvnlZaa
KeTy

1
+ Y [IVeanllk +01Mmdanlk] + 3llanllZaco)-

KeTy,

Lemma (Coercivity on the FE space)

There exits a constant .. such that
an(Vn, @i Vs an) = picll(vn an)lli,  Y(0n, an) € Yon X Pra,
) -
with p. = 1/2 for 0 < 0 < %min{ﬁ, a%_b} with a = 1X\c?,, and

b= AO)\thFQ(V)Q, where Cdiv = MaXge7, Cdiv,K -

www.ricam.oeaw.ac.at
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Existence & Uniqueness

Coercivity = Uniqueness = Existence

Solve

() = (5)

K K
K, = < vy yp> 7
Kpy Ky

with

where K, # K/, but K, positive definite!

www.ricam.oeaw.ac.at
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A priori discretization error estimates
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Generalized boundedness

I, @llhe = (W, @)ll7 + 0 D OllAnAcvll% + 3007 Ay vllG
KeTy,

+ D 0lanAnglk +307 A dllB

KeTy

Lemma

Let (y,p) € (Yor + (Yo N H'(Q))) x Pry + (Pr N H'(Q)).
There exits a constant i, such that

lan(y, p; v, an)| < ol (s P) |l (Vs @u)llns ¥ (vn, qn) € Yon X Pra.

www.ricam.oeaw.ac.at
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A best approximation estimate

Lemma (Céa-like)

Let 6 be chosen such that the f.e. scheme is coercive and bounded.
Then the best approximation estimate

. b
= — < inf — Up, P — + —||(y — vp,p — ,
(v —yn.p—pa)lln < T - (IIty = vrop — an)lln #CH(y o = Q) |lh)

holds, with (yy, py,) the solution of the finite element scheme.
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A priori discretization error estimate

Theorem

Let the solution 1 and the adjoint solution p belong to H'(Q)),
with £ > (d+1)/2. Let (yp,pn) € Yon % Pry, be the solution of the
f.e. scheme. Then we have the a priori discretization error estimate

1/2

Iy —yhop—p)lln < | S exly, it
KeTy,

with s = min{k + 1,(}, where k is the polynomial degree of the
finite element functions.

Note: Can be extended to / < (d +1)/2.
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Marking algorithm

Dorfler marking:

B Determine set M of (almost) minimal cardinality such that

Z & (Y, pr)° Z nx (Y, pr)°,

KeTy, KeM

for given = € (0,1).
M efficient realization as a search?!

'PFEILER, C.-M., AND PRAETORIUS, D. Dérfler marking with minimal

cardinality is a linear complexity problem. Mathematics of Computation 89,
326 (2020), 2735-2752.
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Error localization
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Residual error indicator

Langer, Steinbach, Troltzsch and Yang ('21) proposed the
error indicator

(nic)? == h%|lpn + 0@eyn — Avyn)|% + bl [Vaunl |25
+ B3|y — yn — Oon — Dapnlli + bl [Vepn]l2x

? 7T
d@=vmp—p)I*> < D> (x)? < Clly—ynp—pu)l
KeTy
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New Functional Error Estimator

Using the continuous inf-sup condition?, we get the guaranteed
upper bound

al(y — 9.0 —p); (v,q))

1 ~ ~
ﬁ”(y—y’p—p)ﬂxﬁ sup -
(v,9)EV XV QHUH%/—F HqHV

S S m@(Tao-vgvﬁ)v

with 7,0 € H(div,, Q) and §,p € H'(Q), and Mo (T,0,7,p)
computable.

2U. LANGER, O. STEINBACH, F. TROLTZSCH AND H. YANG,
Unstructured space-time finite element methods for optimal control of
parabolic equation, SIAM Journal on Scientific Computing 43 (2021),
AT44-ATT1.
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New Functional Error Estimator (contd.)

Observe
m@(T,U,g,ﬁ) S \/§9~R+(7707ga]5)7
with
. 1
M2 (1,0,v,q9) =0 |||T — VxUHQQ + C2q || -0 + div, T — EQHZQ

+[llo = Vadllg + CRall=ya + drq + v + divy o 3]
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New Functional Error Estimator (contd.)

Realization: Compute
( (1) (1)):

. 2
T, 0y argmin ML (Thy O by Yhs Ph)

(Th,oR)EVR]?x [V, ]

Error estimator
1 ) 1 1
=0 [Hfé) — Vaunl% + Coll~dhn + dive 7 - Qph\\%]
1 . 1
+ [loh) = Vapnllk + Chall—ya + dpn + g + diva oy %]

since

Gy —ymp—pn)lx < [ Y nk | =Y o) ynon)

KeTy
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Key information

B Space-time FEM implemented in MFEM,
B Linear system solved by means of flexible GMRES (FGMRES),

m STOP: residual reduction by 1078,
B Block-diagonal AMG preconditioner, i.e.,
C}, = blockdiag(Cyy, Cpp),

with C,, = AMG(K,,) and C,, = AMG(K,,),
B AMG provided by hypre
B compare efficiency index

(ZKeTh 77%() v

(v — yn. 2 — o) |

Ieff -

B parallel tests run on Quartz (LLNL)
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Key information (contd.)

Standard V-cycle AMG
B Algebraic MultiGrid
B black box, easy to apply
B but does not perform “optimally”

Non-linear variable step AMLI-cycle AMG
(together with P.S. Vassilevski)

B Algebraic MultiLevel lterations
B generalization of the MG W-cycle

B main difference to V-cycle multigrid

m instead of applying MG recursively, apply MG-preconditioned
(F)GMRES

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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Smooth problem with manufactured solution

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control



AW RICAN

Problem description

Exact state, co-state & control ( -regularization)

y(z,t) = (at® +bt) <Zsm X ),
p(x,t):—g(2772at2 + (272 b+2at+b (Z:sma;Z >,

u(z,t) = (272 at® + (27°b+2a)t +b) (Zsm@ ),

: _ 27241 _
with a = L) and b= 1.
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Convergence history & Efficiency indices (d + 1 = 3)

Convergence history of (4 — ynsp — pa)lln . Efficiency indices wrt \/QHVT(y )3+ Vo0 = pu)l1%
eff
[ T T T T T ol T T
10 5] N
1072 1 10} .
1073 ¢ E
6 |
1074 E
1077 E
251 o
1071 E
15[ —
1077 E
| | | | | | | I | I | | |
10% 10° 10* 10° 10¢ 107 108 10% 10° 10* 10° 10° 107 108
#dofs #dofs

—«—uniform, k =1 —4— functional estimator, k = 1 —# residual indicator, k = 1
—+— uniform, k =2 —— functional estimator, k =2 —e—residual indicator, k = 2
—— uniform, k =3 —e— functional estimator, k =3 —e—residual indicator, k = 3
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Convergence history & Efficiency indices (d 4+ 1 = 4)

Efficiency index wrt /o[ Va(y = yn)[? + [V (p — pa) [P

Convergence history of ||[(y — yn.p — pn)|ln L
T T T T T T T
1071 E E sl 1
1072 ¢ E
4l |
1073 | 4 2511 =
Ps |
1074 ¢ E
i i i i i i i i i i i i
10° 10* 10° 106 107 108 10° 10* 10° 10¢ 107 108
#dofs #dofs

——uniform, k =1 —4— functional estimator, k =1 —&-residual indicator, k =1
—+—uniform, k =2 —— functional estimator, k =2 —e—residual indicator, k = 2
—«—uniform, k =3 —e— functional estimator, k =3 —e—residual indicator, k = 3
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Solver performance (d + 1 = 3)

Outer (F)GMRES iterations for d + 1 = 3, with solution times in
parantheses, using 1152 cores on Quartz; for £ =1 and ¢ = 0.01.

AMLI-cycle V-cycle F-cycle
£ gtdofs 0 NI 0 NI 0 NI
0 71874 17(0.33s) 21 (0.41s)  17(0.88s) 20 (0.93s)  14(1.03s) 17 (1.07s)
1 549250 18 (0.79s)  2(0.09s) 19(0.63s)  3(0.51s) 14(0.96s)  2(0.57s)
2 4293378 18(2.24s)  3(0.43s) 23(5.84s)  3(5.14s) 14(6.12s)  2(4.29s)
3 33949186 22(5.51s)  2(0.52s) 35(9.01s)  2(8.70s) 14 (8.96s)  2(7.07s)
4 270011394 27(25.43s) 2(1.78s) 173(91.71s) 2(12.51s) 34(36.90s) 4 (13.99s)
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Solver performance (d + 1 = 3)

Number of FGMRES iterations for a residual reduction of 1075 (d+ 1 = 3)

TTmax [- b

100 - b

I I I I
9 72 576 4608

# processors

‘ —s— AMLI-cycle —— F-cycle —— V-cycle ‘

Local problem size ~ 470000 dofs.
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Solver performance (d + 1 = 4)

Outer (F)GMRES iterations for d + 1 = 4, with solution times in
parantheses, using 1152 cores on Quartz; for £ = 1 and p = 0.01.

AMLI-cycle V-cycle F-cycle
(  #dofs 0 NI 0 NI 0 NI
0 79458 18 (0.38s)  23(0.49s) 17(0.97s) 22 (0. ‘)‘) s)  14(1.13s)  18(1.185s)
4 832834 21 (0.955) 4(0.18s) 20 (0.665) 4(0.45s) 16 (1.28s) 3(0.52s)
8 12422274 26 (2.495s) 5(0.45s) 28 (5.89s) 5 (5425) 20 (8.935) 3(6.75s)
12 193208578 32 (14.98s)  5(2.09s) 35(18.45s) 6(12.28s) 24(23.97s) 4 (10.79s)
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Solver performance (d + 1 = 4)

Number of FGMRES iterations for a residual reduction of 1075 (d + 1 = 4)

42
35
32+
24
18|
I I | |

Il Il Il Il
9 18 36 72 144 288 576 1152
F#processors

‘ —w— AMLI-cycle —— F-cycle —— V-cycle ‘

Local problem size ~ 110000 — 180 000 dofs.
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Discontinous target state
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Problem description

Target state

1 ]z —052+ (t—0.5)2<

| =

yd(.I', t) -
0 otherwise.

Exact solution and optimal control

Not known!

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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t=0254 =05

Projection of the discontinuous target function y,; onto a finite element
function on a refined mesh, for d + 1 = 3; cuts through the space-time
cylinder at t = 0.3,0.5,0.7.
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Projection of the discontinuous target function vy, onto a finite element
function on a refined mesh, for d + 1 = 3; a contour plot of y; in the

space-time cylinder.
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Lo-regularization (d + 1 = 3)

t = 0.28125
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Lo-regularization (d + 1

wh ph wh
2560201 02 03 04 05 06 07 08 09 1Llet0d 52004 00004 -0.0003 00002 -0.0001 0 L4e04 ddero2 0 100 300 300 400  52e+02

— U — — B

— —
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Lo-regularization (d + 1

wh ph wh
2560201 02 03 04 05 06 07 08 09 1Llet0d 52004 00004 -0.0003 00002 -0.0001 0 L4e04 ddero2 0 100 300 300 400  52e+02

— i — U — — d

t = 0.6875
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Lo-regularization (d + 1 = 4)

o Iy on
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Lo-regularization (d + 1 = 4)

,_,, Iy on
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Lo-regularization (d + 1 = 4)

o Iy on
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Conclusions

Adaptive space-time Optimal Control:
M stable space-time FE scheme for all-at-once discretizations,
B localized a priori error estimates,

B a posteriori error techniques:

m residual error indicators
m functional error estimators

B numerical results up to d + 1 = 4,

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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Outlook & Work in progress

M Solvers
B Parallelization

B Energy regularization, i.e. u ¢ Lo((Q), but
u € La(0,T; H1(Q))

B Application to non-linear, (time-periodic) problems

B Goal-oriented a posteriori error estimates

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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Some remarks on 6

M on linear elements, i.e, k=1: a =0, i.e.,

! for 0<0< Ly { ¢ ! }
c = — 0 S —INin § = 'Y
He =75 2 MARCra(v)? XA hCro(v)?

M on uniform meshes, i.e., hx = h forall K € T,: b =0, i.e.

2 I

1 1
e == for 0= —
2 )\chiiv

and A\, = h forall K € Ty,

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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The mesh density function A,

Let A\, € W°(Q) be globally continuous, with
0 <Xphr < Mz, t) < Ao hrx and |0 (z, )| < A1,

for a.e. (z,t) € K, K € T, where )\, \og, \1 positive.

www.ricam.oeaw.ac.at A. Schafelner, Space-time FEM for Parabolic Optimal Control
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The mesh density function \; (contd.)

How to realize )\;,? Let
np
M@, ) =Y hii(w, ),
i=1

where
M 1, is the number of vertices of 7},
B ¢, is the linear f.e. function associated with vertex x;,

B ), is the averaged edge length in the vertex x;, i.e.,

1
W= 1] 2t

e€E(7)

with E(i) = {e C Tj : e is an edge AeNx; # 0}.
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Work in progress

Energy regularization:
B u¢ Ly(Q), but u € Ly(0,T; H-1()), thus

Y
J(y,u) = /Q|Z/ —yal® dQ + §HUH%Q(O,T;H—1(Q))

M we know3
||UH%Q(07T;H—1(Q)) = Hvxwu”QQ = (U, wu)Q

where w, € V = Ly(0,T; H}((2)) is the unique solution of

/wau Vv dQ = (u,v)g Vv eV.
Q

Manufactured smooth solution:

Convergence history of ||(y — g p — pi) |, for o = 0.01
[l = wn:p = pn) I d+1=3 d+1=4
T

o
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